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Abstract

Reducing a given street network to a public transport network
is essential for bundling passenger demand and reducing the
environmental impact of mobility. Here, both the operators’ bud-
get and the passengers’ routing costs have to be considered.
We introduce a new integer programming model for designing
routing-cost-minimal public transport networks in circular cities
leveraging their symmetry. In an extensive computational study,
we compare generic and symmetric sub-networks structurally,

show that the newly introduced model can be solved orders of Figure 1: Example for a circular city, i.e., a (5 X 5)-orb-web
magnitude faster than generic models and determine that the (left), with corresponding generic (middle) and symmetric
routing-cost gap between symmetric and generic sub-networks GORG (right).

can be disregarded for most budgets.
smaller routing costs given a building costs budget, symmetric

Keywords solutions are more structured, see Figure 1. Thus, they promote
fairness (passengers occupying the same structural position in
the given network will face the same situation in the sparser net-
work; for example, all suburbs are treated equally) and simplify
subsequent planning stages [5], such that integrated solution
approaches become feasible [12].

We exploit the smaller solution space by introducing a new,
compact integer programming formulation for finding optimal
symmetric GORGs. In an extensive computational study, we an-
alyze the price of symmetry [10] and the structure of both sym-
metric and generic GORGs for two cost functions and various
demand scenarios.

combinatorial optimization, network design, OR applications,
price of symmetry, transport network modeling

1 Introduction

Passenger-friendly and cost-efficient public transport supplies are
an important step towards climate-friendly mobility [4, 11, 15].
By bundling passenger demand, the distance covered by vehi-
cles can be greatly reduced compared to individual motorized
mobility. Therefore, it is necessary to carefully consider which
parts of a street network should be used for public transport: On
the one hand, using the whole network would result in shorter
travel times for passengers (called routing costs), high investments
(called building costs) and achieve little bundling of demand. On
the other hand, using a very sparse network results in high rout- For ¢ € N, weset [£] = {1,2,..., ¢} and [¢]o = {0,1,2,...,¢}.
ing costs, low building costs, and high bundling of demand.
Spanning subgraphs are sparser substructures of the network
that maintain the reachability of the original network. Neverthe-
less, the routing distances in the sparser network can be greatly
increased. Finding a spanning subgraph that is sufficiently sparse
while not inducing excessively large distances is an important
problem in both theory and practical applications [1-3, 7, 8].

2 Preliminaries

Graphs. For a graph G = (V(G),E(G)) with edge costs
c: E(G) — Ry, the length of a shortest u-v path in G with
respect to c is the distance of u and v and is denoted by dg(u, v).
We set ¢ = c(e) for each edge e € E(G). A subgraph H of G is
spanning if V(H) = V(G), the edge costs are inherited from G
and dpy(u, v) denotes the length of a shortest u-v path in H.

As detailed in [7], using spanning graphs to reduce the size of a Orb-webs. For r,s € N the (r X s)-orb-web W is a graph
street network can help achieve a balance between building and consisting of r disjoint rings which are arranged concentrically
routing costs: Generalized optimum requirement graphs (GORGs) around the center z of a subdivided star of diameter 2r. More
are spanning graphs that minimize the routing costs for a given precisely, we define the i-th ring of Wy.s as R = v;10i2 . .. 0i.s0i1
building costs budget. for each i € [r] and the j-th spoke of W, s as S = zvy juj ... 0r

In this work, we consider circular city layouts [14] (called for j € [s]. Then
orb-webs, see Figure 1) and compare generic GORGs [7] to sym-
metric ones, in particular, subgraphs that are subdivided orb-webs. Wy = U R U U S;.

While generic GORGs allow for larger solution spaces, i.e., for ie[r] jels]
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then we call it a ring-edge (spoke-edge). Note that we use z = v;

=N

Figure 2: A (5 x 5)-orb-web. Edges joining vertices of the
same (different) colour are ring-edges (spoke-edges). The
gray arrows indicate the rotational symmetry.

)

Cost functions. In this paper we consider a large variety of sym-
metric cost functions which respect the symmetries of orb-webs.
Two examples for symmetric cost functions on an (r X s)-orb-web
W, s are:
o unit costs where the cost function is set to 1 on each edge
of W, and
o Euclidean costs where we choose a plane embedding of
Wrs and take the Euclidean distance of two neighbouring
vertices as their cost. The embedding is chosen such that
the vertices of a same ring are positioned regularily on a
circle with center z.

We restrict the input data to rotationally symmetric instances
and, in particular, to symmetric cost functions. Hence, for each
i € [r] there is a constant ¢} such that ¢, = ¢ for each e € E(R;)
and a constant ¢} such that ce = ¢} for each edge e connecting
the rings R;—1 and R;.

3 The symmetric GORG problem
3.1 Evaluation metrics

Consider an orb-web W, s with costs ¢ and passenger demand
Ay, u,0 € V(W;). For a spanning subgraph H of W, ;, we
evaluate

o the building costs
c(H) = Z Ce
ecE(H)
representing the operators’ perspective and
o the routing costs
r(H) = Z dp (u,v)ay,o
u,veV (H)

representing the passengers’ perspective.

3.2 Complexity

We define the decision version of the symmetric generalized
optimum requirement graph problem as follows.

SyMMETRIC GORG

Input: an orb-web W, passenger demand a,, for u,0 €
V(W,s), rotationally symmetric cost function c, a budget K, and
a bound B.

Question: Is there a subset R < {1,...,r} such that the
building costs of the corresponding symmetric spanning graph
H =Uje[s] Sj U Uier Ri do not exceed K and the routing costs
do not exceed B?

We call the rings R;, i € R, active.
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THEOREM 3.1. SYMMETRIC GORG is NP-complete.

PROOF SKETCH. We show that SYMMETRIC GORG is NP-hard
via a polynomial time reduction of KNAPSACK to SYMMETRIC
GORG.

Given a Knapsack instance with items (w;, z; ;’:1, capacity W/,
and value V', we polynomially construct a symmetric GORG
instance on an orb-web with 27 rings. The instance is constructed
such that odd rings Rp;j—1, i € [n], are active in each feasible
solution and an active even ring Ry;, i € [n], represents choosing
item i. Since KNAPSACK is NP-complete, see [6, 9], this implies
that SyYMMETRIC GORG is NP-hard.

For the completeness observe that checking whether the build-
ing and routing costs do not exceed the respective bounds can
be done in time polynomial in the size of the input. O

For the optimization version of this problem, we minimize B
while K is constant.

3.3 Leveraging symmetry

We simplify the computation of routing costs r(H) by exploit-
ing H’s symmetry: Two origin-destination pairs (v, s,, 0ry.s,)s
(074,55, Ury,s,) have the same shortest path length if they start on
the same ring (r; = r3), end on the same ring (r; = r4) and origin
and destination are separated by the same number of spokes, i.e.,
min{|s; —s2]|,s — |s1 — s2|} = min{]|s3 — s4], s — |s3 —s4|}. Observe
that we compute the minimum here as the shortest path that can
be clockwise or counterclockwise. Thus, we can bundle these OD
pairs as

ODy pp ke = {(0r1,51>ry.5,) + min{|sy —s2l,s — |s1 — s2[} = k}
where 1,72 € [r]o, k € [|5]]o and define the demand of the OD

group as
2,

(u,0)€ODy| 1y ke

Arrk = Auo-

Note that for rotationally symmetric costs, there exists a short-
est path between any two vertices that contains ring-edges from
at most one ring. Thus, computing the routing costs of H reduces
to assigning at most one active ring r3 to each OD group OD,. ,, ¢
with corresponding path costs

2 <, r1=0
i=1
n
2 <, ri#0,rp=0
i=1

[ =< n r2

ri,rak,r

LI Y+ r,ry #0,r3=0
i=1 i=1
>+ > cf+k-c;3, ri,r2,r3 # 0.

i€[ri+1,r;3] i€[ry+1,r3]
Ulrs+1,r1] U[rs+1,r2]

3.4 Integer programming formulation

We present an integer programming formulation for finding sym-
metric GORGs on orb-webs. Here, binary variables x;, i € [r],
model whether ring i is active and binary variables y,, , t r,.
ri,r2,rs € [rlo, k € [L%J]O, model the assignment of a path
using ring r3 to the OD pair group OD, ,, ¢. Note that y, , r o
represents using a path via the center, i.e., not using any ring-
edges.
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ror L3

min ZZZ

r1=073=0 k=0

r
Ar,rak z Crirakrs “Yrirakrs
r3:0

st Xigs-cf-x <K,
rirz € [rlo.k € [[3]],

2:3:0 Yriradrs = 1 ]
rira € [rlo,rs € [l k € [|5]],

Yri,ra.k,rs < Xy
Xi e{0,1} iel[r],
Yri,rok,rs €{0,1} ry,ra,r3 € [rlo.k € [I.%J]O

Here, the first constraint models the budget accounting for
the spoke edges, i.e., K’ =K — Zj‘:l r- c;, the second constraint
models the assignment of paths to the OD groups and the third
one restricts the assignment to active rings.

3.5 Price of symmetry

In order to compare symmetric and generic GORGs, we compute
the price of symmetry following [10]. Let H, Hsym be optimal
generic and symmetric GORGs for an orb-web G with budget K.
Then the price of symmetry is defined as the relative gap

PoS = V(Hsym) - r(H)
r(H)

Note that the price of symmetry is always non-negative, and
zero if r(H) = r(Hsym). Thus, the lower the price of symmetry
is, the better generic GORGs can be approximated by symmetric
GORGs.

4 Experimental evaluation

We experimentally evaluate the performance of symmetric GORG
compared to generic GORG for asymmetric demands. The im-
plementations are done on the Triton cluster of Aalto University
with an Intel(R) Xeon(R) CPU E5-2680 v3 @ 2.50GHz with 4GB
memory using Gurobi Optimizer version 12.0.2 within the LinTim
software framework [13].

4.1 Data

For the evaluation, we generate orb-webs of different sizes and
consider two types of symmetric cost functions. For Euclidean
costs, we generate orb-webs W, s with r,s € {4,6,8,10}. For
unit costs, we generate orb-webs W, s with r € {1,2,3,4,5}
and s € {3,4,5}. For each orb-web W, 5, we consider budget
values Ky, K1, . . ., Ky, ranging from the cost of all spoke edges
(Ko) to the cost of all edges in W; s (K;). Furthermore, we con-
struct a sequence of r + 1 asymmetric demand scenarios A?
ARo AR ARt capture variations in passenger demand in
the network, see Figure 3. In each scenario ARi | all vertices ex-
cept one vertex in ring R; are assigned a uniform baseline de-
mand, while the remaining vertex has a higher demand. The

demand aﬁfv is then computed via a gravity model implemented
in LinTim [13], using the network distance in the orb-web, i.e.,
dw;, , (u,v). In total, we thus solve 1374 instances of the symmetric
and generic GORG problem, respectively.

4.2 Runtime

First, we compare the runtime of the newly introduced IP formu-
lation for symmetric GORGs with the one-to-many formulation
for generic GORGs presented in [7]. Table 1 summarizes the
solver time of the IPs as well as the percentages of instances
solved to optimality within the one-hour time limit. It is evident
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Figure 3: Demand scenarios for a (4 X 4)-orb-web. The line
width of an edge uv corresponds to the demand asfv.

that the symmetric GORG model can be solved orders of mag-
nitude faster than the generic one. For symmetric GORG, the
maximum runtime over all instances with Euclidean costs is un-
der two seconds and for unit costs under 0.05 seconds. Note that
for Euclidean costs, instances are up to (10 X 10)-orb-webs, while
unit costs are only considered for up to (5 X 5)-orb-webs. In con-
trast, 2.1% and 1.3% of generic GORG instances cannot be solved
to optimality in the one-hour time limit for Euclidean and unit
costs, respectively. Note further that the mean runtime increases
to 279 and 119 seconds, compared to less than 0.1 seconds for
the symmtric GORG. When considering the price of symmetry
in Section 4.3, we exclude instances with positive optimality gap.

Table 1: Runtime for generic and symmetric GORG. % opt.
refers to the percentage of instances solved to optimality
within the one-hour time limit

Euclidean costs unit costs
mean max % opt. mean max % opt.
gen.  279.09 3600.36 97.9 11856 3600.18 98.7
sym. 0.07 1.97  100.0 0.01 0.05  100.0
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Figure 4 details the influence of the network structure under
the two cost models. Here, the vertical axis represents the num-
ber of spokes s, while the horizontal axis indicates the number of
rings r. Darker shading corresponds to higher solver runtime. We
observed that for generic GORGs, the runtime increases markedly
with both the number of spokes and rings. For Euclidean costs,
increasing the number of spokes has a higher effect than increas-
ing the number of rings while both have a similar effect for unit
costs. As expected, the number of spokes barely influences the
runtime for symmetric models, where decisions are solely based
on activated rings.

10%
0
101 o
£
@ €
107" 3
T T T T T T T T 1073
4 6 8 10 4 6 8 10
T T

(a) Euclidean costs: generic (left) vs symmetric (right).

10%
10"

1071

runtime [s]

1073

(b) Unit costs: generic (left) vs symmetric (right).

Figure 4: Runtime heatmaps in seconds.

4.3 Price of symmetry

Although symmetry constraints substantially reduce computa-
tional effort, it is crucial to assess whether this restriction leads
to a significant loss in solution quality.

Table 2 shows that for Euclidean costs, the symmetric GORG
is optimal for the generic GORG problem in more than half of the
considered instances. Furthermore, the mean price of symmetry
is under 0.01 and the maximum 0.16. While symmetric demand
concentrated in the center (A?) can be approximated especially
well (74% of instances have PoS=0), asymmetric demand concen-
trated towards the outskirts (ARr) is hardest to approximated by
symmetric solutions (28% of instances have PoS=0). The highest
price of symmetry is attained with the lowest budget Kj at 0.16,
with a maximum PoS of 0.05 for all other budgets.

For unit costs, generic GORGs cannot be approximated as well
by symmetric ones. Here, 47% of the instances have PoS=0, the
mean price of symmetry increases to 0.05 and the maximum
to 2.27. However, this is mostly due to the lowest considered
budget (Ko) where only 39% of the instances have PoS=0. When
considering all other budgets, 49% of instances have PoS=0, the
mean price of symmetry falls to 0.01 and the maximum price of
symmetry falls to 0.4. This shows that for reasonable budgets,
symmetric solutions can approximate generic solutions very well.

Figures 5 and 6 illustrate the price of symmetry as a function of
demand and the configuration of the network. The y-axis reports
the price of symmetry (PoS), while the x-axis specifies the de-
mand scenarios (A%, ... ,ARV). Within each demand scenario, the
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Table 2: Price of symmetry. % opt. refers to the percentage
of instances with PoS=0.

Euclidean costs unit costs
mean max %opt. mean max % opt.
all 0.006  0.159 50.4 0.047 2274 47.2
A7 0.001 0.013 74.0 0.022 0.656 69.0
AR 0.008 0.159 61.5 0.070 0.841 47.7
AR 0.008 0.100 28.1 0.102 2274 30.4
Ko 0.025 0.159 57.3 0272 2274 38.9
K>Kp 0.004 0.051 49.5 0.011 0415 48.5

sequence of plotted points corresponds to progressively relaxed
budget constraints Ky, . . ., K.

For Euclidean costs, see Figure 5, we observe that the price of
symmetry decreases with an increasing number of rings in the
network but increases with increasing number of spokes. The
special status of symmetric demand scenarios (A?) with PoS<0.01
is evident as well as a high influence of the minimum budget (Kj).
However, all other demand scenarios (ARl, .. ,ARr) show similar
price of symmetry values.

For unit costs, see Figure 6, we observe a different pattern.
Here, the price of symmetry increases with increasing number
of rings, and with demand scenarios emphasizing outer rings. It
decreases slightly wih increasing number of spokes. At the lowest
budget levels (Kp), the price of symmetry attains its highest values
and decreases monotonously with the sharpest decline from Kj
to Kj.

The different behaviour of the price of symmetry for Euclidean
and unit costs is due to the costs of adding rings. In the Euclidean
setting with fixed spoke-edge costs, ring-edges become increas-
ingly expensive. Thus, outer ring edges are less likely to be part
of a shortest path, unless the number of spokes increases and
subdivides the outer rings into cheaper edges.

4.4 Structure of optimal solutions

For analyzing the structure of optimal solutions, we transform an
orb-web into a compressed linear representation (see Figure 7).
Here, the ring-(spoke-)edges are condensed into vertices (edges)
along a vertical axis, where the lowest vertex represents the cen-
ter z. We denote generic (symmetric) solutions using blue (red)
vertices and solid blue (dotted red) edges. The shades of vertices
(edges) indicate the activation of the corresponding ring-(spoke-
)edges in the original graph. The deepest shade denotes the ac-
tivation of all corresponding ring-(spoke-)edges. Conversely, a
lighter colour (or no colour) signifies the activation of some (or
none) of the edges. Note that in a symmetric solution, all spoke-
edges are active.

Figure 8 illustrates the symmetric and generic GORGs of (4x4)-
orb-webs across different demand scenarios. For each scenario,
the left-most (right-most) pair of linear representations corre-
sponds to the lowest (highest) budget Ky (K4). We furthermore
illustrate the price of symmetry for the solution below.

Under Euclidean costs, see Figure 8 (left), the solutions for
symmetric and generic GORGs coincide in almost all cases. De-
viations occur only when the demand is concentrated in outer
rings, i.e., for AR and ARs . In these solutions, all spoke-edges
are consistently included, and rings are activated progressively
in a concentric manner, starting from the innermost ring and
expanding outward as the budget increases. This pattern reflects
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Figure 5: Price of symmetry for Euclidean costs. For each
demand scenario, the left-most (right-most) points repre-
sent the lowest (highest) budget.

the cost structure, where outer rings are more expensive due
to longer distances, and highlights a hierarchical strategy for
network expansion: inner-ring connections are prioritized to
efficiently satisfy demand before allocating resources to outer
rings. Note that even for demand scenarios AR and AR, the
price of symmetry is at most 0.001, indicating that the quality of
the generic and symmetric solutions are almost identical.

Under unit costs, see Figure 8 (right), the picture changes
significantly. Symmetric and generic GORGs diverge, highlight-
ing the effect of design flexibility when edge costs are uniform.
These differences are particularly profound at lower budget lev-
els, i.e., for Ky where the price of symmetry ranges from 0.5 to
1.5. As expected, the highest divergence between symmetric and
generic solutions can be observed for the most asymmetric de-
mand scenario AR¢, where the lowest bugdet Ky leads to building
a maximal number of ring-edges in the generic GORG.

Note that for moderate budgets K € {Kj, K2, K3} the structure
of generic and symmetric solutions is notably different while the
price of symmetry is low. This shows a considerable opportunity
for using symmetric solutions in practice: With minimal losses in
routing costs, we can switch to a symmetric solution that is easier
to memorize and can be perceived as more fair, thus contributing
to higher adoption of public transport.
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Figure 7: Linear representation for (4 X 3)-orb-webs. Left:
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5 Conclusion and future work

In this paper we studied the impact of symmetry constraints in
the generalized optimum requirement graph problem (GORG)
within the context of public transport network design. We estab-
lished the computational complexity of the Symmetric GORG
problem, proving NP-completeness, and quantified the efficiency
loss induced by symmetry through the price of symmetry. Our
theoretical and experimental results show that, while symmetry
may restrict feasible design choices, its cost is often negligible in
practice, particularly under Euclidean cost structures. Non-zero
price of symmetry values arise primarily in low-budget settings.
Through these findings we provide a motivation for the use of
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Figure 8: Comparison of (4 X 4)-orb-web solutions: Eu-
clidean costs (left) and unit costs (right).

symmetric models in real-world transport systems and also high-
light conditions under which symmetry can be imposed without
significant performance loss. This motivates the investigation of
symmetric models in additional settings, such as grid-like net-
works, to promote fair, sustainable and efficient public transport
network design.
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