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Abstract

We continue the line of research on flows over time with mini-
mum peak cost objective, which describes the maximum amount
of cost a flow incurs or resources it requires during its execution.
In this work, we restrict solutions to temporally repeated flows
with possibly fractional flow rates and arbitrary flow values, and
study the resulting Minimum-Peak-Cost Temporally Repeated
Flow problem (MPC-TRF). We show that finding an optimal flow
is NP-hard in general. In two special cases MPC-TRF is solvable
in polynomial time: for sufficiently long time horizons and for
series-parallel networks with uniform arc costs. For the general
case, we propose solving the linear programming (LP) model of
the problem via dynamic row generation, which provides a sig-
nificant speed-up compared to solving the full model. Moreover,
we introduce a greedy LP-based heuristic, which yields optimal
solutions for a majority of instances in our computational study.
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1 Introduction

Flows over time extend the classical, so-called static network
flows by a time component: every arc in a network is equipped
with a transit time that describes the amount of time a flow
particle needs to traverse the arc [19]. This extension allows to
model the movement of flow through a network over time.

Just as for static network flows, flows over time can be sub-
ject to arc costs. The objective of minimising the total cost of
a flow leads to the well-studied min-cost flow over time prob-
lem [12]. This model assumes that costs arise due to consumption
of resources, e.g. fuel, proportional to the amount of transported
flow.

However, in other applications, the non-consumable resources
like staff or vehicles are the limiting factor. In strategic traffic
planning, for example, the maximum number of simultaneously
deployed vehicles is more relevant than the number or length
of the tours the vehicles need to make. To model such scenarios,
Anapolska et al. [1] introduce the peak cost objective, which is
the maximum cost the flow incurs at a time point within its time
horizon.

In general, flows over time are defined by families of functions.
For some flow over time problems, special classes of flows over
time, most prominently temporally repeated flows, are known to
represent optimal solutions. In other cases, little is understood
about the structure of optimal solutions. Furthermore, if simple
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machines or humans have to execute the transportation, well-
structured solutions are clearly preferable. Therefore, we restrict
the problem to temporally repeated flows upfront.

Related work. Temporally repeated flows, introduced by Ford
and Fulkerson, are a special class of flows over time that send
flow over a fixed set of paths at a constant rate [9]. They admit a
simple path-based representation. Interestingly, temporally re-
peated flows realise maximum and quickest flows [4, 9], and their
generalisation represents earliest arrival flows [16]. Besides, as
temporally repeated flows are easy to construct, they are often
used for designing approximations or heuristics; for instance,
Fleischer and Skutella use temporally repeated flows to construct
a 2-approximate solution for multicommodity flows over time
with costs [8]. However, for the min-cost flow problem, tempo-
rally repeated flows are suboptimal, and finding optimal tempo-
rally repeated flows is strongly N'P-hard [12]. The suboptimality
result also holds for the minimum-peak-cost flows [1].

Costs and budgets are common extensions to flow over time
models and often lead to computationally hard problems. Beside
the classical min-cost flow over time problem, which is already
NP-hard [12], but admits an FPTAS [7], other variants like bi-
objective optimisation of cost and travel time [17] or quickest
minimum-cost flows [20] have been studied. Related problems
include variants of capacity restrictions, e.g. bridge capacities,
which limit the volume of flow on an arc at any time point [14],
and node energy limits, which restrict the total amount of flow
that can transition through each node [6]. The concept of peak
cost minimisation is also studied in machine scheduling, where
the peak power consumption is assumed to be limited [13, 15].

Many results on the N'P-hardness of flow over time problems
hold for both integral and fractional flow rates, including the
hardness of min-cost flows over time and temporally repeated
flows. However, for the maximum energy-constrained flow prob-
lem, the integral decision problem is strongly N'P-complete, and
the optimisation problem is APX-hard [3], while an FTPAS exists
for the fractional case [6]. For the minimum-peak-cost tempo-
rally repeated flows, the hardness has so far only been shown for
integral flows, which are also known to be suboptimal [1].

Our contribution. In this work, we generalise the results by
Anapolska et al. [1] on the complexity of minimum-peak-cost
temporally repeated flows to the setting with fractional flow rates
and arbitrary, not necessarily maximum, flow values. After intro-
ducing the preliminaries in Section 2, we show in Section 3 that it
is, in general, at least NP-hard to find a temporally repeated flow
of a given value with minimum peak cost. However, in Section 4,
we consider the two special cases that were shown to be polyno-
mially solvable in [1]: sufficiently long time horizon and unit-cost
series-parallel networks. We show that the problem is solvable in
polynomial time also in the more general setting studied in this
work. Furthermore, we propose an LP and a heuristic to compute
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minimum-peak-cost temporally repeated flows, and compare the
two methods in a computational study in Section 5.

2 Notation and definitions

We start by introducing the basic notation. For an n € N, we
denote by [n] the set {1,...,n}. For an introduction to flows
over time, including general definitions, we refer to Skutella [19].
Throughout this work, let G = (V, A) be a digraph with node
set V and arc set A C V2. For a node v € V, we denote by 5% (v)
and 57 (v) the sets of outgoing and ingoing arcs of v, respectively.
We indicate paths by sequences of their nodes p = (vy,...,0t);
ie. (v;,0541) € Aforeachi € {1,...,k— 1}, and denote a subpath
between nodes v; and v; with i < j by p|ui,z,j.

A (flow over time) network N = (G, u, t,c) is an underlying
graph G = (V, A) equipped with arc capacities u, € N, transit
times 7, € Ny and arc costs ¢, € Ny for every arc a € A. We
assume every graph to have a distinguished source s € V and
sink t € V, and denote by P** the set of all simple s-t paths in G.
For a path p € P, we define its transit time 7, € N as the sum
of the transit times of all arcs of the path, i.e. 1) = Y ¢, 7a-

Unless stated otherwise, we denote flows over time by f and
static flows, i.e. flows in networks without a temporal component,
by x. The flow value is denoted by |f| and |x|, respectively.

Temporally repeated flows are a special type of flows over
time, where a static flow is sent repeatedly along the components
of its flow decomposition as long as the given time horizon T
allows. Formally, temporally repeated flows are defined as fol-
lows (cf. [19]).

Definition 2.1 (Temporally repeated flow). Let x be a static flow
and y: P UC — Q its flow decomposition, where P* and C
are paths and cycles, respectively. The corresponding temporally
repeated flow with time horizon T is given by arc flow rates

fa® = > y(p)

pePy(0)

forae A 0 €[0,7T),

where

Pa(0)={peP'la=(ow)ep
AT(plso) S OAT(plor) < T -6}

is the set of s-t paths of the decomposition that contain arc a and
can transport flow over a at time 6 without violating the time
horizon. For 0 ¢ [0, T) we set f,(0) =0 foralla € A.

Note that only paths with transit time less than T contribute to
a flow f. We denote this path set by #, which is formally defined
asP={peP'|r, <Th

The intuition behind temporally repeated flows is better cap-
tured in an alternative path-based representation. A temporally
repeated flow f corresponding to a flow decomposition y: Pt U
C — Qy of some static flow and for a time horizon T is a sum
f=2pep ];,T of path flows, where a path flow ]‘;JT sends the flow
at rate y(p) into a path p during the time interval [0, T — 1) for
each path p € . Hence, a temporally repeated flow is encoded
by the path flow rates y: P — Q.. The value of a temporally re-
peated flow f can be expressed as | f| = X ,ep y(p) (T —17p). Note
that a temporally repeated flow can consist of an exponential
number of path flows.

To define the peak cost objective, we first introduce the cost
at a time point, which describes the amount of resources needed
by the flow at a specific point in time [1].
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Definition 2.2 (Cost at a time point). Let N = (G, u,7,c) be a
network and f a flow over time in NV with time horizon T. For a
time point 0 € [0, T), the cost at a time point 0 is

[ s

The problem we study in this work asks for a temporally
repeated flow of a given value with minimum peak cost, which is
the maximum cost at a time point within the flow’s time horizon.

o(f.0)= ) car

acA

Definition 2.3 (MPC-TRF). An instance of Minimum-Peak-Cost
Temporally Repeated Flow problem (MPC-TRF) consists of a net-
work N = (G, u, ,c¢), of a time horizon T € N and of a demand
D € N. MPC-TRF asks for a temporally repeated flow f in N
with horizon T and with flow value |f| > D that minimises the
peak cost

" (f) = o c(f.0).

3 Complexity of MPC-TRF

Anapolska et al. show that the integral version of MPC-TRF is at
least strongly N'P-hard [1]. We generalise this result by showing
the same complexity for the fractional version of the problem.

THEOREM 3.1. Given an instance of MPC-TRF and a rational
numberz € Qy, deciding whether there exists a temporally repeated
flow with peak cost at most z is at least strongly NP -hard.

Proor. We prove the theorem by a polynomial-time reduction
from the restricted Numerical 3-Dimensional Matching prob-
lem (N3DM), which is known to be strongly NP-hard [10].
An instance 7 of N3DM consists of disjoint sets W, X, and Y
of cardinality m, element sizes y(v) € Z, for each element
veU =WUXUY,and abound B € Z,. The task is to find dis-
joint sets {U;},, each containing exactly one element from each
set W, X and Y, such that ey, y(0) = Bforalli € [m]. Without
loss of generality, we assume that each element v € U satisfies
% <y() < %. This property can be ensured by increasing the
size of every element by 3I"™*, where '™ = max,ey y(v), and
increasing the weight bound B by 9T™#*. The described trans-
formation leads to an equivalent N3DM instance. We omit the
elaboration for conciseness.

We construct an instance 7 = (N, T, D, z) of the decision
variant of MPC-TRF such that 7 is a yes-instance if and only if
I is a yes-instance. The network N = (G, u, 7, ¢) is constructed
on a graph G = (V, A), illustrated in Fig. 1. Graph G contains
a source s, a sink ¢ and an auxiliary node r. Furthermore, for
each element v € U, it contains a gadget with nodes v and v’
connected by an arc (v,0’), which has transit time y(v). The
gadgets are connected by arcs (w}, x;) for each w; € W, x; € X
and (x}, yi) for each x; € X and y, € Y, all with transit time 1.
The source node s is connected to each node w; € W via an arc
with transit time 1. Analogously, the nodes y; for y; € Y are
connected to an auxiliary node r by an arc with transit time 1.
Finally, the arc (r, t) with transit time 1 connects the gadgets to
sink t. Thus, any triplet (w;, xj, yx) € W X X X Y corresponds to
a path (s, w;, w}, x;, x]’., Yks y,’c, r, t), which has a total transit time
of y(w;) + y(x;) + y(yx) + 5. All arcs in and between the gadgets
have unit capacity. Additionally, we add an auxiliary path

15 = (59 hls hZ’ t)3

with all arcs on path p having transit time 1 and capacity m.
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Figure 1: Flow-over-time network corresponding to an in-
stance of N3DM. Arc capacities and transit times are 1,
and costs are 0, unless indicated in blue, cyan or red, re-
spectively. The highlighted path corresponds to a triplet
{Wz, X1 Ym }

(V,A) with
V ={s,t,r,h,h,} U{0,0" | v € U} and
A={(s,wi) | wi e W}

U {(v,0") | v € U}

U {(w}, x;), (x]

U{(yp.r) lyk € Y}

UA{(rt), (s, 1), (h1, ha), (hz, 1)}

The arc capacities, transit times and costs are defined as follows:

Formally, the underlying graph is G =

JUk) | wi e Woxj e X,y €Y}

m, ifa=(r,t)oracep,

1, otherwise;

y(), ifae{(v,0")|veU},

1, otherwise;

1, ifa=(rt)ora=(hyh),

0, otherwise.

u:A—N, ab—){
:A—> N, an—){

c: A— Ny, an—){

We set the time horizon to
T:=B+6
and ask whether there exists a temporally repeated flow of value
D:=m+m-(B+3)
with peak cost at most
z:=m.

First, let 7 be a yes-instance of the restricted N3DM problem.
Then there exists a partition Uy, ..., Uy, such that each set U;
contains exactly one element from each set W, X and Y, and for
each i € [m] it holds that

D, @) =B
veU;

For each partition set U; = {w;, xj, yr} for i, j k € {1,...,m}, we

define the corresponding path
pi = (5, Wi, W}, X}, X}, Y, Yo 1o ),
see Fig. 1. By construction, each path p; has a transit time

p; =B +5.

\/m/l
©
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We construct a feasible temporally repeated flow f as follows:
we send the flow at rate y(p;) = 1 over path p; for each i € [m],
and flow at rate y(p) = m over the auxiliary path p = (s, hy, ho, t).
The constructed flow is feasible, since all arc capacities are re-
spected, and its value is

m
| fl = Z (y(p,—) (T - Tpi) )+y(f)) (T - 1"5) =m-1+m(B+3) =
i=1
Note that each path with positive flow contains exactly one arc
with nonzero cost: All paths p; use the arc @’ := (r, t), whereas
the path p uses the arc a := (hy, hy). By construction of the paths,
the flow particles sent along any path p; in a temporally repeated
flow enter the arc a’ in the period [r(pi|s,r),T = (pilrs)) =
[B + 4, B + 5), while the flow sent along path p enters the arc a
during the time interval [1, B + 4). Hence, the cost of flow f at

time 0 is
0
(.00 = [
O—1,

a

0
ea A m - 1y pen (D)dE

m-1 [B+4,B+5) (5de

0
=t [ L 0 <m
-1

Here, 1s: [1,T] — {0, 1} is the indicator function for S C [1, T].
Therefore, flow f satisfies the peak cost bound, and instance T
is a yes-instance.

Now consider the case in which no partition Uy, . . ., Uy, exists
for the N3DM instance. Then the network A contains no m
pairwise arc-disjoint s-r paths of transit time B + 4. We show
that in this case, no temporally repeated flow exists in NV that
can send D units of flow without violating the peak-cost bound
z=m.

To this end, we consider a maximum temporally repeated
flow f in network N among flows with peak cost at most m.
Suppose that flow f uses a path p” # p with transit time 7,/ <
B +5,i.e. 7, < B+4,at a positive flow rate of y(p’) = k. We
calculate the cost of flow f at time 6’ := B + 4. The flow rate of
the corresponding path flow on arc @’ = (r, t) is positive in the
time interval [7,y — 1,T — 1) with 7,y — 1 < B + 3, so also in the
time interval [0" — 7/, 0"). Suppose further that flow f uses path
p at flow rate y(p) > 0. This path flow has a positive flow rate
on arc d in the interval [1,B+4) 2 [0’ — 75,0’). Then the cost of

flow f at time 6’ is
o
k-dé+cs /
0 -5

o
c |
0 -7,

Thus, the peak cost bound implies that
k+y(p) <m

The maximum flow value that can be sent along both paths is
thus

o(f.0) > y(p)-dé=1-k+1-y(p).

y(p) - (T—15) +y(p") - (T —1r)
=(m—k)-(B+6-3)+k-(B+6—1,)
<(m—k)~(B+3)+k-(B+6—(§B+5))
:m~(B+3)—k-(§B+2),

where the inequality is due to the assumption that y(v) > 7 and
thus that 7,y > ZB + 5. Thus, the value of flow f can be further



INOC °26, 22-24 April 2026, Liége (Belgium)

increased by removing the flow over path p’ and increasing the
flow rate y(p) on path p by k. This contradicts the maximality of
flow f. Hence, a maximum temporally repeated flow with peak
cost at most z sends at most m(B + 3) units of flow over path p
and uses otherwise only paths with transit time at least B + 5.
As already stated, graph G contains no m pairwise disjoint s-r
paths of length B + 4. Furthermore, arc capacities bound the flow
rates along each s-r path by 1. Hence, a maximum flow f sends
at most m — 1 flow units over the s-r-t paths without violating
the peak-cost bound. In conclusion, if 7 is not a yes-instance, it is
impossible to construct a temporally repeated flow that sends D
units of flow with a peak cost not greater than z.
Hence, the decision variant of MPC-TRF is strongly NP-hard.
]

We conclude that optimising the peak cost over temporally
repeated flows is at least strongly NP-hard as well.

THEOREM 3.2. Finding a minimum-peak-cost temporally re-
peated flow of a given value for a given time horizon is at least
strongly NP-hard.

Note that, just as for the integral maximum-flow version of
the problem, it is not yet known whether MPC-TRF is in NP.

4 Efficiently solvable special cases

Although the MPC-TRF problem is NP-hard in general, we
present in the following two special cases solvable in polynomial
time. Both special cases introduce additional structure to feasi-
ble solutions, which allows us to express the objective function
without explicit maximisation over time points. These compact
representations enable efficient solution techniques we present
in this section.

4.1 Long time horizon

Suppose that the time horizon T is long compared to the transit
times of the paths of the network; more precisely, let T be at least
twice as long as any s-t path. Then the peak cost of a temporally
repeated flow f that corresponds to some decomposition of a
static flow x is

" (f) = > ca - 7a - x(a),
acA
which is attained at time 6 = [%J (cf. [1]). This allows us to prove
the following result.

THEOREM 4.1. MPC-TRF with time horizonT such thatt, < L%J
for any s-t path p is solvable in polynomial time.

ProoF. Let y: P — Q. be the path decomposition corre-
sponding to a sought optimal flow. We express the MPC-TRF
problem as a linear programme (LP) over non-negative real vari-
ables y,, representing the flow rates y(p) for p € P. The objective

is expressed as
cmax(f)=ZCa'Ta'x(a)=an'Ta' Z yp

acA acA pEP,acp
=2, (Z ) 2
pEP \acp

The flow rates have to respect the arc capacity u, for all arcs
a € A, and the flow value | f| must be at least D (due to the
minimisation objective, any optimal solution will have value of
exactly D).
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Hence, we obtain the following linear programme for the case
of a long time horizon:

min. Z (Z CaTa)lp

pEP acp

s.t. Z Yp < Ug

pEP,acp
D(T=1)yp>D
peP

Yp 2 0

(P1)

Yae A

Vp e P.

This primal LP (P;) has an exponential number of variables in
worst case, which motivates us to consider the dual. Using dual
variables 7, for capacity constraints and a variable z for the
demand constraint, we obtain the following dual LP.

max. Dz — Z Uq T, (Dy)
acA
s.t. (T—TP)Z—Zﬂ'a < Zcura Vp e P
acp aep
a2 0 VYae A
z 2 0.

To separate violated constrains in the dual (D;), we have to solve
the subproblem

jr)rgyr; % catq— (T TP)Z+QZE;‘, g = Tz+1r,ré£ ;(cara +27,+ 7).
It can be solved by computing a shortest path on the graph G with
non-negative arc costs c,7, + 27, + 7, for each arc a. Note that,
as we assume all paths in the network to have transit time less
than T, the described shortest path computation always yields
a path in the set #. Since the separation problem for the dual
(Dy) is solved in polynomial time and the dual contains only
polynomially many variables, the dual, and thus the primal (P;),
are solved in polynomial time [11]. O

Note that the solution approach implied by Theorem 4.1 relies
on the ellipsoid method and thus has only weakly-polynomial
runtime.

4.2 Unit arc costs

A second special case for which the objective function has a
compact representation is when all network arcs have the same
cost. Without loss of generality, we assume all arc costs to be
equal to one. In this case, the peak cost of a temporally repeated
flow in a unit-cost network can be expressed as

() = )" wp - y(p),
peP
where w, = min{z,, T — 7,} for any path p € ¥ [1]. That is,
a path’s contribution to the peak cost depends only on its tran-
sit time.

The column generation approach as in Section 4.1 cannot
be directly transferred to this special case. Finding a violated
constraint for the dual LP again reduces to finding a sufficiently
short path p € P with respect to auxiliary arc costs; however, in
general, the set of all s-t paths in the original network does not
coincide with set P, which leads to the NP-hard Constrained
Shortest Path problem.

Nevertheless, we present an even strongly-polynomial algo-
rithm for the case of unit costs if the underlying graph is series-
parallel. Our algorithm is similar to the greedy algorithm for the
static min-cost flow problem [2].
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THEOREM 4.2. MPC-TRF on series-parallel networks with unit
costs is solved in strongly polynomial time by a variant of the
Successive Shortest Path algorithm.

We omit the proof due to the space limit. Unfortunately, the re-
quirement of a series-parallel graph is necessary for this method:
the algorithm does not even yield feasible solutions on general
graphs.

5 Exact and heuristic solution approaches

In this section, we propose an exact and a heuristic solution
approach for solving general instances of MPC-TRF. We verify
the potential of both methods in a computational study.

We start by formulating MPC-TRF as a path-based LP similarly
to LP (P;) in Section 4. To this end, we express the cost of a flow
at a time point via path flow rates.

LEMMA 5.1. Let f be a temporally repeated flow in network N
with time horizon T, demand D and a corresponding path decom-
positiony: P — Q. Its cost at time § € [0, T] can be expressed as

c(f.6) =) c(p.0) - y(p)

peEP
with
c(p,0) = > ca (0-7(plso) + Y. caTa
a=(v,w)ep a=(v,w)ep
7(pls,0)<O<T(plsw) 7(pls,w)<O

- Z Cq - (9—T+T(p|w)) - Z Ca* Ta-

a=(v,w)ep a=(v,w)ep
T-7(plo,e)<O T-7(plwe)<0
O<T-7(plaw,t)

We omit the proof for conciseness. Note that the cost contri-
bution ¢(p, 0) of a path p at a fixed time point 6 can be computed
efficiently.

Since all transit times are integers, the inflow rates of arcs,
and thus the cost at time points, can change only at integer time
points. Hence, any temporally repeated flow attains its peak cost
at an integer time point 6 € [T]. Moreover, Lemma 5.1 implies
that for each path, its contribution to the flow’s cost changes
over time at only at most O(|A(p)|) different time points; hence,
the peak cost is attained at a time point from the set

T = {T(p|s,v)a T-1(plos) |peP.ve p} .
This observation together with Lemma 5.1 allow us to formulate

MPC-TRF as an LP.

min  Cpax (P2)

s.t. Z yp < u(a)

PEP, acp

Zyp-(T—rp)>D

PeP

Z c(p,0) - yp < Crmax
peP

Yp 20

Cmax =20

Yae A

VOeT

VpeP

In the following, we will be considering the above LP model built
over different path sets $, denoting the resulting LPs by P, (P).

Note that LP (P3) uses a possibly exponential number of vari-
ables and constraints, which makes the solving process as well as
the model initialisation extremely time- and memory-consuming.
One approach to solving LP (P;) is row generation. Our experi-
ments described below suggest that iteratively adding violated
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cost and capacity constraints significantly reduces the initiali-
sation time of the model, while the time required to solve the
models to optimality remains low, too.

Another natural approach to reduce the size of the formulation
is to reduce the number of considered paths. We propose a simple
polynomial-time heuristic that chooses a promising subset of
paths that induces a feasible temporally repeated flow. The idea
of our heuristic is to send the flow along paths with short transit
time, since path flows over shorter paths have a larger flow value
for the same flow rate. Hence, we select a polynomial number
k € {|V],|V|?} of shortest paths in the network. If the selected
set P’ of paths does not admit a temporally repeated flow of
requested value D, we iteratively add bottleneck paths to the
set ’ until a flow of value D exists, which we verify by solving
the LP on the restricted path set. A bottleneck path p* € P is
defined by p* = argmax, » minge, 4q and can be computed in
polynomial time by a combination of the threshold method for
bottleneck capacity and a shortest path computation [5]. Overall,
we obtain the heuristic in Algorithm 1.

Algorithm 1: Heuristic for MPC-TRF
Input: MPC-TRF instance 7 = (N, T, D) with
N = (G, u,c, 7), number of paths k € N
Output: Feasible solution represented by flow rates
1 H < acopyof G
2 P’ « k shortest s-t paths
3 solve P2 (P’) over the paths in P’
4 while P,(P’) is infeasible do
5 p* < getBottleneckpath(H)

6 up(a) < ug(a) — mingep- ug(a) Va € p*
7 P — P U{p*}
8 re-initialize and solve P,(P’)

9 return solution represented by flow rates {y,} e

Note that our heuristic does not take the arc costs into account.
Hence, we do not expect it to always yield good solutions. In fact,
the heuristic has no constant approximation factor. Nonetheless,
Algorithm 1 performs very well in a first computational study.

Computational study. We compare the performance of the
heuristic to both the straightforward solving of the LP (P2) on
the complete path set and to LP solving with dynamic row gen-
eration. Our set of 150 test instances is generated from street
networks based on OSM data and is available under [18]. The
transit times of arcs are the computed and rounded driving times
for the corresponding street segments in the range [1, 100]; in-
teger capacities and costs are generated uniformly at random
from the range [1, 10]. The networks contain between 80 and
150 nodes and between 500 and 50.000 paths. The computations
were executed on a Claix-2023 cluster using 1 core and 10GB of
RAM using Gurobi 12.0.0 as LP solver.

Our computational experiments confirm the expectation that
iteratively adding constraints to the LP significantly reduces the
total runtime (see Figure 2). This runtime improvement is due
to a fast initialisation of the LP in the solver, which leads to a
significantly smaller model, and to the fact that optimal solu-
tions are obtained after a small number of separation iterations.
The dynamic LP approach solves all instances to optimality in
under 10 min.



INOC °26, 22-24 April 2026, Liége (Belgium)

The heuristic on |V| paths has a significantly lower runtime
than both LP methods. The optimality gap of the solutions com-
puted by the heuristic is shown in Figure 3. We observe that all
instances are solved to 15% optimality gap by the heuristic on
|V| paths, and all but 6 instances to the gap below 2%. Using |V
paths allows the heuristic to solve all instances to optimality, at
the expense of a higher runtime than the dynamic LP solving.

6 Conclusion

We studied the MPC-TRF problem and proved its N'P-hardness
when fractional flow values are allowed. We presented two poly-
nomially solvable special cases: instances where the time horizon
is at least twice as long as the longest s-t path in the network, and
instances on unit-cost series-parallel networks. These findings
match previous results on the more restricted problem version
that seeks an integral flow of maximum value that optimises peak
cost [1].

Furthermore, we proposed a simple exact row generation
method and a greedy LP-based heuristic for solving MPC-TRF.
Our computational study suggests that row generation signifi-
cantly improves the run time compared to solving the complete
LP. For larger instances or when some suboptimality is acceptable,
our heuristic is a promising option.

These findings motivate future research on solution methods
for MPC-TRF. A more efficient selection of constraints for sepa-
ration presents improvement potential for the row generation.
Furthermore, column generation should be evaluated as an alter-
native exact method. As for the heuristics, different path selection
rules that take arc costs into account are a promising subject of
study.
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