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Abstract

The cycle space of a directed graph is generated by a cycle basis,
where, in general, cycles are allowed to have both forward and
backward arcs. In a forward cycle, all arcs have to follow the
given direction. We study the existence, structure, and compu-
tational complexity of minimum-weight forward cycle bases in
directed graphs. We give a complete structural characterization
of digraphs that admit weakly fundamental (and hence integral)
forward cycle bases, showing that this holds if and only if every
block is either strongly connected or a single arc. We further
provide an easily verifiable characterization of when a strongly
connected digraph admits a forward fundamental cycle basis,
proving that such a basis exists if and only if the set of directed
cycles has cardinality equal to the cycle rank; in this case, the
basis is unique and computable in polynomial time, and nonexis-
tence can likewise be certified efficiently.

Lastly, we show that while minimum-weight forward funda-
mental cycle bases can be found in polynomial time whenever
they exist, the minimum-weight forward weakly fundamental
cycle basis problem is NP-hard via a polynomial-time reduction
from the minimum-weight weakly fundamental cycle basis prob-
lem on digraphs with metric weights.
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1 Introduction

Cycle bases provide a compact representation of all cycles in
a graph and play a key role in optimization problems such as
periodic scheduling, electrical network analysis, and modeling
of chemical and biological pathways (see, e.g., Kavitha et al. [3]).
Different optimization contexts call for different classes of cycle
bases. For instance, aiming at railway timetable optimization,
Nachtigall [8] introduced a mixed-integer programming formu-
lation of the periodic event scheduling problem (PESP) based on
fundamental cycle bases, which was later extended to integral
cycle bases by Liebchen and Peters [4] and to forward cycle bases
by Lindner et al. [5] and Masing et al. [7]. The choice of cycle
basis can significantly influence computational efficiency, moti-
vating the study of minimum-weight cycle basis problems for
each class of cycle bases.

While existence and complexity results are well established for
many classes of cycle bases [1]. An exception is the computational
complexity of the minimum-weight integral cycle basis problem,
which remains open. Forward cycle bases are less well understood.
In [2], Gleiss, Leydold, and Stadler show that a digraph admits
a forward cycle basis if and only if each block is either strongly
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connected or a single arc, and that a minimum-weight forward
cycle basis can be computed in polynomial time. Masing et al.
[7] show that forward cycle bases can improve the efficiency of
branch-and-cut in integral cycle basis formulations of PESP. They
also prove that any graph admits an orientation with a strongly
fundamental forward cycle basis, and that a forward integral
cycle basis always exists for so-called line-based event-activity
networks constructed from a public transport line plan.

Several open questions remain regarding forward cycle bases,
including the identification of structural graph properties that
guarantee the existence of integral, weakly fundamental, and
strongly fundamental forward cycle bases, the computational
complexity of deciding their existence, and the problem of com-
puting a minimum-weight forward cycle basis within a given
class. From an applied perspective, when a forward cycle basis
does not exist, a related extremal problem arises: finding a cycle
basis that maximizes the number of forward cycles.

The remainder of the paper is organized as follows. In Sec-
tion 2, we introduce basic notions and definitions related to di-
rected graphs, cycle spaces, and various classes of cycle bases.
Section 3 presents results on the existence of forward cycle bases
and characterizations of weakly fundamental and fundamental
forward cycle bases. In Section 4, we establish the NP-hardness
of the minimum-weight forward weakly fundamental cycle basis
problem through a polynomial-time reduction. Finally, Section 5
summarizes our contributions and outlines open questions for
future research.

2 Preliminaries and basic notions

Let D be a finite directed graph (digraph), where V(D) is the
vertex set and A(D) C V(D) x V(D) is the arc set. An (undi-
rected) walk in D is a sequence P = vye;vie; ... eV such that
for each i = 1,...,k the arc ¢ is either (vi_1,v;) € A(D) or
(v, vi_1) € A(D) (i.e. the arc may be traversed in either direction).
If every ¢ = (Vi_1,v;) € A(D) we say Pis a directed walk. The
vertices vy and v, are the start and end of P, denoted start(P) and
end(P). If end(P) = start(Q), we denote by PQ the concatenation
of walks Pand Q. A (directed) path is a (directed) walk with all
vertices distinct. A (directed) circuit is a closed (directed) walk
(i.e. start(P) = end(P)), and a (directed) cycle is a circuit in which
all vertices except the first and last are distinct. Whenever con-
venient, we identify a path with the ordered sequence of its arcs
or vertices, rather than with its formal representation. A digraph
is strongly connected if every ordered pair of vertices is joined
by a directed path, and weakly connected if there is a (possibly
non-directed) path between every pair of vertices.

For a forest 7 C D, i.e., a subgraph that does not contain any
cycle, we write

T = AD\ A

for the set of chords (arcs not in 7). If V(') = V(D), then T is
spanning. A weakly connected forest is a tree.
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If % is a field, C € FAD) and e € A(D), then C(e) denotes
the coordinate of C corresponding to the arc e. The support of a
vector C € H D) is denoted

supp(C) :={e € A(D) : C(e) # 0}.
We often identify the vector C with the set supp(C) and write “e €
C” to mean e € supp(C) (equivalently C(e) # 0). In particular,
we interpret a cycle Cin D as a vector in & AWD) that we also call

C as follows: If C = vye;vyes ... v with vy = v, the incidence
vector is given by

1 ife = ¢ for somei € {1,...,k} and g = (vi_1, V),
C(e):=4—1 ife=¢forsomei€{1,...,k}and ¢ = (vj,v_1),
0 otherwise.

Definition 1 (cycle space). The cycle space of D over a field &
is the subspace of FAD) defined by:

> = ), Clp. ()

ecdt(v) ecs (v)

The dimension of the cycle space of D is called cycle rank
(cyclomatic number, cyclotomic number) and is denoted by u(D).
By means of its incidence vector, any cycle in D can be seen as
an element of the cycle space.

G (D) := {c e FAD)

Definition 2 (classes of cycle bases). A cycle basis 9 of D is a
basis of €%(D) composed by incidence vectors of cycles in D.
Moreover, we call 9B:

(1) undirected: if & is a basis of G, (D), where T, is the finite

field with two elements.
(2) integral: if any cycle C of D can be written as an integer
linear combination of vectors in 9.

(3) weakly fundamental (Whitney [11]) : if there exists an
ordering of vectors in & = {Cy, ..., C;} such that for all
1 <i < pthere exists e € G such thate & (;; C;.

(4) (strictly) fundamental: if there exists a spanning forest
in D such that # = {Cg) | e € T}, where Cg) is the
only cycle contained in I U {e}.

For an in-depth introduction to cycle spaces and bases, we
refer to [3] of which we adopt the same notation. Definition 2 in
fact provides a hierarchy: Any fundamental cycle basis is weakly
fundamental, any weakly fundamental cycle basis is integral, and
any integral cycle basis is undirected [3].

For C € GR(D) and e € supp(C), we can either have C(e) > 0
(“eis forward”) or C(e) < 0 (“e is backward”). We write C > 0 if
C(e) > 0 for all e € supp(C), i.e., if C contains only forward arcs.
In particular, this holds for any directed cycle. We further define

F (D) :={C | Cis a directed cycle in D}.

Definition 3 (forward cycle basis). A cycle basis B of Bp(R) is
a forward cycle basis if all cycles C in & are directed.

We prefer the term forward here, since “directed cycle basis”
is used in [3] for an arbitrary cycle basis of €p(R), although the
latter need not be composed of directed cycles. In the same way
as arbitrary cycle bases, forward cycle bases can be categorized
as undirected, integral, weakly fundamental, or fundamental.

Lastly, the notion of separability is essential to characterize
digraphs which admit a forward cycle basis:

Definition 4 (separable digraph). A digraph D is separable if
there exists a vertex v € V(D) such that the digraph D \ {v} is
not weakly connected.
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If a graph is separable, its maximal non-separable subgraphs
form a partition and are called blocks of D. We briefly note that
the cycle space of a digraph naturally decomposes into the direct
sum of the cycle spaces of its blocks:

OBSERVATION 5. Let B be the set of blocks of a digraph D. Then,
for any field %,

(D) = P G(B).
BeB

In particular, an (undirected/integral/weakly fundamental/fun-
damental) cycle basis for D can be constructed by assembling
(undirected/integral/weakly fundamental/fundamental) cycle bases
for each block.

To answer the question regarding the existence of forward
weakly fundamental and integral cycle bases, we will use the
concept of ear decomposition of a directed graph. A (directed)
ear P C D of a subgraph D of D is a (directed) path or cycle in D
such that only the first and last vertex of Pare in D while all the
interior vertices of Pare not in D.

Definition 6 ((directed) ear decomposition). A (directed) ear
decomposition of a digraph D with at least two vertices is a
sequence of nested subgraphs D; C ... C D; = D such that

(1) Dy is a (directed) cycle,

(2) D; = D;_1 U P, where P, is a (directed) ear of D; for 1 <

i<t

It is a known result in graph theory that a digraph admits a
directed ear decomposition if and only if it is strongly connected.

PROPOSITION 7 ([1]). A strongly connected digraph D admits
a directed ear decomposition D; C ... C D, = D. Furthermore,
t = u(D) = |A(D))| — |V(D)| + 1 and the ear decomposition can
be computed in O (min([V(D)|, u(D)) - ([V(D)| + |A(D)))) time.

3 Results on the existence of forward cycle
bases

In this section, we answer questions regarding the existence of
integral, weakly fundamental, and strictly fundamental forward
cycle bases.

ProrosITION 8. Let D be a digraph. The following are equiva-
lent:

(1) D admits a forward weakly fundamental cycle basis.
(2) D admits a forward integral cycle basis.

(3) D admits a forward undirected cycle basis.

(4) D admits a forward cycle basis.

(5) Each block of D is strongly connected or a single arc.

Proor. The equivalence of (4) and (5) is Theorem 7 in [2]. The
implications (1) = (2) = (3) = (4) are clear. Now assume that
(5) holds. By Observation 5, if there exists a weakly fundamental
cycle basis for each block of D, a forward weakly fundamental
cycle basis can be naturally obtained for D. Therefore, we only
need to show that a weakly fundamental cycle basis exists for a
block B of D. The case of a single arc is trivial. Otherwise, B is
strongly connected. Therefore it admits a directed ear decompo-
sition D; C ... C D; by Proposition 7.

From this ear decomposition, we can construct a weakly funda-
mental cycle basis as follows: Let C; := D;.Fori > 1, consider the
ear P, and let v, v/ € V(B;) be the first and last vertex of P;. Since
D;_1 is strongly connected, there exists a directed walk P; from
v/ to vin D;_y. Since V(P/) C D;_; and P, is an ear of D;_1, the
only vertices in V(P;)) N V(P/) are vand v/, thus C; := P,B/ C D;
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is a directed cycle. The set B = {G}._; is a weakly fundamen-
tal cycle basis of B, since t = |A(B)| — |V(B)| + 1, and for all
i > 1, there is an edge e € A(P;) C A(D;) \ A(D;_,) that is not
contained in U;'-;IICJ» Cc D;_;. O

In particular, every strongly connected digraph D has a for-
ward weakly fundamental cycle basis, as it admits a directed ear
decomposition (Proposition 7).

Similarly, when not all blocks of D are either a single arc
or strongly connected, we can consider the following extremal
cycle basis problem [7]: Find a cycle basis such that the number
of directed cycles is maximum. We obtain:

PROPOSITION 9. Let D be a digraph, let 5 be a (undirected,
integral, or weakly fundamental) cycle basis of D with a maximum
number of directed cycles, and let D be the set of strongly connected
components of D. Then

|BnFD) =), ubD).
De

(2)

PRrOOF. Any directed cycle in D is contained in some strongly
connected component of D. In each component D € &, we can
have at most p(D) linearly independent cycles, so that for any
cycle basis & of D holds |B N F(D)| < Y. peqy #(D).

We will now construct a weakly fundamental cycle basis %
of D such that (2) holds. At first, we choose a spanning tree of
each strongly connected component of D. We then connect these
trees to a spanning forest of D and consider the corresponding
fundamental cycle basis B’ of D. Any strongly connected graph
admits a forward cycle basis and hence a forward weakly fun-
damental cycle basis by Proposition 8. In %’, for each strongly
connected component D € 9, we consider the cycles that arise
from chords in D. These constitute a fundamental cycle basis of D,
which we replace by a forward weakly fundamental cycle basis
of D. This way, we can transform 98’ to a weakly fundamental
cycle basis 9B of D that contains precisely Y 5 (D) directed
cycles. O

A different proof for Proposition 8 and 9, using a notion of
cycle subspaces and a contraction argument, is given by Masing
[6].

As noted in [7], not all digraphs admit a forward fundamental
cycle basis. We now show an easily verifiable characterization of
digraphs which admit a forward fundamental cycle basis.

We will make use of the following lemma that states that every
element of the cycle space with forward arcs only lives in the
cone generated by the directed cycles.

LemMA 10 ([1]). Let D be a directed graph and let C € Gr(D)
with C > 0. Then there exist nonnegative scalars {Ac}cez (p) such

that
C= ), iC
CeF (D)
Moreover, if C has integer coordinates, then the coefficients Ac can
be chosen to be integers.

We can now give our surprisingly simple characterization.

THEOREM 11. Let D be a digraph such that each block is strongly
connected or a single arc. Then D admits a forward fundamental
cycle basis if and only if

|F(D)| = p(D).

In this case, F (D) constitutes the unique forward cycle basis of D.
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ProoF. Assume that a forward fundamental cycle basis %
exists. Let  C D be the spanning forest that induces the basis,
and let 7 * denote the set of chords of 7. Then the cycle basis is

B=1CY |ec T,

where Cgae) denotes the unique cycle contained in U {e}. Note
that for all C € (D) and all e € A(D), we have C(e) = 1if
and only if e € C and C(e) = 0 otherwise. Since % C % (D) and
|%| = u(D), it suffices to show F (D) C &.

Let C€ F(D). As {Cég)}ee g+ is an integral cycle basis, there
exist integers {A.}ec g+ with

c= Y 2c2.

eeT *

For each chord & € I * the arc e belongs only to the cycle Cg)
among the cycles in 9, and moreover Cg)(é) = 1 because Cég)
is directed. Comparing the value of both sides on the arc e we
obtain
@= Y 2C2@ =
eeJ*

Thus Az = 1ifé € Cand Az = 0 otherwise. Hence C is the sum of
precisely those Cg) that correspond to the chords contained in C.

If more than one such Céﬁ) appeared in the sum, the support of
the sum would be a union of two or more arc-disjoint cycles. This
contradicts that Cis a cycle. Therefore exactly one coefficient is 1
and the others are 0, so C = Céf) for somee € T *. Consequently
C € B, proving F(D) C & and hence % = F (D).

Conversely, suppose |# (D)| = p(D), i.e., the family of directed
cycles has a size equal to the cycle rank. Since by Proposition 8,
a forward cycle basis & exists and is contained in & (D), it must
be equal to F (D). Given C € % we define, for each e € C, the
set

H(e)={CecRB\{C|eecCh
Using the standard characterization of fundamental cycle bases
[10], a cycle basis 9 is fundamental if and only if for every C € %
there exists an arc € € C such that

ee U C,
CeB\{C}

or equivalently, such that |7(e)| = 0.Lete € arg min,z (|7 (e)]).
Consider the vector

C= Y C-CeGD). 3)

CeB\{C}
We prove that Cis non-negative. For every e & C, we clearly have
C(e) > 0. Suppose now that e € C. Then
Cl= ). Cle)-|7@ICe) = | (e) - | @)|Ce) > 0
Ce¥ (e)

since |9 (2)| was chosen to be minimum and C(e) € {0, 1} as
2B is forward. Then, by Lemma 10, there exists Ac > 0 for all
C € F (D) such that

C= Y AcC.

CeF (D)

Since (D) = A, and & is a basis of Gr(D), the linear com-
binations in equation (3) and (4) have the same coefficients. In
particular:

©

—|#Z @)= s> 0,
which implies |# (€)| = 0 as wanted. O
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Theorem 11 gives a polynomial-time algorithm at hand to de-
cide whether a digraph D admits a forward fundamental cycle ba-
sis: Check at first whether all blocks of D are strongly connected
or a single arc. If not, then D cannot have a forward cycle basis by
Proposition 8. Otherwise, compute a forward weakly fundamen-
tal cycle basis 9 using a directed ear decomposition. We may
then verify that for all C € & exists e € Csuch e ¢ Uce B\C Cc
to check whether & is also strictly fundamental. If yes, then
we have found a forward fundamental cycle basis. If no, then D
cannot have a forward fundamental cycle basis, as the existence
of such a basis would contradict the uniqueness of a forward
cycle basis by Theorem 11.

4 NP-hardness of the Minimum-Weight
Forward Weakly Fundamental Cycle Basis
Problem

In this section, we consider the problem of finding forward cycle
bases with a minimum weight. More precisely, let D be a digraph
endowed with arc weights w : A(D) — Ry. For each cycle Cin
D, we define its weight as

W(C) = Y we),

ecC

and the total weight of a cycle basis & is given by

w(B) = Y w(O).
Ce%

Definition 12. Given a digraph D and arc weights w : A(D) —
R>¢, the minimum-weight forward (weakly fundamental, funda-
mental) cycle basis problem is to find a forward (weakly fundamen-
tal, fundamental) cycle basis of & such that w(9) is minimum
or to decide that no forward cycle basis exists.

The existence of forward (weakly fundamental) cycle bases
has already been characterized by Proposition 8. The problem is
polynomial-time solvable for arbitrary forward cycle bases [2].
For forward fundamental cycle bases, we can use Theorem 11.

COROLLARY 13. A minimum—weight forward fundamental cycle
basis of D, if it exists, can be computed in polynomial time. If no
such basis exists, its nonexistence can also be certified in polynomial
time.

Proor. If a forward fundamental cycle basis exists, then it
is unique by Theorem 11, and hence trivially optimal. We can
decide the existence as discussed at the end of §3. O

The goal of the remainder of this section is to show that the
minimum-weight forward weakly fundamental cycle basis prob-
lem is NP-hard. We give a polynomial-time reduction from the
non-forward version on digraphs with metric weights, whose
NP-hardness — even for uniform weights — has been established
by Rizzi [9].

Let D be a digraph and let further w : A(D) — Ry be metric
arc weights, i.e., for any arce = (u, v), w(e) is the cost of a shortest
u-v-path w.r.t. w. We construct a directed graph D by adding to
A(D), for each e = (u,v) € A(D), the arc ¢ := (v,u), with
weight equal to w((u, v)). This transformation clearly produces a
directed graph of size polynomial in [V(D)| + |A(D)|, where each
weakly connected component is strongly connected. Define

OPT (D) := min {w( ®) ‘ 3 is a weakly fundamental }

cycle basis of D
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and
AB is a weakly fundamental

OPTVEMA( DY .= mi B D
( ) min W( ) forward Cycle basis of D

OBSERVATION 14. The cycle-rank ofB is equal to

ji = 2AD)] - [V(D)| + 1.

In particular, the cycle-rank of D exceeds that of D by exactly
|A(D)| We now focus on a distinguished family of directed cycles

in D. For each arce = (u,v) € A(D), let S denote the directed
2-cycle in D formed by the arcs (1, v) and (v, u). Since wis metric,

5 is a smallest weight cycle in D contalmng e. These cycles
constitute precisely the set of all 2-cycles of D. We denote this
set by

8§ ={5© | e e A(D)L

Furthermore, for every cycle C in D, we define a directed
counterpart ¢ by choosing, for each arc e = (u,v) € C, one of
the two orlentatlons (u,v) or (v,u) such that C is a directed cycle
in D. We call C a directed lift of Cin D. There are exactly two
such directed lifts, corresponding to the two traversal directions
of G, either choice is admissible, and we fix one. In particular, for
every e € C, there exists e(©) € {e, ¢} such that ¢©) C. See
Figure 1 for an illustrative example.

Finally, there is a natural extension of any cycle basis % of D
to a forward cycle basis of B obtained by augmenting the set
{8 | C € %} with the 2-cycles NO2

7N\
(2)

Figure 1: Reduction applied to the Wagner graph with high-
lighted 2-cycle, and cycle lifting.
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LEMMA 15 (FORWARD LIFTING CYCLE BASES). If A is a cycle
basis of D, then

% ={C|CeBUS
is a forward cycle basis of D.

®)

2lAD) - V(D) + 1 =
tion 14), it suffices to show that B _spans the cycle space ‘g[R(D)

PrOOF. Since |§9| i (Observa—

Observe that for every cycle C in D the vector

C=C- Y
eeA(D)
s.t. C(€)=0

s (6)

has support in A(D), as this corresponds to substituting arc ¢ in
C with e whenever ¢ is not in A(D) by subtracting the cycle 5©
from C. In particular, C’ € Span(%), so that C € Span(BUS). It

now suffices to show that each cycle C € 9 lies in Span(B U ).
However, in this case (C) = C, and (6) realizes C as a linear

combination of C IS %’ and elements of §. O

LEMMA 16 (WEAKLY FUNDAMENTAL LIFTING AND WEIGHTS).
Let B be any weakly fundamental cycle basis of D. Then RBisa
forward weakly fundamental cycle basis of D and

w(B) = wB) + Y. 2wle).
eeA(D)
In particular, lifting increases the objective by an additive constant
independent of the choice of 9 and

OPT"F"4(D) < OPTYI(D) + > 2w(e).
eeA(D)

(™)

®)

Proor. Since B is weakly fundamental, there exists an order-
ing of the cycles B = {G}IL,, where y == u(D), such that for
every 1 < k < pthere is an arc ¢ € G with e & ;. G;. Then
also e,ECk) € E‘k and e,(cck) & Uik E‘,

An ordering that makes B weakly fundamental is therefore
obtained by first listing the cycles in & \ {S(ek) | k=1,....4,
then 61, and subsequently, for each k = 1,..., g, placing E‘k
immediately before S(@)_ Since exactly one of e, or ¢ belongs to
810 while both are contained in S(ek), this ordering ensures that

B is indeed weakly fundamental.
Verifying (7) and (8) is straightforward. O

To complete the reduction, we must prove the converse: There
is an optimal forward weakly fundamental cycle basis of D that
is obtained as a lifting of an optimal weakly fundamental cycle
basis of D. First, we prove that we can easily construct an optimal
forward weakly fundamental cycle basis of D that contains the
cycles in §*

LEmmA 17 (EXISTENCE OF MINIMUM-WEIGHT FORWARD WEAKLY

FUNDAMENTAL CYCLE BASIS CONTAINING &). There exists a minimum-

weight forward weakly fundamental cycle basis B* ofB such that
S CAH.

ProoF. Let 9 be a minimum-weight forward weakly funda-
mental cycle basis of D. We order the basis & = {Ck};:lzl such
that for every index 1 < k < Ji there exists an arc ¢, € Cj with
ex & Uik G- Removing the chord set {ek},;g:l from D yields a

spanning forest J: If we remove ey, from D, all weakly connected

i
components remain connected, the cycle rank of the resulting
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graph drops by exactly one, and % \ {elj} is weakly fundamen-
tal cycle basis. Iterating this process, we ultimately arrive at a
spanning forest [9].

By construction each cycle Cy is contained in

C,={CeFD)|CcTu {e}ick and g € C}

be the family of all directed cycles that lie inside 7 U {¢; | i < k}
and contain e;. A minimum-weight forward weakly fundamental
basis can be obtained by choosing, for each k, any directed cycle
of minimum weight in €, in particular Cg, is a minimum-weight
directed cycle in C.

For each e € A(D) we proceed as follows: Consider the corre-

T U {eilick- Let

sponding 2-cycle S®@ in D. Since Tis a spanning tree of D it

cannot contain both e and its reverse €. Consequently, at least

one of these two opposite arcs coincides with a chord ¢;. Let k > j

be the largest index such that ey is one of the two arcs of 5@,
By construction, we have

s@cgu {etick and e € S(e)

which implies 5@ €. Moreover, 5@ s a minimum-weight
cycle in €, and therefore

w(S©) = w(Cyp).
We now construct a new cycle basis B by replacing Cj with

5 in % for each such 2-cycle in D. The resulting basis is a
minimum-weight forward weakly fundamental cycle basis satis-
fying & C B*, as claimed. 0

LEMMA 18 (PROJECTION TO THE ORIGINAL PROBLEM). Let B*
be an optimal forward weakly fundamental basis ofB that con-
tains . Then, removing the family & from &B* and projecting
each remaining directed cycle to its underlying cycle in D yields a
minimum weakly fundamental cycle basis 9B of D. Moreover,

w(B) =w(B)+ Y, 2wle),

eeA(D)

©

PROOF. Consi~der X =B \ & and define for each C € % the
projection proj(C) := C € Gr(D) by setting, for every e € A(D),
C(e) = C(e) — C(e).

Because B is weakly fundamental in D there exists an order-
ing of its cycles {ék};;:lin which each cycle contains an arc € not
used by any earlier cycle. Defining G; := proj((;), this induces
an ordering of & = {G}L ;.

We claim that for every k, the arc e, € {&, é;} with e, € Cy does
not belong to any cycle C; with i < k. Indeed, by construction,
€, is not contained in any cycle precedmg Ck in the original
ordering of %8"; hence no earlier G; contains the same directed
arc. In particular, the cycle st appears after Cy in the ordering.

But then also any cycle in 9* containing & can only appear later
than Cj.. We conclude that 3 is weakly fundamental in D, as
required.

Equation (9) follows from the fact that the weights of the
cycles in & is equal to the weight of the cycles in % and that
w(S) = Yeca(p) 2 w(e). Then (9) implies that

OPT"F™(D) > OPTY (D) + ) 2w(e)

eeA(D)
and together with Lemma 16, this implies that the inequality is
actually an equality. Therefore, 9B is a minimum-weight weakly
fundamental cycle basis of D. O

(10)
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THEOREM 19 (NP-HARDNESS). The minimum-weight forward
weakly fundamental cycle basis problem is NP-hard. The NP-hardness
persists when the weights are metric or uniform.

Proor. Given an instance (D, w) of the minimum-weight weakly

fundamental cycle basis problem with uniform weights, we con-
struct (D, W) with uniform and hence metric weights in poly-
nomial time. By Lemma 16, every feasible weakly fundamental
cycle basis of (D, w) lifts to a feasible forward weakly funda-
mental cycle basis of (B, W), with objective value increased by
an instance-dependent constant. Conversely, by Lemma 18, any
minimum-weight forward weakly fundamental cycle basis of
(f), W) projects to an optimal weakly fundamental cycle basis of
(D, w).

Therefore, a polynomial-time algorithm for the minimum for-
ward weakly fundamental cycle basis problem would imply a
polynomial-time algorithm for the minimum weakly fundamen-
tal cycle basis problem, which is NP-hard for uniform weights
[9]. O

For completeness, we finally show that the assumption that
(D, w) has metric weights is necessary for our reduction to work.
We present a counterexample for which Lemma 17 and Lemma 18

do not hold.

Example 20. Consider the digraph D with V(D) = {a, b, ¢} and
A(D) ={(a,b), (b, c), (c, a)} with weights w((a, b)) = w((b,¢)) =
1 and w((c, a)) = 3. In D there exists a unique cycle C; in particu-
lar, & = {C} forms the minimum-weight weakly fundamental
cycle basis of D.

However, 8 = {C} U & is not a minimum-weight forward

weakly fundamental cycle basis of f) since it has weight 15,
while the forward weakly fundamental cycle basis

B = {s(@b) (b)) cr cmy
C’ =a,(a,b),b,(b,c),c,(c,a),a
C” =a,(a,0),c (c,b),b,(b,a).a

where

and

is optimal and has weight 14. Thus, Lemma 18 does not hold
for non-metric weights, as 98 is not an optimal forward weakly
fundamental cycle basis of D. Moreover, Lemma 17 does not

hold, as any forward cycle basis of D containing all three cycles
in & must have weight at least 15.

5 Conclusion

We studied the existence and structural properties of forward
cycle bases, focusing on weakly and strictly fundamental variants.
Our results clarify their relation to classical cycle basis classes
and contribute to a better theoretical understanding of forward
cycle bases in directed graphs.

Several questions remain open. In particular, given that the
minimum-weight weakly fundamental cycle basis problem is
APX-hard, it is natural to ask if there is a similar result for the
forward case. Moreover, the computational complexity of the
minimum (forward) integral cycle basis problem is unknown.
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