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Abstract
The Rooted Capacitated Maximum Weight Connected Subgraph
Problem (RCMWCS) is to find a connected subgraph containing a
prescribed root, subject to a global capacity constraint, that max-
imizes total profit. It generalizes several classical combinatorial
optimization problems and is NP-hard even on trees. Building on
a pseudo-polynomial-time dynamic programming algorithm for
the RCMWCS on trees with integral capacities, based on the Left–
Right method, we develop a fixed-parameter tractable algorithm
for graphs of bounded treewidth. Our approach uses a dynamic
program over a nice tree decomposition that explicitly tracks
connectivity via partitions of bag vertices and respects capacity
constraints. The resulting algorithm runs in time 𝑘𝑂 (𝑘 ) ·𝐶2 · |𝑉 |,
where 𝑘 is the treewidth, |𝑉 | the number of vertices of the graph,
and 𝐶 an upper bound on the capacity. This establishes fixed-
parameter tractability of the RCMWCS with integral capacities
parameterized by treewidth and the capacity bound 𝐶 .

1 Introduction
Connected subgraph selection problems arise in many areas of
combinatorial optimization, including network design, bioinfor-
matics, and transportation planning. A prominent example is the
Maximum Weight Connected Subgraph (MWCS) problem, which
asks for a connected vertex-induced subgraph of maximum total
profit. In many applications, however, solutions are additionally
subject to global resource constraints (e.g., a budget or capacity
limit) and must contain a designated root vertex. This motivates
the study of the Rooted Capacitated Maximum Weight Connected
Subgraph Problem (RCMWCS).

In the RCMWCS, each vertex is associated with a profit and a
capacity consumption, and the objective is to find a connected
subgraph containing a given root whose total capacity does not
exceed a prescribed bound while maximizing profit. The problem
generalizes classical problems such as Knapsack and is closely
related in spirit to Steiner-type network design problems.

Related work. Rooted and constrained variants of the MWCS
appear naturally as subproblems in applications. For example,
Borndörfer et al. [5] study a rooted MWCS with lower/upper
capacity bounds and additional balancing constraints in a district
planning context, and identify rooted and budgeted MWCS-type
subproblems as essential algorithmic building blocks in a column-
generation approach to covering vertices by connected subgraphs
under weight bounds [6]. A broad and systematic survey on graph
covering and districting problems with connected subgraphs,
including the role of constrained connected subgraph pricing

INOC ’26, Liège (Belgium)
© 2026 Copyright held by the owner/author(s). Published on OpenProceedings.org
under ISBN 978-3-89318-105-6, series ISSN 2510-7437. Distribution of this paper is
permitted under the terms of the Creative Commons license CC-by-nc-nd 4.0.

problems (often taking the form of rooted and budgeted MWCS
variants), is given by [14].

Budgeted versions of node-weighted connected subgraph prob-
lems have also been studied in their own right, in particular in
conservation and corridor-design applications. A representative
early model is the connected subgraph formulation of [7], which
views the corridor as a connected set of parcels under a global
acquisition budget. Building on this line, Dilkina and Gomes [9]
investigate several mixed-integer programming formulations for
enforcing connectivity under a budget constraint and compare
flow-based and cut-based encodings.

For the rooted setting, [1] studies the Rooted Maximum Node-
Weight Connected Subgraph problem and its budget-constrained
variant (B-RMWCS). Their approach is again mixed-integer pro-
gramming: connectivity is enforced via standard connectivity
constraints (with separation in a branch-and-cut algorithm), while
the budget dimension is handled by knapsack-type restrictions
(strengthened by additional valid inequalities). Complementary
to these exact MIP-based approaches, [2] proposes a relax-and-cut
framework for large-scale constrained MWCS instances, com-
bining Lagrangian relaxation with iterative cut generation and
primal heuristics.

A powerful framework for exploiting structural properties of
graphs is provided by the notion of treewidth. Many NP-hard
problems admit fixed-parameter tractable algorithms when pa-
rameterized by treewidth, typically via dynamic programming
on tree decompositions. While related Steiner-type problems
have been extensively studied in this setting, see, e.g., [8], and
the broader parameterized complexity of Steiner Tree variants
has been investigated in detail, including directed settings [10],
explicit treewidth parameterized treatments of rooted MWCS
with global capacity constraints do not appear to exist in the
literature. To the best of our knowledge, this paper is the first to
contribute such a result.

In this paper, we first present a pseudo-polynomial-time dy-
namic programming algorithm for RCMWCS on trees with inte-
gral capacities, based on the Left–Right method. We then extend
the study to graphs of bounded treewidth by developing a dy-
namic program over a nice tree decomposition. Our formulation
explicitly tracks connectivity through partitions of bag vertices
and incorporates capacity constraints into the state space.

Our contributions.

• We show that RCMWCS is NP-hard even on trees.
• We propose a pseudo-polynomial-time dynamic program-

ming algorithm for trees with integral capacities.
• We develop a treewidth-based dynamic program for the

RCMWCS with integral capacities on graphs of bounded
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treewidth running in time 𝑘𝑂 (𝑘 ) · |𝑉 | ·𝐶2, that is, we estab-
lish fixed-parameter tractability with respect to treewidth
𝑘 and capacity bound 𝐶 .

The remainder of the paper is organized as follows. In Sec-
tion 2 we formally define the problem and discuss its complexity.
Section 3 presents the dynamic programming algorithm for trees
and its extension to graphs of bounded treewidth. We conclude
with a discussion of the running time and practical limitations of
the approach.

2 Problem Definition
For the Rooted Capacitated MaximumWeight Connected Subgraph
Problem (RCMWCS), we consider a graph 𝐺 = (𝑉 , 𝐸) with node
capacities 𝑐 ∈ R𝑉

≥0 and profits 𝑝 ∈ R𝑉 , as well as an upper
capacity bound 𝐶 ∈ R≥0, and a root node 𝑟 ∈ 𝑉 . For any subset
of vertices 𝑆 ⊆ 𝑉 , we define

𝑐 (𝑆) :=
∑︁
𝑣∈𝑆

𝑐𝑣

and 𝑝 (𝑆) analogously.
The RCMWCS is to find in 𝐺 a tree 𝐻 = (𝑉𝐻 , 𝐸𝐻 ), such that

𝑟 ∈ 𝑉𝐻 and 𝑐 (𝑉𝐻 ) ≤ 𝐶 , while 𝑝 (𝑉𝐻 ) is maximized.

Since profits and capacities are associated with vertices only,
it is without loss of generality to restrict attention to solutions
that are trees.

Complexity. We show that RCMWCS is NP-hard by a reduction
from Knapsack.

Consider an instance of Knapsack consisting of a set of 𝑛 ∈ N
items with weights𝑤 ∈ Q𝑛

≥0, values 𝑣 ∈ Q𝑛
≥0, and a weight bound

𝐵 ∈ Q. We construct a star graph with𝑛 leaves and a center vertex
serving as the root. For each leaf 𝑖 , we set its capacity to 𝑐𝑖 =𝑤𝑖

and its profit to 𝑝𝑖 = 𝑣𝑖 . The root has capacity and profit equal
to 0. The capacity bound is set to 𝐶 = 𝐵. This construction is
polynomial.

Any feasible solution to the resulting RCMWCS instance cor-
responds to selecting in addition to the root a subset of leaves
whose total capacity does not exceed 𝐵, and whose total profit
equals the sum of the selected values. Conversely, any feasible
subset in the Knapsack instance yields a feasible connected sub-
graph containing the root. Hence, RCMWCS is NP-hard even on
trees.

3 RCMWCS on Graphs with Bounded
Treewidth

In this section, we discuss how to solve the RCMWCS on graphs
with bounded treewidth. In the first part of this section, we pro-
pose a dynamic program (DP) for trees with integer capacities.
Our algorithm runs in pseudo-polynomial time and uses the so-
called Left-Right Method from Johnson et al. [12]. Following the
discussion on trees, we develop a parameterized algorithm for
graphs with bounded treewidth. In the remainder of the paper, we
assume integral capacities and an integral capacity bound, which
is necessary for our pseudo-polynomial dynamic programs.

3.1 Trees
The Left-Right Method, as introduced by Johnson et al. [12],
traverses a tree in a Depth-First-Search (DFS) manner. This avoids
the expensive merging of multiple children and their solutions,
which is a big advantage over naive approaches. We apply it
to a tree 𝑇 = (𝑉 , 𝐸) with root 𝑟 ∈ 𝑉 , node capacities 𝑐 ∈ N𝑉

≥0,

Figure 1: The orange subtree 𝑇 [𝑣3, 2] of the above DFS-
ordered tree contains all vertices 𝑣𝑘 with 𝑘 ≤ 3 and the
first 2 children of 𝑣3, together with all their successors.

Figure 2: 𝑣 𝑗 is the 𝑘-th child of 𝑢.

profits 𝑝 ∈ R𝑉 , and an upper capacity bound 𝐶 ∈ N≥0. Let
𝑣1, . . . , 𝑣𝑛 be a DFS ordering of 𝑇 with 𝑣1 = 𝑟 . Let 𝑗 ∈ {1, . . . , 𝑛}
and 𝑖 ∈ {0, 1, . . . , 𝑑 (𝑣 𝑗 )}, where 𝑑 (𝑣 𝑗 ) is the number of children
of 𝑣 𝑗 . We denote by 𝑇 [𝑣 𝑗 , 𝑖] ⊆ 𝑇 the subtree containing all 𝑣𝑘
with 𝑘 ≤ 𝑗 , together with the first 𝑖 children of 𝑣 𝑗 (in order of
the indices) and all their successors, see Figure 1. We consider
the following subproblem: among all subtrees 𝑆 ⊆ 𝑇 [𝑣 𝑗 , 𝑖] with
𝑟, 𝑣 𝑗 ∈ 𝑉 (𝑆) and 𝑐 (𝑉 (𝑆)) = 𝛾 , maximize 𝑝 (𝑉 (𝑆)). We denote its
optimal value by 𝑑𝑝 [𝑣 𝑗 , 𝑖, 𝛾]. It can be solved in a Left-Right DFS
order, starting at the root node 𝑟 with 𝑖 = 0 and successively
increasing 𝑖 up to 𝑑 (𝑟 ). Whenever the algorithm proceeds to the
𝑖-th child, the procedure is applied recursively.

More precisely, the base case is initialized for 𝛾 ∈ {0, ...,𝐶} as

𝑑𝑝 [𝑟, 0, 𝛾] =
{
𝑝 (𝑟 ), if 𝛾 = 𝑐 (𝑟 )
−∞, otherwise.

If 𝑖 = 0 and 𝑣 𝑗 is the 𝑘-th child of 𝑢, see Figure 2, we compute

𝑑𝑝 [𝑣 𝑗 , 0, 𝛾] = 𝑑𝑝 [𝑢, 𝑘 − 1, 𝛾 − 𝑐 (𝑣 𝑗 )] + 𝑝 (𝑣 𝑗 ) .

Indeed, since no successor of 𝑣 𝑗 is considered, the value of𝑑𝑝 [𝑣 𝑗 , 0, 𝛾]
is given by the profit 𝑝 (𝑣 𝑗 ) plus the optimal solution at the parent
node using capacity 𝛾 − 𝑐 (𝑣 𝑗 ) and considering only the first 𝑘 − 1
children (recall that 𝑣 𝑗 ∈ 𝑉 (𝑆)).

For the case 1 ≤ 𝑖 ≤ 𝑑 (𝑣 𝑗 ), let 𝑤 denote the 𝑖-th child of 𝑣 𝑗 .
Then the recurrence is

𝑑𝑝 [𝑣 𝑗 , 𝑖, 𝛾] =max
{
𝑑𝑝 [𝑣 𝑗 , 𝑖 − 1, 𝛾], 𝑑𝑝 [𝑤,𝑑 (𝑤), 𝛾]

}
.

That is, we either exclude the 𝑖-th child𝑤 (and all of its descen-
dants) from the solution, or we include 𝑤 and take an optimal
solution for the entire subtree 𝑇 [𝑤,𝑑 (𝑤)]. Note that 𝑇 [𝑤,𝑑 (𝑤)]
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already contains all previously processed parts of the DFS traver-
sal; hence no additional knapsack merge is needed.

The number of subproblems is𝑂 ( |𝑉 | ·𝐶), and each recurrence
can be computed in constant time. Overall, this yields a total
running time of𝑂 ( |𝑉 | ·𝐶). The optimal solution value is obtained
as

max
𝛾≤𝐶

𝑑𝑝 [𝑟, 𝑑 (𝑟 ), 𝛾] .

3.2 Bounded Treewidth
While the dynamic program from the previous section is re-
stricted to trees, we now turn to graphs of bounded treewidth
𝑘 . We briefly recall the notions of treewidth and tree decompo-
sitions and then present a fixed-parameter algorithm that runs
in time 𝑘𝑂 (𝑘 ) · 𝐶2 · |𝑉 |. Our approach follows the standard dy-
namic programming paradigm on nice tree decompositions and
is inspired by treewidth-based algorithms for Steiner Tree (see,
e.g., [8]). We extend these ideas to RCMWCS by incorporating a
global capacity dimension.

Tree decompositions. A tree decomposition of a graph 𝐺 =

(𝑉 , 𝐸) is a pair
T =

(
𝑇, {𝑋𝑡 }𝑡 ∈𝑉 (𝑇 )

)
,

where 𝑇 is a tree and each 𝑋𝑡 ⊆ 𝑉 is a bag. To avoid ambiguities,
we refer to elements of 𝑉 (𝑇 ) as nodes and to elements of 𝑉 (𝐺)
as vertices. For a vertex 𝑣 ∈ 𝑉 , denote by𝑇𝑣 the subgraph of𝑇 in-
duced by all nodes 𝑡 with 𝑣 ∈ 𝑋𝑡 . Then T is a tree decomposition
if it has the following properties:

(1)
⋃

𝑡 ∈𝑉 (𝑇 )
𝑋𝑡 =𝑉 ,

(2) ∀{𝑢, 𝑣} ∈ 𝐸 : ∃𝑡 ∈ 𝑉 (𝑇 ) : {𝑢, 𝑣} ⊆ 𝑋𝑡 ,

(3) ∀𝑣 ∈ 𝑉 : 𝑇𝑣 is connected.

The width of T is max𝑡 ∈𝑉 (𝑇 ) |𝑋𝑡 | − 1, and the treewidth of 𝐺 is
the minimum width over all tree decompositions of 𝐺 .

Intuitively, each bag acts as a separator: removing 𝑋𝑡 from 𝐺

breaks the graph into components, and each such component is
contained in the union of the bags of one connected component
of the decomposition tree 𝑇 − 𝑡 . This separation property is the
basis for dynamic programming on graphs of bounded treewidth.

Nice tree decompositions. To describe the dynamic program
and to facilitate the analysis of its running time, we employ the
concept of nice tree decompositions [4]. A nice tree decomposi-
tion is a normalized form of a tree decomposition that restricts
the structure of the decomposition tree and the allowed changes
between adjacent bags.

In our setting, a nice tree decomposition consists of the fol-
lowing node types: leaf nodes, introduce vertex nodes, forget
nodes, join nodes, and introduce edge nodes. The bag of a leaf
node contains exactly one vertex. We assume that there exists a
leaf whose bag consists solely of the root vertex 𝑟 , and we choose
this node as the root of the decomposition tree. This induces a
natural parent–child relation on the nodes of 𝑇 .

Every introduce and forget node has exactly one child, whereas
every join node has exactly two children. Let 𝑡 ∈ 𝑉 (𝑇 ) be a node
and let 𝑡 ′ denote its (unique) child, unless stated otherwise.

Introduce Vertex Node. The node 𝑡 is an introduce vertex node
if there exists a vertex 𝑣 ∈ 𝑉 such that

𝑋𝑡 = 𝑋𝑡 ′ ∪ {𝑣}.

Forget Node: The node 𝑡 is a forget node if there exists a vertex
𝑣 ∈ 𝑉 such that

𝑋𝑡 = 𝑋𝑡 ′ \ {𝑣}.

Join Node. The node 𝑡 is a join node if it has exactly two
children 𝑡1 and 𝑡2 with

𝑋𝑡 = 𝑋𝑡1 = 𝑋𝑡2 .

Introduce Edge Node. The node 𝑡 is an introduce edge node if
it is labeled with an edge 𝑢𝑣 ∈ 𝐸, and 𝑢, 𝑣 ∈ 𝑋𝑡 , and 𝑋𝑡 = 𝑋𝑡 ′ .

We schedule edge introductions as follows. Let 𝑡 be a forget
node that removes a vertex 𝑣 , i.e., 𝑋𝑡 = 𝑋𝑡 ′ \ {𝑣}. Consider the set
of edges 𝑣𝑤 ∈ 𝐸 with𝑤 ∈ 𝑋𝑡 (equivalently, both endpoints 𝑣 and
𝑤 are contained in the bag 𝑋𝑡 ′ right before 𝑣 is forgotten). We
insert a (possibly empty) chain of introduce edge nodes between
𝑡 ′ and 𝑡 , one for each such edge 𝑣𝑤 , where each node keeps the
same bag and is labeled with that edge. In this way, every edge
is introduced when the first of its endpoints is forgotten; hence
it is introduced exactly once.

Given a tree decomposition of 𝐺 with 𝑛 nodes, we can con-
struct a nice tree decomposition with equal width and at most
4𝑛 nodes in 𝑂 (𝑛) time [4].

Dynamic programming formulation. Consider an instance of
RCMWCS with integral capacities together with a nice tree de-
composition

T =
(
𝑇, {𝑋𝑡 }𝑡 ∈𝑉 (𝑇 )

)
of 𝐺 with width 𝑘 . We assume that the decomposition is con-
structed such that there is a leaf node whose bag consists of the
root vertex 𝑟 only, and this node is chosen as the root of 𝑇 .

For a node 𝑡 ∈ 𝑉 (𝑇 ), let 𝐺𝑡 denote the subgraph of 𝐺 whose
vertex set consists of all vertices that appear in the bags of 𝑡 and
its descendants, together with all edges introduced in this part
of the decomposition. For a subset 𝑋 ⊆ 𝑋𝑡 , a partition P of 𝑋 ,
and a capacity value 𝛾 ∈ {0, . . . ,𝐶}, let DP[𝑡, 𝑋,P, 𝛾] denote the
maximum total profit of a subgraph 𝑆 of 𝐺𝑡 such that:

DP[𝑡, 𝑋,P, 𝛾] = max
𝑆⊆𝐺𝑡

𝑝 (𝑆)

such that (1) 𝑉 (𝑆) ∩ 𝑋𝑡 = 𝑋,

(2) ∀ connected components 𝐾 in 𝑆 : 𝑉 (𝐾) ∩ 𝑋𝑡 ∈ P,
(3) ∀𝑃 ∈ P : ∃ connected component 𝐾 in 𝑆 :

𝑉 (𝐾) ∩ 𝑋𝑡 = 𝑃,

(4) 𝑐 (𝑆) = 𝛾 .

If no such set 𝑆 exists, we set DP[𝑡, 𝑋,P, 𝛾] := −∞.
In other words, we seek a subgraph of𝐺𝑡 with maximum total

profit such that each connected component intersects the bag
𝑋𝑡 in exactly one element of the partition P; we refer to an el-
ement of P as blocks. Moreover, every block of P arises as the
intersection of 𝑋𝑡 with some connected component. Finally, the
total capacity of the chosen subgraph is required to be exactly 𝛾 .
Figure 3 illustrates the structure of such a subproblem together
with a feasible solution.
Note that we do not require a partial solution in 𝐺𝑡 to be con-
nected to the root 𝑟 , since in general 𝑟 ∉ 𝑋𝑡 . The partition P only
records how the connected components of the partial solution
intersect the current bag𝑋𝑡 . Rooted connectivity is enforced only
in the final state at the root bag {𝑟 }.

We now describe how the dynamic program is evaluated for
each of the different node types.
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Figure 3: Dynamic programming problem at node 𝑡 ∈ 𝑉 (𝑇 )
with 𝑋 ⊆ 𝑋𝑡 and partition P of 𝑋 (green). The dotted edges
indicate not yet introduced edges.

Leaf Node. Let 𝑡 ∈ 𝑉 (𝑇 ) be a leaf node and 𝑣 ∈ 𝑉 with𝑋𝑡 = {𝑣}.
In case 𝑋 = ∅, we initialize

DP[𝑡, ∅, ∅, 0] = 0,

and for 𝑋 = {𝑣}, we set

DP[𝑡, {𝑣}, {{𝑣}}, 𝛾] =
{
𝑝𝑣, if 𝛾 = 𝑐𝑣

−∞, otherwise.

Introduce Vertex Node. Let 𝑣 ∈ 𝑉 be the introduced vertex. In
case 𝑣 ∉ 𝑋 , we can retrieve the solution from the child node 𝑡 ′ of
𝑡 :

DP[𝑡, 𝑋,P, 𝛾] = DP[𝑡 ′, 𝑋,P, 𝛾] .

If 𝑣 ∈ 𝑋 , it has to be in an isolated block of P, i.e., {𝑣} ∈ P, since
we did not introduce any edge incident to 𝑣 yet. Therefore, we
get

DP[𝑡, 𝑋,P, 𝛾] =
{
DP[𝑡 ′, 𝑋 − 𝑣,P − {𝑣}, 𝛾 − 𝑐𝑣] + 𝑝𝑣, if {𝑣} ∈ P
−∞, otherwise.

Introduce Edge Node. Let 𝑢𝑣 ∈ 𝐸 be the introduced edge, thus
𝑢, 𝑣 ∈ 𝑋𝑡 . Note that, introducing an edge does not force the edge
to be part of any solution. Let𝑤 ∈ 𝑋 , we denote the block in P
containing𝑤 by P𝑤 .

We distinguish two cases depending on whether 𝑢 and 𝑣 lie in
the same block of P or not.

If not, then either at least one of 𝑢 and 𝑣 is not contained in
𝑋 , or they belong to two different blocks of P. In either case, we
can simply copy the value from the child node 𝑡 ′

DP[𝑡, 𝑋,P, 𝛾] = DP[𝑡 ′, 𝑋,P, 𝛾] .

For the case 𝑢 and 𝑣 are in the same block P𝑢 = P𝑣 , we can
obtain the solution from 𝑡 ′ by going through all its partitions and
combine the blocks of 𝑢 and 𝑣 . For any partition P′ of 𝑋 such
that:

P′ − (P′
𝑢 ∪ P′

𝑣) = P − P𝑣, (1)

the solution of DP[𝑡 ′, 𝑋,P′, 𝛾] is feasible for DP[𝑡, 𝑋,P, 𝛾]. For
P′ = P, this is immediate. Otherwise, choosing the edge 𝑢𝑣 does
not change the objective value, and it connects the connected
components corresponding to P′

𝑢 and P′
𝑣 .

The solution of DP[𝑡, 𝑋,P, 𝛾] can be obtained by considering
all partitions P′ of 𝑋 that satisfy (1):

DP[𝑡, 𝑋,P, 𝛾] = max
P′ of 𝑋 :

P′ satisfies (1)

DP[𝑡 ′, 𝑋,P′, 𝛾] .

This yields the optimal value. Let 𝐺∗ be the optimal subgraph
from the solution ofDP[𝑡, 𝑋,P, 𝛾] and let P′ of𝑋 be the partition
corresponding to the connected components of 𝐺∗ − 𝑢𝑣 . If

DP[𝑡 ′, 𝑋,P′, 𝛾] < DP[𝑡, 𝑋,P, 𝛾],

we found a better solution for DP[𝑡 ′, 𝑋,P′, 𝛾] and hence it was
not optimal.

Forget Node. Let 𝑣 ∈ 𝑉 be the vertex that is forgotten at node
𝑡 . There are two possibilities: either 𝑣 is contained in the optimal
subgraph or it is not. If 𝑣 is included, the solution can be obtained
from the child node 𝑡 ′ by assigning 𝑣 to one of the blocks of the
partition. Among all such possibilities, we select the one that
yields the maximum profit. Formally, let Pmax be a partition that
satisfies

Pmax := argmax
P′ of 𝑋+𝑣:

P′∩P=P′\P′
𝑣

DP[𝑡 ′, 𝑋 + 𝑣,P′, 𝛾] .

If 𝑣 is not part of the solution, we simply inherit the value
DP[𝑡 ′, 𝑋,P, 𝛾] from the child. Taking the better of the two cases
yields

DP[𝑡, 𝑋,P, 𝛾] =max
{
DP[𝑡 ′, 𝑋 + 𝑣,Pmax, 𝛾],DP[𝑡 ′, 𝑋,P, 𝛾]

}
.

Join Node. Let 𝑡1, 𝑡2 ∈ 𝑉 (𝑇 ) be the two children of a join node
𝑡 , with identical bags 𝑋𝑡 = 𝑋𝑡1 = 𝑋𝑡2 . To compute the value
DP[𝑡, 𝑋,P, 𝛾], we combine the solutions of the two child nodes.

To this end, we first define how to merge two partitions P1
and P2 of 𝑋 , denoted by P1 ⊔ P2. We construct an auxiliary
graph 𝑈 whose nodes correspond to the blocks of P1 and P2.
Two nodes in𝑈 are connected by an edge if their corresponding
vertex sets intersect. Each connected component of𝑈 induces a
block consisting of the union of its vertex sets. The collection of
these unions defines a new partition.

The dynamic programming value is then given by

DP[𝑡, 𝑋,P, 𝛾] = max
P1⊔P2=P

𝛾1+𝛾2−𝑐 (𝑋 )=𝛾

(
DP[𝑡1, 𝑋,P1, 𝛾1]

+ DP[𝑡2, 𝑋,P2, 𝛾2] − 𝑝 (𝑋 )
)
.

We have described how the parameterized algorithm processes
each type of node in the decomposition. The dynamic program
is evaluated in a bottom–up fashion, that is, from the leaf nodes
towards the root of the decomposition tree. The optimal solution
value is then obtained as

max
𝛾≤𝐶

DP[𝑟𝑇 , {𝑟 }, {{𝑟 }}, 𝛾] .

We now analyze the running time of this dynamic program.
The number of distinct partitions of a set of size𝑚 is given by the
Bell number 𝐵𝑚 [3]. Moreover, a simple upper bound is 𝐵𝑚 ≤𝑚𝑚 .
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Summing over all subsets 𝑋 ⊆ 𝑋𝑡 with |𝑋𝑡 | ≤ 𝑘 + 1, we use
the classical Bell number recurrence

𝐵𝑘+2 =
𝑘+1∑︁
𝑖=0

(
𝑘 + 1
𝑖

)
𝐵𝑖

[3]. Therefore, the number of pairs (𝑋,P), where 𝑋 ⊆ 𝑋𝑡 and P
is a partition of𝑋 , is at most 𝐵𝑘+2, and thus bounded by (𝑘+2)𝑘+2.
Since for each such pair and each capacity value 𝛾 ∈ {0, . . . ,𝐶}
the dynamic program stores one entry, the total number of states
per decomposition node is bounded by

(𝑘 + 2)𝑘+2 · (𝐶 + 1) = 𝑘𝑂 (𝑘 ) ·𝐶.

The running time is dominated by join nodes, since computing
their DP values requires combining all pairs of states from the
two child nodes. Joining two nodes leads to the following running
time: (

𝑘𝑂 (𝑘 ) ·𝐶
)2

= 𝑘𝑂 (𝑘 ) ·𝐶2

Merging two partitions can be done with a union–find data struc-
ture and contributes only an additional factor of 𝑘𝑂 (𝑘 ) .

A nice tree decomposition with additional introduce edge
nodes can be constructed with𝑂 (𝑘 · |𝑉 |+|𝐸 |) nodes [8]. Moreover,
since graphs of treewidth 𝑘 are partial 𝑘-trees [13], they satisfy
|𝐸 | =𝑂 (𝑘 · |𝑉 |) [11]. Therefore, we conclude a running time of

𝑘𝑂 (𝑘 ) ·𝐶2 ·𝑂 (𝑘 · |𝑉 |) = 𝑘𝑂 (𝑘 ) ·𝐶2 · |𝑉 |.

4 Conclusion
We studied the Rooted Capacitated Maximum Weight Connected
Subgraph Problem and analyzed its algorithmic complexity under
structural restrictions. After establishing NP-hardness even on
trees, we presented a pseudo-polynomial-time dynamic program-
ming algorithm for trees with integral capacities. Building on
this result, we developed a fixed-parameter tractable algorithm
for graphs of bounded treewidth using a dynamic program over
a nice tree decomposition.

The resulting running time of 𝑘𝑂 (𝑘 ) ·𝐶2 · |𝑉 | shows that the
RCMWCS with integral capacities is fixed-parameter tractable
when parameterized by treewidth and the capacity bound. The al-
gorithm extends existing techniques for Steiner-type problems to
a significantly richer, capacity-constrained setting. Future work
includes tightening the state space using refined connectivity
encodings, improving the dependence on the capacity parameter,
and investigating practical heuristics or approximations inspired
by the presented dynamic programs.
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