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ABSTRACT
Finding cohesive subgraphs in a large graph has many impor-

tant applications, such as community detection and biological

network analysis. Clique is often a too strict cohesive structure

since communities or biological modules rarely form as cliques

for various reasons such as data noise. Therefore, 𝑘-plex is in-

troduced as a popular clique relaxation, which is a graph where

every vertex is adjacent to all but at most 𝑘 vertices. In this

paper, we propose a fast branch-and-bound algorithm as well

as its task-based parallel version to enumerate all maximal 𝑘-

plexes with at least 𝑞 vertices. Our algorithm adopts an effective

search space partitioning approach that provides a lower time

complexity, a new pivot vertex selection method that reduces

candidate vertex size, an effective upper-bounding technique

to prune useless branches, and three novel pruning techniques

by vertex pairs. Our parallel algorithm uses a timeout mecha-

nism to eliminate straggler tasks, and maximizes cache local-

ity while ensuring load balancing. Extensive experiments show

that compared with the state-of-the-art algorithms, our sequen-

tial and parallel algorithms enumerate large maximal 𝑘-plexes

with up to 5× and 18.9× speedup, respectively. Ablation results

also demonstrate that our pruning techniques bring up to 7×
speedup compared with our basic algorithm. Our code is released

at https://github.com/chengqihao/Maximal-kPlex.

1 INTRODUCTION
Finding cohesive subgraphs in a large graph is useful in various

applications, such as finding protein complexes or biologically

relevant functional groups [5, 11, 22, 37], and social commu-

nities [21, 28] that can correspond to cybercriminals [41], bot-

nets [35, 41] and spam/phishing email sources [34, 40]. One clas-

sic notion of cohesive subgraph is cliquewhich requires every pair
of distinct vertices to be connected by an edge. However, in real

graphs, communities rarely appear in the form of cliques due to

various reasons such as the existence of data noise [14, 15, 31, 39].

As a relaxed clique model, 𝑘-plex was first introduced in [33],

which is a graph where every vertex is adjacent to all but at

most 𝑘 vertices. It has found extensive applications in the analy-

sis of social networks [33], especially in the community detec-

tion [15, 31]. However, mining 𝑘-plexes is NP-hard [6, 27], so
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existing algorithms rely on branch-and-bound search which runs

in exponential time in the worst case. Many recent works have

studied the branch-and-bound algorithms for mining maximal

𝑘-plexes [15, 16, 39, 47] and finding a maximum 𝑘-plex [12, 18,

25, 42, 46], with various techniques proposed to prune the search

space. We will review these works in Section 2.

In this paper, we study the problem of enumerating all max-

imal 𝑘-plexes with at least 𝑞 vertices (and are hence large and

statistically significant), and propose a more efficient branch-

and-bound algorithm with new search-space pruning techniques

and parallelization techniques to speed up the computation. Our

search algorithm treats each set-enumeration subtree as an inde-

pendent task, so that different tasks can be processed in parallel.

Our main contributions are as follows:

• We propose a method for search space partitioning to cre-

ate independent searching tasks, and show that its time

complexity is 𝑂

(
𝑛𝑟𝑘

1
𝑟2𝛾

𝐷
𝑘

)
, where 𝑛 is the number of ver-

tices,𝐷 is the graph degeneracy, and let Δ be themaximum

degree, then 𝑟1 = min

{
𝐷Δ

𝑞−2𝑘+2 , 𝑛
}
, 𝑟2 = min

{
𝐷Δ2

𝑞−2𝑘+2 , 𝑛𝐷
}
,

and 𝛾𝑘 < 2 is a constant close to 2.

• We propose a new approach to selecting a pivot vertex to

expand the current 𝑘-plex by maximizing the number of

saturated vertices (i.e., those vertices whose degree is the

minimum allowed to form a valid 𝑘-plex) in the 𝑘-plex.

This approach effectively reduces the number of candidate

vertices to expand the current 𝑘-plex.

• We design an effective upper bound on the maximum size

of any 𝑘-plex that can be expanded from the current 𝑘-plex

𝑃 , so that if this upper bound is less than the user-specified

size threshold, then the entire search branch originated

from 𝑃 can be pruned.

• We propose three novel effective pruning techniques by

vertex pairs, and they are integrated into our algorithm to

further prune the search space.

• We propose a task-based parallel computing approach over

our algorithm to achieve ideal speedup, integrated with a

timeout mechanism to eliminate straggler tasks.

• We conduct comprehensive experiments to verify the ef-

fectiveness of our techniques, and to demonstrate our

superior performance over existing solutions.

The rest of this paper is organized as follows. Section 2 reviews

the related work, and Section 3 defines our problem and presents

some basic properties of 𝑘-plexes. Then, Section 4 describes the

branch-and-bound framework of our mining algorithm, Section 5
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further describes the search space pruning techniques, and Sec-

tion 6 presents our task-based parallelization approach. Finally,

Section 7 reports our experiments, and Section 8 concludes this

paper.

2 RELATEDWORK
Maximal𝑘-Plex Finding.The Bron-Kerbosch (BK) algorithm [10]

is a backtracking search algorithm to enumerate maximal cliques,

and can be extended to enumerate maximal 𝑘-plexes (see Sec-

tion 4 for details). Many BK-style algorithms are proposed with

various effective search space pruning techniques. Specifically,

D2K [15] proposes a simple pivoting technique to cut useless

branches, which generalizes the pivoting technique for maximal

clique finding. A more effective pivoting technique is found by

FaPlexen [47]. More recently, FP [16] adopts a new pivoting tech-

nique and uses upper-bound-based pruning for maximal 𝑘-plex

enumeration, but the time complexity is still the same as pre-

vious works [15, 47], which is improved by our current work.

ListPlex [39] adopts the sub-tasking scheme that partitions the

search space efficiently, but it uses the less effective pivoting and

branching schemes of FaPlexen, which is avoided in our current

work. None of the works has considered effective vertex-pairs

pruning techniques proposed in this paper.

Besides BK, maximal 𝑘-plexes can also enumerated by a re-

verse search framework [8]. The key insight is that given a valid

𝑘-plex 𝑃 , it is possible to find another valid one by excluding

some existing vertices from and including some new ones to

𝑃 . Starting from an initial solution, [8] conducts DFS over the

solution graph to enumerate all solutions. While the algorithm

provides a polynomial delay (i.e., time of waiting for the next

valid 𝑘-plex) so that it is guaranteed to find some solutions in

bounded time, it is less efficient than BK when the goal is to

enumerate all maximal 𝑘-plexes. Reverse search has also been

adapted to work with bipartite graphs [43].

Maximum 𝑘-Plex Finding. Conte et al. [14] notice that any
node of a 𝑘-plex 𝑃 with |𝑃 | ≥ 𝑞 is included in a clique of size at

least ⌈𝑞/𝑘⌉, which is used to prune invalid nodes. However, it

is necessary to enumerate all maximal cliques which is expen-

sive per se. To find a maximum 𝑘-plex, [14] uses binary search

to guess the maximum 𝑘-plex size for vertex pruning, and then

mines 𝑘-plexes on the pruned graph to see if such a maximum

𝑘-plex can be found, and if not, the maximum 𝑘-plex size thresh-

old is properly adjusted for another round of search. However,

this approach may fail for multiple iterations before finding a

maximum 𝑘-plex, so is less efficient than the branch-and-bound

algorithms.

BS [42] pioneers a number of pruning techniques in the brand-

and-bound framework for finding a maximum 𝑘-plex, including

the pivoting technique of FaPlexen [47]. In maximum 𝑘-plex

finding, if the current maximum 𝑘-plex is 𝑃 , then we can prune

any branch that cannot generate a 𝑘-plex with at least |𝑃 | + 1
vertices (i.e., upper bound ≤ |𝑃 | + 1). BnB [18] proposes upper

bounds and pruning techniques based on deep structural analysis,

KpLeX [25] proposes an upper bound based on vertex partition-

ing, and Maplex [46] proposes an upper bound based on graph

coloring which is later improved by RGB [45]. kPlexS [12] pro-

poses a CTCP technique to prune the vertices and edges using

the second-order property, and it shows that the reduced graph

by CTCP is guaranteed to be no larger than that computed by

BnB, Maplex and KpLeX. kPlexS also proposed new techniques

for branching and pruning, and outperforms BnB, Maplex and

Table 1: List of Important Notations

Notation Description

𝑃, 𝐶 , and𝑋 the current 𝑘-plex, candidate set, and exclusive set

𝑆 a subset of 𝑁 2

𝐺𝑖
(𝑣𝑖 )

𝑇𝑣𝑖∪𝑆 a sub-task for set-enumeration search

𝜂 the degeneracy ordering of𝐺 , {𝑣1, 𝑣2, . . . , 𝑣𝑛 }
𝑉<𝜂 (𝑣𝑖 ) , and𝑉≥𝜂 (𝑣𝑖 ) {𝑣1, 𝑣2, . . . , 𝑣𝑖−1 }, and {𝑣𝑖 , 𝑣2, . . . , 𝑣𝑛 }

𝐺𝑖 the subgraph induced by vertices in𝑉≥𝜂 (𝑣𝑖 ) within 2 hops from 𝑣𝑖

𝑃𝑆 , and𝐶𝑆 a sub-task with 𝑃 = {𝑣𝑖 } ∪ 𝑆 , and its candidate set

𝑃𝑚 a maximum 𝑘-plex containing the current 𝑘-plex 𝑃

𝑠𝑢𝑝𝑃 (𝑣) the maximum # of 𝑣’s non-neighbors outside 𝑃 that can be added to 𝑃

𝑢𝑏 (𝑃 ) the upper bound of the maximum k-plex that 𝑃 can extend to

KpLeX. In [24, 38], to find maximum 𝑘-plexes, an algorithm for

the 𝑑-BDD problem is applied and a refined upper bound is pro-

posed.

Other Dense Subgraphs. There are other definitions of dense
subgraphs. Specifically, [13] finds subgraphs to maximize the

average degree [13] solvable by a flow-based algorithm, [17]

finds the 𝑘-vertex subgraph with the most edges, [4] finds 𝑘-

vertex subgraphs with at least 𝑓 (𝑘) edges for an edge-density

function 𝑓 (.), and [36] proposes a density measure based on

edge surplus to extract a higher-quality subgraph called optimal

quasi-clique. However, those problems are very expensive and

solved by approximate algorithms, while we target exact 𝑘-plex

solutions.

Besides 𝑘-plex, 𝛾-quasi-clique is the other popular type of

clique relaxation whose exact algorithms gained a lot of attention.

Branch-and-bound algorithms Crochet [23, 32], Cocain [44], and

Quick [29] mine maximal 𝛾-quasi-cliques exactly, and parallel

and distributed algorithms have also been developed by our prior

works [19, 20, 26]. Unlike 𝑘-plex where the restriction at each

vertex is on the absolute number of missing edges allowed, 𝛾-

quasi-clique places this restriction on the ratio of missing edges

(i.e., (1 − 𝛼) fraction) at each vertex. This difference makes 𝛾-

quasi-clique not satisfying the hereditary property as in 𝑘-plexes

and cliques [30], making the BK algorithm not applicable, so

more expensive branch-and-bound algorithms with sophisticated

pruning rules to check are needed.

3 PROBLEM DEFINITION
For ease of presentation, we first define some basic notations.

More notations will be defined in Sections 4 and 5 when describ-

ing our algorithm, and Table 1 lists the important notations for

quick lookup.

Notations.We consider an undirected and unweighted simple

graph𝐺 = (𝑉 , 𝐸), where𝑉 is the set of vertices, and 𝐸 is the set of

edges. We let 𝑛 = |𝑉 | and𝑚 = |𝐸 | be the number of vertices and

the number of edges, respectively. The diameter of𝐺 , denoted by

𝛿 (𝐺), is the shortest-path distance of the farthest pair of vertices

in 𝐺 , measured by the # of hops.

For each vertex 𝑣 ∈ 𝑉 , we use 𝑁𝑐
𝐺
(𝑣) to denote the set of

vertices with distance exactly 𝑐 to 𝑣 in 𝐺 . For example, 𝑁 1

𝐺
(𝑣) is

𝑣 ’s direct neighbors in𝐺 , which we may also write as 𝑁𝐺 (𝑣); and
𝑁 2

𝐺
(𝑣) is the set of all vertices in 𝐺 that are 2 hops away from 𝑣 .

The degree of a vertex 𝑣 is denoted by 𝑑𝐺 (𝑣) = |𝑁𝐺 (𝑣) |, and the

maximum vertex degree in 𝐺 is denoted by Δ.
We also define the concept of non-neighbor: a vertex 𝑢 is a

non-neighbor of 𝑣 in 𝐺 if (𝑢, 𝑣) ∉ 𝐸. Accordingly, the set of non-
neighbors of 𝑣 is denoted by 𝑁𝐺 (𝑣) = 𝑉 −𝑁𝐺 (𝑣), and we denote
its cardinality by 𝑑𝐺 (𝑣) = |𝑁𝐺 (𝑣) |.
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Given a vertex subset 𝑆 ⊆ 𝑉 , we denote by 𝐺 [𝑆] = (𝑆, 𝐸 [𝑆])
the subgraph of 𝐺 induced by 𝑆 , where 𝐸 [𝑆] = {(𝑢, 𝑣) ∈ 𝐸 |𝑢 ∈
𝑆 ∧ 𝑣 ∈ 𝑆}. We simplify the notation 𝑁𝐺 [𝑆 ] (𝑣) to 𝑁𝑆 (𝑣), and
define other notations such as 𝑁𝑆 (𝑣), 𝑑𝑆 (𝑣), 𝑑𝑆 (𝑣) and 𝛿 (𝑆) in a

similar manner.

The 𝑘-core of an undirected graph 𝐺 is its largest induced

subgraph with minimum degree 𝑘 . The degeneracy of𝐺 , denoted

by 𝐷 , is the largest value of 𝑘 for which a 𝑘-core exists in 𝐺 .

The degeneracy of a graph may be computed in linear time by a

peeling algorithm that repeatedly removes the vertex with the

minimum current degree at a time [7], which produces a degen-

eracy ordering of vertices denoted by 𝜂 = [𝑣1, 𝑣2, . . . , 𝑣𝑛]. All
the consecutively removed vertices with the minimum current

degree being 𝑘 (𝑘 = 0, 1, · · · , 𝐷) constitute a 𝑘-shell, and in de-

generacy ordering, vertices are listed in segments of 𝑘-shells with

increasing 𝑘 . We order vertices in the same 𝑘-shell by vertex ID

(from the input dataset) to make 𝜂 unique, though our tests by

shuffling within-shell vertex ordering show that it has a negligi-

ble impact on the time difference for our 𝑘-plex mining. In a real

graph, we usually have 𝐷 ≪ 𝑛.

Problem Definition. We next define our mining problem. As

a relaxed clique model, a 𝑘-plex is a subgraph 𝐺 [𝑃] that allows
every vertex 𝑢 to miss at most 𝑘 links to vertices of 𝑃 (including

𝑢 itself), i.e., 𝑑𝑃 (𝑢) ≥ |𝑃 | − 𝑘 (or, 𝑑𝑃 (𝑢) ≤ 𝑘):
Definition 3.1. (𝑘-Plex) Given an undirected graph 𝐺 = (𝑉 , 𝐸)

and a positive integer 𝑘 , a set of vertices 𝑃 ⊆ 𝑉 is a 𝑘-plex iff for

every 𝑢 ∈ 𝑃 , its degree in 𝐺 [𝑃] is no less than ( |𝑃 | − 𝑘).
Note that 𝑘-plex satisfies the hereditary property:

Theorem 3.2. (Hereditariness) Given a 𝑘-plex 𝑃 ⊆ 𝑉 , any
subset 𝑃 ′ ⊆ 𝑃 is also a 𝑘-plex.

This is because for any 𝑢 ∈ 𝑃 ′, we have 𝑢 ∈ 𝑃 and since 𝑃 is

a 𝑘-plex, 𝑑𝑃 (𝑢) = |𝑁𝑃 (𝑢) | ≤ 𝑘 . Since 𝑁𝑃 ′ (𝑢) ⊆ 𝑁𝑃 (𝑢), we have
𝑑𝑃 ′ (𝑢) = |𝑁𝑃 ′ (𝑢) | ≤ 𝑘 , so 𝑃 ′ is also a 𝑘-plex.

Another important property is that if a 𝑘-plex 𝑃 satisfies |𝑃 | >
2𝑘 − 𝑐 , then 𝐺 [𝑃] is connected with the diameter 𝛿 (𝑃) ≤ 𝑐

(𝑐 ≥ 2) [42]. A common assumption by existing works [15, 16] is

the special case when 𝑐 = 2:

Theorem 3.3. Given a 𝑘-plex 𝑃 , if |𝑃 | ≥ 2𝑘 − 1, then 𝛿 (𝑃) ≤ 2.

This is a reasonable assumption since natural communities

that 𝑘-plexes aim to discover are connected, and we are usually

interested in only large (hence statistically significant) 𝑘-plexes

with size at least 𝑞. For 𝑘 ≤ 5, we only require 𝑞 ≥ 2𝑘 − 1 = 9.

Note that a 𝑘-plex with |𝑃 | = 2𝑘 − 2 may be disconnected, such

as one formed by two disjoint (𝑘 − 1)-cliques.
A 𝑘-plex is said to be maximal if it is not a subgraph of any

larger 𝑘-plex. We next formally define our problem:

Definition 3.4. (Size-Constrained Maximal 𝑘-Plex Enumeration)
Given a graph𝐺 = (𝑉 , 𝐸) and an integer size threshold𝑞 ≥ 2𝑘−1,
find all the maximal 𝑘-plexes with at least 𝑞 vertices.

Note that instead of mining𝐺 directly, we can shrink𝐺 into its

(𝑞−𝑘)-core for mining, which can be constructed in𝑂 (𝑚+𝑛) time

using the peeling algorithm that keeps removing those vertices

with degree less than (𝑞 − 𝑘):
Theorem 3.5. Given a graph 𝐺 = (𝑉 , 𝐸), all the 𝑘-plexes with

at least 𝑞 vertices must be contained in the (𝑞 − 𝑘)-core of 𝐺 .
This is because for any vertex 𝑣 in a 𝑘-plex 𝑃 , 𝑑𝑃 (𝑣) ≥ |𝑃 | − 𝑘 ,

and since we require |𝑃 | ≥ 𝑞, we have 𝑑𝑃 (𝑣) ≥ 𝑞 − 𝑘 .

{}

{v1} {v2} {v3} {v4}

{v1, v2} {v1, v3} {v1, v4} {v2, v3} {v2, v4} {v3, v4}

{v1, v2, v3} {v1, v2, v4} {v1, v3, v4} {v2, v3, v4}

{v1, v2, v3, v4}

Figure 1: Set-Enumeration Search Tree

Algorithm 1: bron_kerbosch(𝑃,𝐶,𝑋 )
1 if 𝐶 = ∅ and 𝑋 = ∅ do output 𝑃 , return
2 foreach vertex 𝑣𝑖 ∈ 𝐶 do
3 𝑃 ′ ← 𝑃 ∪ {𝑣𝑖 }, 𝐶 ← 𝐶 − {𝑣𝑖 }
4 𝐶′ ← {𝑢 |𝑢 ∈ 𝐶 ∧ 𝑃 ′ ∪ {𝑢} is a 𝑘-plex}
5 𝑋 ′ ← {𝑢 |𝑢 ∈ 𝑋 ∧ 𝑃 ′ ∪ {𝑢} is a 𝑘-plex}
6 bron_kerbosch(𝑃 ′,𝐶′, 𝑋 ′)
7 𝑋 ← 𝑋 ∪ {𝑣𝑖 }

4 BRANCH-AND-BOUND ALGORITHM
This section describes the branch-and-bound framework of our

mining algorithm. Section 5 will further describe the pruning

techniques that we use to speed up our algorithm.

Set-Enumeration Search. Figure 1 shows the set-enumeration

tree 𝑇 for a graph 𝐺 with four vertices 𝑉 = {𝑣1, 𝑣2, 𝑣3, 𝑣4} where
we assume vertex order 𝑣1 < 𝑣2 < 𝑣3 < 𝑣4. Each tree node

represents a vertex set 𝑃 , and only those vertices larger than the

largest vertex in 𝑃 are used to extend 𝑃 . For example, in Figure 1,

node {𝑣1, 𝑣3} can be extended with 𝑣4 but not 𝑣2 since 𝑣2 < 𝑣3; in

fact, {𝑣1, 𝑣2, 𝑣3} is obtained by extending {𝑣1, 𝑣2} with 𝑣3. Let us
denote 𝑇𝑃 as the subtree of 𝑇 rooted at a node with set 𝑃 . Then,

𝑇𝑃 represents a search space for all possible 𝑘-plexes that contain

all the vertices in 𝑃 . We represent the task of mining 𝑇𝑃 as a

pair ⟨𝑃,𝐶⟩, where 𝑃 is the set of vertices assumed to be already

included, and 𝐶 ⊆ (𝑉 − 𝑃) keeps those vertices that can extend

𝑃 further into a valid 𝑘-plex. The task of mining 𝑇𝑃 , i.e., ⟨𝑃,𝐶⟩,
can be recursively decomposed into tasks that mine the subtrees

rooted at the children of 𝑃 in 𝑇𝑃 .

Algorithm 1 describes how this set-enumeration search pro-

cess is generated, where we first ignore the red parts, and begin

by calling bron_kerbosch(𝑃 = ∅,𝐶 = 𝑉 ). Specifically, in each

iteration of the for-loop in Lines 2–7, we consider the case where

𝑣𝑖 is included into 𝑃 (see 𝑃 ′ in Lines 3 and 6). Here, Line 4 is due

to the hereditary property: if 𝑃 ′ ∪ {𝑢} is not a 𝑘-plex, then any

superset of 𝑃 ′ ∪ {𝑢} cannot be a 𝑘-plex, so 𝑢 ∉ 𝐶′. Also, Line 3
removes 𝑣𝑖 from 𝐶 so in later iterations, 𝑣𝑖 is excluded from any

subgraph grown from 𝑃 .

Note that while the set-enumeration tree in Figure 1 ensures

no redundancy, i.e., every subset of 𝑉 will be visited at most

once, it does not guarantee set maximality: even if {𝑣1, 𝑣2, 𝑣4} is
a 𝑘-plex, {𝑣2, 𝑣4} will still be visited but it is not maximal.

Bron-Kerbosch Algorithm. The Bron-Kerbosch algorithm as

shown in Algorithm 1 avoids outputting non-maximal 𝑘-plexes

with the help of an exclusive set 𝑋 . The algorithm was originally
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Figure 2: Decomposition of Top-Level Task 𝑇𝑣𝑖

proposed to mine maximal cliques [10], and has been recently

adapted for mining maximal 𝑘-plexes [15, 47].

Specifically, after each iteration of the for-loop where since

we consider the case with 𝑣𝑖 included into 𝑃 , we add 𝑣𝑖 to 𝑋 in

Line 7 so that in later iterations (where 𝑣𝑖 is not considered for

extending 𝑃 ), 𝑣𝑖 will be used to check result maximality.

We can redefine the task of mining 𝑇𝑃 as a triple ⟨𝑃,𝐶,𝑋 ⟩
with three disjoint sets, where the exclusive set 𝑋 keeps all those

vertices that have been considered before (i.e., added by Line 7),

and can extend 𝑃 to obtain larger 𝑘-plexes (see Line 5 which

refines 𝑋 into 𝑋 ′ based on 𝑃 ′). Those 𝑘-plexes should have been

found before.

When there is no more candidate to grow 𝑃 (i.e., 𝐶 = ∅ in
Line 1), if 𝑋 ≠ ∅, then based on Line 5, 𝑃 ∪ {𝑢} is a 𝑘-plex for any
𝑢 ∈ 𝑋 , so 𝑃 is not maximal. Otherwise, 𝑃 is maximal (since such

a 𝑢 does not exist) and outputted. For example, let 𝑃 = {𝑣2, 𝑣4}
and 𝑋 = {𝑣1}, then we cannot output 𝑃 since {𝑣1, 𝑣2, 𝑣4} ⊇ 𝑃 is

also a 𝑘-plex, so 𝑃 is not the maximal one.

Initial Tasks. Referring to Figure 1 again, the top-level tasks

are given by 𝑃 = {𝑣1}, {𝑣2}, {𝑣3} and {𝑣4}, which are generated

by bron_kerbosch(𝑃 = ∅,𝐶 = 𝑉 ,𝑋 = ∅). It is common to choose

the precomputed degeneracy ordering 𝜂 = [𝑣1, 𝑣2, . . . , 𝑣𝑛] to
conduct the for-loop in Line 2, which was found to generate more

load-balanced tasks 𝑇{𝑣𝑖 } [15, 16, 39, 47]. Intuitively, each vertex

𝑣𝑖 is connected to at most 𝐷 vertices among later candidates

{𝑣𝑖+1, 𝑣𝑖+2, . . . , 𝑣𝑛} based on the peeling process, and 𝐷 is usually

a small value.

Note that we do not need to mine each 𝑇{𝑣𝑖 } over the en-

tire 𝐺 . Let us define 𝑉<𝜂 (𝑣𝑖 ) = {𝑣1, 𝑣2, . . . , 𝑣𝑖−1} and 𝑉≥𝜂 (𝑣𝑖 ) =
{𝑣𝑖 , 𝑣𝑖+1, 𝑣𝑖+2, . . . , 𝑣𝑛}, then we only need to mine 𝑇{𝑣𝑖 } over

𝐺𝑖 = 𝐺

[
𝑉≥𝜂 (𝑣𝑖 ) ∩

(
{𝑣𝑖 } ∪ 𝑁𝐺 (𝑣𝑖 ) ∪ 𝑁 2

𝐺 (𝑣𝑖 )
)]
, (1)

since candidates in 𝐶 must be after 𝑣𝑖 in 𝜂, and must be within

two hops from 𝑣𝑖 according to Theorem 3.3. In fact, since 𝐺𝑖

tends to be dense, it is efficient when 𝐺𝑖 is represented by an

adjacency matrix [12]. We call 𝑣𝑖 as a seed vertex, and call 𝐺𝑖 as

a seed subgraph.

As a further optimization, we decompose 𝑇{𝑣𝑖 } into disjoint

sub-tasks 𝑇{𝑣𝑖 }∪𝑆 for subsets 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ), where the vertices

of 𝑆 are the only vertices in 𝑁 2

𝐺𝑖
(𝑣𝑖 ) allowed to appear in a 𝑘-

plex found in 𝑇{𝑣𝑖 }∪𝑆 , and other candidates have to come from

𝑁𝐺𝑖
(𝑣𝑖 ) (see Figure 2). We only need to consider |𝑆 | < 𝑘 since

otherwise, 𝑣𝑖 has at least 𝑘 non-neighbors 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ), plus 𝑣𝑖

itself, 𝑣𝑖 misses (𝑘 + 1) edges which violates the 𝑘-plex definition,

so {𝑣𝑖 } ∪ 𝑆 cannot be a 𝑘-plex, neither can its superset due to the

hereditary property.

Algorithm 2: Enumerating 𝑘-Plex with Initial Tasks

Input: Graph 𝐺 = (𝑉 , 𝐸), 𝑘 , 𝑞 ≥ 2𝑘 − 1
1 𝐺 ← the (𝑞 − 𝑘)-core of 𝐺 // Using Theorem 3.5

2 𝜂 = {𝑣1, . . . , 𝑣𝑛} is the degeneracy ordering of 𝑉

3 for 𝑖 = 1, 2, . . . , 𝑛 − 𝑞 + 1 do
4 𝑉𝑖 ← {𝑣𝑖 , 𝑣𝑖+1, . . . , 𝑣𝑛} ∩

(
{𝑣𝑖 } ∪ 𝑁𝐺 (𝑣𝑖 ) ∪ 𝑁 2

𝐺
(𝑣𝑖 )

)
5 𝑉 ′

𝑖
← {𝑣1, 𝑣2, . . . , 𝑣𝑖−1} ∩

(
𝑁𝐺 (𝑣𝑖 ) ∪ 𝑁 2

𝐺
(𝑣𝑖 )

)
6 𝐺𝑖 ← 𝐺 [𝑉𝑖 ], and apply further pruning over 𝐺𝑖

7 foreach 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ) that |𝑆 | ≤ 𝑘 − 1 do

8 𝑃𝑆 ← {𝑣𝑖 } ∪ 𝑆 , 𝐶𝑆 ← 𝑁𝐺𝑖
(𝑣𝑖 )

9 𝑋𝑆 ← 𝑉 ′
𝑖
∪ (𝑁 2

𝐺𝑖
(𝑣𝑖 ) − 𝑆)

10 Call Branch(𝐺𝑖 , 𝑘, 𝑞, 𝑃𝑆 ,𝐶𝑆 , 𝑋𝑆 )

In summary, each search tree𝑇{𝑣𝑖 } creates a task group sharing
the same graph 𝐺𝑖 (c.f. Eq (1)), where each task mines the search

tree 𝑇{𝑣𝑖 }∪𝑆 for a subset 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ) with |𝑆 | < 𝑘 .

Algorithm 2 shows the pseudocode for creating initial task

groups, where in Line 1 we shrink 𝐺 into its (𝑞 − 𝑘)-core by

Theorem 3.5, so 𝑛 is reduced. Line 2 then orders the vertices of𝐺

in degeneracy order to keep the size of all 𝐺𝑖 small to generate

more load-balanced tasks by bounding the candidate size |𝐶 |.
This ordering is also essential for our time complexity analysis

in Section 5.

We then generate initial task groups 𝑇{𝑣𝑖 } using the for-loop
from Line 3, where we skip 𝑖 > 𝑛 − 𝑞 + 1 since |𝑉𝑖 | < 𝑞 in

this case; here, 𝑉𝑖 is the vertex set of 𝐺𝑖 (see Lines 4 and 6). For

each task 𝑇{𝑣𝑖 }∪𝑆 = ⟨𝑃,𝐶,𝑋 ⟩ of the task group 𝑇{𝑣𝑖 } , we have
𝑃 = {𝑣𝑖 } ∪ 𝑆 and 𝐶 ⊆ 𝑁𝐺𝑖

(𝑣𝑖 ) ≜ 𝐶𝑆 (Line 8). Let us define

𝑁
1,2
<𝜂 (𝑣𝑖 ) = 𝑉<𝜂 (𝑣𝑖 ) ∩

(
𝑁𝐺 (𝑣𝑖 ) ∪ 𝑁 2

𝐺
(𝑣𝑖 )

)
(i.e.,𝑉 ′

𝑖
in Line 5), then

we also have 𝑋 ⊆ 𝑁 1,2
<𝜂 (𝑣𝑖 ) ∪ (𝑁 2

𝐺𝑖
(𝑣𝑖 ) − 𝑆) ≜ 𝑋𝑆 (Line 9). This

is because vertices of (𝑁 2

𝐺𝑖
(𝑣𝑖 ) − 𝑆) may be considered by other

sub-tasks𝑇{𝑣𝑖 }∪𝑆 ′ , and vertices of 𝑁
1,2
<𝜂 (𝑣𝑖 ) may be considered by

other task groups 𝑇{𝑣𝑗 } ( 𝑗 < 𝑖) (if 𝑣 𝑗 is more than 2 hops away

from 𝑣𝑖 , it cannot form a 𝑘-plex with 𝑣𝑖 , so 𝑣 𝑗 is excluded from

𝑋𝑆 ). Line 7 of Algorithm 2 is implemented by the set-enumeration

search of 𝑆 over 𝑁 2

𝐺
(𝑣𝑖 ), similar to Algorithm 1 Lines 2, 3 and 6.

Finally, to maintain the invariant of Bron-Kerbosch algorithm

(c.f., Lines 4–5 of Algorithm 1), we set 𝐶 ← {𝑢 |𝑢 ∈ 𝐶𝑆 ∧ 𝑃 ∪
{𝑢} is a 𝑘-plex} and𝑋 ← {𝑢 |𝑢 ∈ 𝑋𝑆 ∧ 𝑃∪{𝑢} is a 𝑘-plex}, and
mine 𝑇{𝑣𝑖 }∪𝑆 = ⟨𝑃,𝐶,𝑋 ⟩ recursively using the Bron-Kerbosch

algorithm of Algorithm 1 over 𝐺𝑖 . Instead of directly running

Algorithm 1, we actually run a variant to be described in Algo-

rithm 3 which applies more pruning techniques, and refines 𝐶𝑆
and 𝑋𝑆 into 𝐶 and 𝑋 , respectively, at the very beginning. This

branch-and-bound sub-procedure is called in Line 10 of Algo-

rithm 2.

Branch-and-Bound Search. Algorithm 3 first updates 𝐶 and

𝑋 to ensure that each vertex in 𝐶 or 𝑋 can form a 𝑘-plex with

𝑃 (Lines 2–3). If 𝐶 = ∅ (Line 2), there is no more candidate to

expand 𝑃 with, so Line 6 returns. Moreover, if 𝑋 = ∅ (i.e., 𝑃 is

maximal) and |𝑃 | ≥ 𝑞, we output 𝑃 (Line 5).

Otherwise, we pick a pivot 𝑣𝑝 (Lines 7–10 and 15–16) and

compute an upper bound 𝑢𝑏 of the maximum size of any 𝑘-plex

that 𝑃 ∪ {𝑣𝑝 } may expand to (Line 17). The branch expanding

𝑃 ∪ {𝑣𝑝 } is filtered if 𝑢𝑏 < 𝑞 (Lines 18–19), while the branch
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Algorithm 3: Branch-and-Bound Search

1 function Branch(𝐺,𝑘, 𝑞, 𝑃,𝐶, 𝑋 )
2 𝐶 ← {𝑣 | 𝑣 ∈ 𝐶 ∧ 𝑃 ∪ {𝑣} is a 𝑘-plex}
3 𝑋 ← {𝑣 | 𝑣 ∈ 𝑋 ∧ 𝑃 ∪ {𝑣} is a 𝑘-plex}
4 if 𝐶 = ∅ then
5 if 𝑋 = ∅ and |𝑃 | ≥ 𝑞 then Output 𝑃

6 return

7 𝑀0 ← the subset of 𝑃 ∪𝐶 with minimum degree in

𝐺 [𝑃 ∪𝐶]
8 𝑀 ← the subset of𝑀0 with maximum 𝑑𝑃 (𝑣)
9 if𝑀 ∩ 𝑃 ≠ ∅ then Pick a pivot 𝑣𝑝 ∈ 𝑀 ∩ 𝑃

10 else Pick a pivot 𝑣𝑝 ∈ 𝑀 ∩𝐶
11 if 𝑑𝑃∪𝐶 (𝑣𝑝 ) ≥ |𝑃 | + |𝐶 | − 𝑘 then
12 if 𝑃 ∪𝐶 is a maximal 𝑘-plex then
13 if |𝑃 ∪𝐶 | ≥ 𝑞 then Output 𝑃 ∪𝐶
14 return

15 if 𝑣𝑝 ∈ 𝑃 then
16 Re-pick a pivot 𝑣𝑛𝑒𝑤 from 𝑁𝐶 (𝑣𝑝 ) using the same

rules as in Lines 7–10; 𝑣𝑝 ← 𝑣𝑛𝑒𝑤

17 Compute the upper bound 𝑢𝑏 of the size of any 𝑘-plex

that can be expanded from 𝑃 ∪ {𝑣𝑝 }
18 if 𝑢𝑏 ≥ 𝑞 then
19 Branch(𝐺,𝑘, 𝑞, 𝑃 ∪ {𝑣𝑝 },𝐶 − {𝑣𝑝 }, 𝑋 )
20 Branch(𝐺,𝑘, 𝑞, 𝑃,𝐶 − {𝑣𝑝 }, 𝑋 ∪ {𝑣𝑝 })

v1 v2
v3

v4
v5

v6

v7

S
vi =
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Figure 3: A Toy Graph for Illustration

excluding 𝑣𝑝 is always executed in Lines 20. We explain how 𝑢𝑏

is computed later.

Pivot Selection. We next explain our pivot selection strategy.

Specifically, Lines 7–10 select 𝑣𝑝 ∈ 𝑃 ∪𝐶 to be a vertex with the

minimum degree in 𝐺 [𝑃 ∪𝐶], so that in Line 11, if 𝑑𝑃∪𝐶 (𝑣𝑝 ) ≥
|𝑃 | + |𝐶 | − 𝑘 , then for any other 𝑣 ∈ 𝑃 ∪𝐶 , we have 𝑑𝑃∪𝐶 (𝑣) ≥
𝑑𝑃∪𝐶 (𝑣𝑝 ) ≥ |𝑃 | + |𝐶 | − 𝑘 , and hence 𝑃 ∪ 𝐶 is a 𝑘-plex that we

then examine for maximality. In this case, we do not need to

expand further so Line 14 returns. In Line 12, we check if 𝑃 ∪𝐶
is maximal by checking if {𝑣 | 𝑣 ∈ 𝑋 ∧ 𝑃 ∪𝐶 ∪ {𝑣} is a 𝑘-plex}
is empty.

Note that among those vertices with the minimum degree in

𝐺 [𝑃 ∪𝐶], we choose 𝑣𝑝 with the maximum 𝑑𝑃 (𝑣) (Line 8) which
tends to prune more candidates in 𝐶 . Specifically, if 𝑑𝑃 (𝑣𝑝 ) = 𝑘
and 𝑣𝑝 is in (or added to) 𝑃 , then 𝑣𝑝 ’s non-neighbors in 𝐶 are

pruned; such a vertex 𝑣𝑝 is called saturated.
Note that if more saturated vertices are included in 𝑃 , more

vertices in 𝐶 tend to be pruned. We, therefore, pick a pivot to

maximize the number of saturated vertices in 𝑃 . Specifically, we

try to find the closest-to-saturation pivot 𝑣𝑝 in 𝑃 (Line 9), and

then find a non-neighbor of 𝑣𝑝 in 𝐶 that is closer to saturation

(Lines 16) as the new pivot 𝑣𝑛𝑒𝑤 ∈ 𝐶 , which is then used to

expand 𝑃 (Line 19). While if the closest-to-saturation pivot 𝑣𝑝
cannot be found in 𝑃 , we then pick 𝑣𝑝 in𝐶 (Line 10), which is then

used to expand 𝑃 (Line 19). Example 4.1 illustrates the process of

our pivot selection strategy.

Example 4.1 (Pivot Selection). Consider the graph 𝐺 shown in

Figure 3 and 𝑘 = 2. Assume that the current 𝑘-plex 𝑃 = {𝑣1, 𝑣3}
and the candidate set𝐶 = {𝑣2, 𝑣5, 𝑣7}. Then according to Lines 7–

8, 𝑀0 = {𝑣3} and 𝑀 = {𝑣3}. Note that 𝑀 ∩ 𝑃 = {𝑣3} ≠ ∅, so
𝑣𝑝 = 𝑣3. Following our re-picking strategy, the new pivot vertex

is selected from 𝑁𝐶 (𝑣3) = {𝑣5, 𝑣7}, and the selected pivot vertex

is 𝑣7.

5 UPPER BOUNDING AND PRUNING
This section introduces our upper bounding and additional prun-

ing techniques used in Algorithms 2 and 3, respectively, that are

critical in speeding up the enumeration process. Due to space

limitation, we put most of the proofs in the appendix of our full

version [3].

Seed Subgraph Pruning. The theorem below states the second-

order property of two vertices in a 𝑘-plex with size constraint:

Theorem 5.1. Let 𝑃 be a 𝑘-plex with |𝑃 | ≥ 𝑞. Then, for any
two vertices 𝑢, 𝑣 ∈ 𝑃 , we have (i) if (𝑢, 𝑣) ∉ 𝐸, |𝑁𝑃 (𝑢) ∩ 𝑁𝑃 (𝑣) | ≥
𝑞 − 2𝑘 + 2, (ii) otherwise, |𝑁𝑃 (𝑢) ∩ 𝑁𝑃 (𝑣) | ≥ 𝑞 − 2𝑘 .

Proof. Please see Appendix A.1 [3]. □

Note that by setting𝑞 = 2𝑘−1, Case (i) gives |𝑁𝑃 (𝑢)∩𝑁𝑃 (𝑣) | ≥
(2𝑘 − 1) − 2𝑘 + 2 = 1, i.e., for any two vertices 𝑢, 𝑣 ∈ 𝑃 that are

not mutual neighbors, they must share a neighbor and is thus

within 2 hops, which proves Theorem 3.3.

This also gives the following corollary to help further prune

the size of a seed subgraph𝐺𝑖 in Line 6 of Algorithm 2, which is

also essential for our time complexity analysis (c.f., Lemma 5.9).

Corollary 5.2. Consider an undirected graph 𝐺 = (𝑉 , 𝐸) and
an ordering of 𝑉 : {𝑣1, 𝑣2, .., 𝑣𝑛}. Let 𝑣𝑖 be the seed vertex and 𝐺𝑖

be the seed subgraph. Then, any vertex 𝑢 ∈ 𝑉𝑖 (recall Algorithm 2
Line 4 for the definition of 𝑉𝑖 ) that satisfies either of the following
two conditions can be pruned:
• 𝑢 ∈ 𝑁𝐺𝑖

(𝑣𝑖 ) and |𝑁𝐺𝑖
(𝑢) ∩ 𝑁𝐺𝑖

(𝑣𝑖 ) | < 𝑞 − 2𝑘 ;
• 𝑢 ∈ 𝑁 2

𝐺𝑖
(𝑣𝑖 ) and |𝑁𝐺𝑖

(𝑢) ∩ 𝑁𝐺𝑖
(𝑣𝑖 ) | < 𝑞 − 2𝑘 + 2.

Upper Bound Computation.We next consider how to obtain

the upper bound of the maximum size of a 𝑘-plex containing 𝑃 ,

which is called in Algorithm 3 Line 17.

Theorem 5.3. Given a 𝑘-plex 𝑃 in a seed subgraph𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ),
the upper bound of the maximum size of a 𝑘-plex containing 𝑃 is
min𝑢∈𝑃 {𝑑𝐺𝑖

(𝑢)} + 𝑘 .

Proof. We illustrate the proof process using Figure 4 (where

irrelevant edges are omitted). Let 𝑃𝑚 ⊆ 𝑃 ∪ 𝐶 be a maximum

𝑘-plex containing 𝑃 . Given any 𝑢 ∈ 𝑃 , we can partition 𝑃𝑚 into

two sets: (1) 𝑁𝐺𝑖
(𝑢) ∩ 𝑃𝑚 (see the red vertices in Figure 4), and

(2) 𝑁𝐺𝑖
(𝑢) ∩ 𝑃𝑚 (see the green vertices in Figure 4 including 𝑢 it-

self). The first set𝑁𝐺𝑖
(𝑢)∩𝑃𝑚 has size at most |𝑁𝐺𝑖

(𝑢) | = 𝑑𝐺𝑖
(𝑢)

(i.e., at most all the 7 neighbors in 𝑁𝐺𝑖
(𝑢) in Figure 4 are included

into 𝑃𝑚). For the second set, if more than 𝑘 vertices are included

into 𝑃𝑚 , then𝑢 ∈ 𝑃𝑚 is a non-neighbor of 𝑘 vertices in 𝑃𝑚 , so 𝑃𝑚
violates the 𝑘-plex definition (Definition 3.1) which leads to a con-

tradiction; as a result, at most𝑘 vertices in𝑁𝐺𝑖
(𝑢)∩𝑃𝑚 (including
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Figure 4: Upper Bound Illustration for Theorem 5.3

𝑢 itself already in 𝑃𝑚) can be added to 𝑃𝑚 . Putting things together,

|𝑃𝑚 | = |𝑁𝐺𝑖
(𝑢)∩𝑃𝑚 |+ |𝑁𝐺𝑖

(𝑢)∩𝑃𝑚 | ≤ 𝑑𝐺𝑖
(𝑢)+𝑘 . Since𝑢 can be

an arbitrary vertex in 𝑃 , we have |𝑃𝑚 | ≤ min𝑢∈𝑃 {𝑑𝐺𝑖
(𝑢)}+𝑘 . □

We use our running example to illustrate how to use Theo-

rem 5.3.

Example 5.4. Consider the graph 𝐺 shown in Figure 3 and

𝑘 = 2, and assume that 𝑃 = {𝑣1, 𝑣3}. For 𝑣1, we can add at most

all its 3 neighbors {𝑣2, 𝑣5, 𝑣7} and 𝑘 = 2 non-neighbors into a

𝑘-plex containing 𝑃 . Thus, the upper bound of its size is 3+ 2 = 5.

Similarly, for 𝑣3, the upper bound is 2 + 2 = 4. Therefore, the size

of the 𝑘-plex expanded from 𝑃 is at most min{5, 4} = 4.

In Line 17 of Algorithm 3, we computemin𝑢∈𝑃∪{𝑣𝑝 } {𝑑𝐺𝑖
(𝑢)}+

𝑘 as an upper bound by Theorem 5.3. Recall that we already select

𝑣𝑝 as the vertex in 𝐺𝑖 with the minimum degree in Line 7 of

Algorithm 3, so the upper bound can be simplified as 𝑑𝐺𝑖
(𝑣𝑝 ) +𝑘 .

Note that 𝑣𝑝 here is the one obtained in Lines 7–10, not the 𝑣𝑛𝑒𝑤
that replaces the old 𝑣𝑝 in Line 16 in the case when 𝑣𝑝 ∈ 𝑃 .

We next derive another upper bound of the maximum size of

a 𝑘-plex containing 𝑃 . First, we define the concept of “support

number of non-neighbors”. Given a 𝑘-plex 𝑃 and candidate set𝐶 ,

for a vertex 𝑣 ∈ 𝑃 ∪𝐶 , its support number of non-neighbors is

defined as sup𝑃 (𝑣) = 𝑘 − 𝑑𝑃 (𝑣), which is the maximum number

of non-neighbors of 𝑣 outside 𝑃 that can be included in any

𝑘-plex containing 𝑃 .

Theorem 5.5. Let 𝑣𝑖 and 𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) be the seed vertex and
corresponding seed subgraph, respectively, and consider a sub-task
𝑃𝑆 = 𝑆 ∪ {𝑣𝑖 } where 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ).

For a 𝑘-plex 𝑃 satisfying 𝑃𝑆 ⊆ 𝑃 ⊆ 𝑉𝑖 and for a pivot vertex
𝑣𝑝 ∈ 𝐶 ⊆ 𝐶𝑆 = 𝑁𝐺𝑖

(𝑣𝑖 ), the upper bound of the maximum size of
a 𝑘-plex containing 𝑃 ∪ {𝑣𝑝 } is

|𝑃 | + sup𝑃 (𝑣𝑝 ) + |𝐾 |, (2)

where the set 𝐾 is computed as follows:
Initially, 𝐾 = 𝑁𝐶 (𝑣𝑝 ). For each 𝑤 ∈ 𝐾 , we find 𝑢𝑚 ∈ 𝑁𝑃 (𝑤)

such that sup𝑃 (𝑢𝑚) is the minimum; if sup𝑃 (𝑢𝑚) > 0, we decrease
it by 1. Otherwise, we remove𝑤 from 𝐾 .

Figure 5 shows the rationale of the upper bound in Eq (2),

where 𝑣𝑝 ∈ 𝐶𝑆 is to be added to 𝑃 (shown inside the dashed

contour). Let 𝑃𝑚 ⊆ 𝑃 ∪ 𝐶 be a maximum 𝑘-plex containing

𝑃 ∪ {𝑣𝑝 }, then the three terms in Eq (2) correspond to the upper

bounds of the three sets that 𝑃𝑚 can take its vertices from: (1) 𝑃

whose size is exactly |𝑃 |, (2) 𝑣𝑝 ’s non-neighbors in 𝐶 , i.e., 𝑃𝑚 ∩
𝑁𝐶 (𝑣𝑝 ) (including 𝑣𝑝 itself) whose size is upper-bounded by

sup𝑃 (𝑣𝑝 ) = 𝑘 − 𝑑𝑃 (𝑣𝑝 ), and (3) 𝑣𝑝 ’s neighbors in 𝐶 , i.e., 𝑃𝑚 ∩
𝑁𝐶 (𝑣𝑝 ) whose size is at most |𝐾 |.
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Figure 5: Upper Bound Illustration for Theorem 5.5

Here, 𝐾 computes the largest set of candidates in 𝑁𝐶 (𝑣𝑝 ) that
can expand 𝑃 ∪ {𝑣𝑝 }. Specifically, for each𝑤 ∈ 𝑁𝐶 (𝑣𝑝 ), if there
exists a non-neighbor in 𝑃 , denoted by𝑢𝑚 , that has sup𝑃 (𝑢𝑚) = 0,

then 𝑤 is pruned (from 𝐾) since if we move 𝑤 to 𝑃 , 𝑢𝑚 would

violate the 𝑘-plex definition. Otherwise, we decrement sup𝑃 (𝑢𝑚)
to reflect that𝑤 (which is a non-neighbor of 𝑢𝑚) has been added

to𝐾 (i.e., removed from𝐶) to expand 𝑃∪{𝑣𝑝 }. Algorithm 4 shows

the above approach to compute the upper bound, which is called

in Line 17 of Algorithm 3.

Algorithm 4: Computing Upper Bound by Theorem 5.5

1 sup𝑃 (𝑣𝑝 ) ← 𝑘 − 𝑑𝑃 (𝑣𝑝 )
2 foreach 𝑢 ∈ 𝑃 do sup𝑃 (𝑢) ← 𝑘 − 𝑑𝑃 (𝑢)
3 𝑢𝑏 ← |𝑃 | + sup𝑃 (𝑣𝑝 )
4 foreach𝑤 ∈ 𝑁𝐶 (𝑣𝑝 ) do
5 Find 𝑢𝑚 ∈ 𝑁𝑃 (𝑤) s.t. sup𝑃 (𝑢𝑚) is the minimum

6 if sup𝑃 (𝑢𝑚) > 0 then
7 sup𝑃 (𝑢𝑚) ← sup𝑃 (𝑢𝑚) − 1
8 𝑢𝑏 ← 𝑢𝑏 + 1

9 return 𝑢𝑏

We next prove that 𝐾 is truly the largest set of candidates in

𝑁𝐶 (𝑣𝑝 ) that can expand 𝑃 ∪ {𝑣𝑝 }.

Proof. Please see Appendix A.2 [3]. □

Putting Theorems 5.3 and 5.5 together, the upper bound in

Line 17 of Algorithm 3 is given by

min{|𝑃 | + sup𝑃 (𝑣𝑝 ) + |𝐾 |, 𝑑𝐺𝑖
(𝑣𝑝 ) + 𝑘}. (3)

We use our running example to illustrate how to use Theo-

rem 5.5.

Example 5.6. We use the same graph and settings as above

two examples, i.e., 𝑘 = 2, 𝑃 = {𝑣1, 𝑣3}, and 𝐶 = {𝑣2, 𝑣5, 𝑣7}.
According to Example 4.1, the pivot vertex is 𝑣7. We can calculate

sup𝑃 (𝑣7) = 𝑘 −𝑑𝑃 (𝑣7) = 1 since 𝑣7 only has one non-neighbor 𝑣3

in 𝑃 (i.e., 𝑑𝑃 (𝑣7) = 1). Also, 𝐾 is initialized as 𝑁𝐶 (𝑣7) = {𝑣5}. For
𝑤 = 𝑣5, since 𝑁𝑃 (𝑣5) = {𝑣3}, we have 𝑢𝑚 = 𝑣3. Since sup𝑃 (𝑣3) =
𝑘−𝑑𝑃 (𝑣3) = 0 (as 𝑣3 has two non-neighbors {𝑣1, 𝑣3} in 𝑃 ),𝑤 = 𝑣5
is removed from𝐾 , so𝐾 = ∅. Thus, the upper bound of the size of
the 𝑘-plex expanded from 𝑃 is |𝑃 | + sup𝑃 (𝑣7) + |𝐾 | = 2+ 1+ 0 = 3.

For an initial sub-task ⟨𝑃𝑆 ,𝐶𝑆 , 𝑋𝑆 ⟩, we can further improve

Theorem 5.5 as follows.

Theorem 5.7. Let 𝑣𝑖 and 𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) be the seed vertex and
corresponding seed subgraph, respectively, and consider a sub-task
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𝑃𝑆 = 𝑆 ∪ {𝑣𝑖 } where 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ) and 𝑆 ≠ ∅. We caculate |𝐾 | with

a modified version of Algorithm 4 with 𝑣𝑝 = 𝑣𝑖 , and sup𝑃 (𝑣𝑖 ) = 0

in Line 1. The upper bound is |𝑃𝑆 | + sup𝑃 (𝑣𝑖 ) + |𝐾 | = |𝑃𝑆 | + |𝐾 |.

Proof. Please see Appendix A.3 [3]. □

Intuitively, this is a special case of Theorem 5.5 with 𝑃 = 𝑆

and 𝑣𝑝 = 𝑣𝑖 , and sup𝑃 (𝑣𝑖 ) = 0 since there does not exist any

non-neighbor of 𝑣𝑖 in 𝐶 to be added to 𝑃 (recall from Line 8 of

Algorithm 2 that 𝐶 only contains 𝑣𝑖 ’s neighbors).

Recall that Theorem 5.3 also gives another upper bound of the

maximum size of a𝑘-plex containing 𝑃𝑆 , which ismin𝑣∈𝑃𝑆 {𝑑𝐺𝑖
(𝑣)}+

𝑘 . Combining with Theorem 5.7, the new upper bound is given

by 𝑢𝑏 (𝑃𝑆 ) = min

{
|𝑃𝑆 | + |𝐾 |,min𝑣∈𝑃𝑆 {𝑑𝐺𝑖

(𝑣)} + 𝑘
}
.

Right before Line 10 of Algorithm 2, we check if 𝑢𝑏 (𝑃𝑆 ) < 𝑞;
if so, we prune this sub-task without calling Branch(.).

Time Complexity Analysis. We now analyze the time com-

plexity of our algorithm, i.e., Algorithm 2. Recall that 𝐷 is the

degeneracy of 𝐺 , that Δ is the maximum degree of 𝐺 , and that

seed vertices are in the degeneracy ordering of𝑉 ,𝜂 = {𝑣1, . . . , 𝑣𝑛}.
Therefore, given a seed subgraph 𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) where 𝑉𝑖 ⊆
{𝑣𝑖 , 𝑣𝑖+1, . . . , 𝑣𝑛}, for each 𝑣 ∈ 𝐺𝑖 , we have 𝑑𝐺𝑖

(𝑣) = |𝑁𝐺𝑖
(𝑣) | ≤

𝐷 .

Let us first consider the time complexity of Algorithm 4.

Lemma 5.8. The time complexity of Algorithm 4 is given by

𝑂 (𝑘 + (𝑘 + 1)𝐷) ≈ 𝑂 (𝐷).

Proof. Please see Appendix A.4 [3]. □

We next bound the number of sub-tasks in each 𝐺𝑖 created by

Lines 7 and 10 of Algorithm 2.

Lemma 5.9. Let 𝑣𝑖 and 𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) be the seed vertex and
corresponding seed subgraph, respectively. Also, let us abuse the
notation |𝑁 2

𝐺𝑖
(𝑣𝑖 ) | to mean the one pruned by Corollary 5.2 in Line 6

of Algorithm 2. Then, we have |𝑁𝐺𝑖
(𝑣𝑖 ) | ≤ 𝐷 and |𝑁 2

𝐺𝑖
(𝑣𝑖 ) | =

𝑂 (𝑟1) where 𝑟1 = min

{
𝐷Δ

𝑞−2𝑘+2 , 𝑛
}
.

Also, the number of subsets 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ) (|𝑆 | ≤ 𝑘−1) is bounded

by 𝑂
(
|𝑁 2

𝐺𝑖
(𝑣𝑖 ) |𝑘

)
= 𝑂

(
𝑟𝑘
1

)
.

Proof. Please see Appendix A.5 [3]. □

We can also bound the time complexity of Algorithm 3:

Lemma 5.10. Let 𝑣𝑖 and𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) be the seed vertex and cor-
responding seed subgraph, respectively. Then, Branch(𝐺𝑖 , 𝑘, 𝑞, 𝑃𝑆 ,𝐶𝑆 ,

𝑋𝑆 ) (see Line 10 in Algorithm 2) recursively calls the body of Algo-
rithm 4 for 𝑂 (𝛾𝐷

𝑘
) times, where 𝛾𝑘 < 2 is the maximum positive

real root of 𝑥𝑘+2 − 2𝑥𝑘+1 + 1 = 0 (e.g., 𝛾1 = 1.618, 𝛾2 = 1.839, and
𝛾3 = 1.928).

To see this bound, note that Theorem 1 of [16] has proved

that the branch-and-bound procedure is called for 𝑂 (𝛾 |𝐶 |
𝑘
) times.

In [16], the candidate set 𝐶 is taken from vertices within two

hops away from each seed vertex 𝑣𝑖 , so the branch-and-bound

procedure is called for 𝑂 (𝛾 |𝐶 |
𝑘
) ≤ 𝑂 (𝛾𝑛

𝑘
) times. In our case,

𝐶 = 𝐶𝑆 = 𝑁𝐺𝑖
(𝑣𝑖 ) which is much tighter since |𝐶 | ≤ 𝐷 , hence

the branch-and-bound procedure is called for 𝑂 (𝛾 |𝐶 |
𝑘
) ≤ 𝑂 (𝛾𝐷

𝑘
)

times.

Finally, consider the cost of the recursion body of Algorithm 3.

Note that besides 𝑑𝑃 (.), we also maintain 𝑑𝐺𝑖
(.) for all vertices in

𝐺𝑖 , so that Line 7 of Algorithm 3 (the same applies to Line 16) can

obtain the vertices with minimum 𝑑𝐺𝑖
(.) in𝑂 ( |𝑃 | + |𝐶 |) ≈ 𝑂 (𝐷)

time. This is because 𝑃 ∪𝐶 ⊆ 𝑃𝑆 ∪𝐶𝑆 , so𝑂 ( |𝑃 | + |𝐶 |) = 𝑂 ( |𝑃𝑆 | +
|𝐶𝑆 |) = 𝑂 (𝑘 + 𝐷) ≈ 𝑂 (𝐷), as |𝑃𝑆 | ≤ 𝑘 and |𝐶𝑆 | ≤ 𝐷 .

As for the tightening of 𝐶 and 𝑋 in Lines 2–3 of Algorithm 3

(the same applies to Line 12), the time complexity is 𝑂 ( |𝑃 | ( |𝐶 | +
|𝑋 |)). Specifically, we first compute the set of saturated vertices

in 𝑃 , denoted by 𝑃∗. Since we maintain 𝑑𝑃 (.), we can find 𝑃∗ in
𝑂 ( |𝑃 |) time by examining if each vertex 𝑢 has 𝑑𝑃 (𝑢) = |𝑃 | − 𝑘 .
Then, for each vertex 𝑣 ∈ 𝐶 ∪ 𝑋 , we do not prune it iff (1) 𝑣

is adjacent to all vertices in 𝑃∗, and meanwhile, (2) 𝑑𝑃 (𝑣) ≥
|𝑃 ∪ {𝑣}| − 𝑘 = |𝑃 | + 1 − 𝑘 . This takes 𝑂 ( |𝑃∗ | ( |𝐶 | + |𝑋 |)) =

𝑂 ( |𝑃 | ( |𝐶 | + |𝑋 |)) time.

The recursive body takes time𝑂 ( |𝑃 | ( |𝐶 | + |𝑋 |)) which is dom-

inated by the above operation. Note that by Lemma 5.8, Algo-

rithm 3 Line 17 takes only 𝑂 (𝐷) ≈ 𝑂 ( |𝑃 | + |𝐶 |) time, and the

time to select pivot (cost dominated by Line 7) also takes only

𝑂 ( |𝑃 | + |𝐶 |) time.

Now we are ready to present the time complexity of Algo-

rithm 2.

Theorem 5.11. Given an undirected graph 𝐺 = (𝑉 , 𝐸) with
degeneracy 𝐷 and maximum degree Δ, Algorithm 2 lists all the

𝑘-plexes with size at least 𝑞 within time 𝑂
(
𝑛𝑟𝑘

1
𝑟2𝛾

𝐷
𝑘

)
, where 𝑟1 =

min

{
𝐷Δ

𝑞−2𝑘+2 , 𝑛
}
and 𝑟2 = min

{
𝐷Δ2

𝑞−2𝑘+2 , 𝑛𝐷
}
.

Proof. Please see Appendix A.6 [3]. □

Additional Pruning by Vertex Pairs. We next present how to

utilize the further property between vertex pairs in 𝐺𝑖 to enable

three further pruning opportunities, all based on Lemma 5.12

below.

Lemma 5.12. Given a 𝑘-plex 𝑃 and candidate set 𝐶 , the upper
bound of the maximum size of a 𝑘-plex containing 𝑃 is

min
𝑢,𝑣∈𝑃

{
|𝑃 | + sup𝑃 (𝑢) + sup𝑃 (𝑣) + |𝑁𝑢 (𝐶) ∩ 𝑁𝑣 (𝐶) |

}
Proof. Please see Appendix A.7 [3]. □

Recall that Algorithm 2 Line 7 enumerates set 𝑆 from the

vertices of 𝑁 2

𝐺𝑖
(𝑣𝑖 ). The first pruning rule below checks if two

vertices 𝑢1, 𝑢2 ∈ 𝑁 2

𝐺𝑖
(𝑣𝑖 ) have sufficient common neighbors in

𝐶𝑆 , and if not, then 𝑢1 and 𝑢2 cannot occur together in 𝑆 .

Theorem 5.13. Let 𝑣𝑖 be a seed vertex and 𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) be the
corresponding seed subgraph. For any two vertices𝑢1,𝑢2 ∈ 𝑁 2

𝐺𝑖
(𝑣𝑖 ),

if either of the following conditions are met

• (𝑢1, 𝑢2) ∈ 𝐸𝑖 and |𝑁𝐶𝑆
(𝑢1)∩𝑁𝐶𝑆

(𝑢2) | < 𝑞−𝑘−2·max{𝑘−
2, 0},
• (𝑢1, 𝑢2) ∉ 𝐸𝑖 and |𝑁𝐶𝑆

(𝑢1)∩𝑁𝐶𝑆
(𝑢2) | < 𝑞−𝑘−2·max{𝑘−

3, 0},
then 𝑢1 and 𝑢2 cannot co-occur in a 𝑘-plex 𝑃 with |𝑃 | ≥ 𝑞.

Proof. Please see Appendix A.8 [3]. □

Similar analysis can be adapted for the other two cases: (1)𝑢1 ∈
𝑁𝑣𝑖 (𝐺𝑖 ) and 𝑢2 ∈ 𝑁 2

𝑣𝑖
(𝐺𝑖 ), and (2) 𝑢1, 𝑢2 ∈ 𝑁𝑣𝑖 (𝐺𝑖 ), which we

present in the next two theorems.

Theorem 5.14. Let 𝑣𝑖 be a seed vertex and 𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) be the
corresponding seed subgraph. For any two vertices 𝑢1 ∈ 𝑁 2

𝐺𝑖
(𝑣𝑖 )

and 𝑢2 ∈ 𝑁𝐺𝑖
(𝑣𝑖 ), let us define 𝐶−𝑆 = 𝐶𝑆 − {𝑢2}, then if either of

the following two conditions are met
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• (𝑢1, 𝑢2) ∈ 𝐸𝑖 and |𝑁𝐶−
𝑆
(𝑢1) ∩ 𝑁𝐶−

𝑆
(𝑢2) | < 𝑞 − 2𝑘 − 2 ·

max{𝑘 − 2, 0},
• (𝑢1, 𝑢2) ∉ 𝐸𝑖 and |𝑁𝐶−

𝑆
(𝑢1) ∩𝑁𝐶−

𝑆
(𝑢2) | < 𝑞 −𝑘 −max{𝑘 −

2, 0} −max{𝑘 − 2, 1},
then 𝑢1 and 𝑢2 cannot co-occur in a 𝑘-plex 𝑃 with |𝑃 | ≥ 𝑞.

Proof. Please see Appendix A.9 [3]. □

Theorem 5.15. Let 𝑣𝑖 be a seed vertex and 𝐺𝑖 = (𝑉𝑖 , 𝐸𝑖 ) be
the corresponding seed subgraph. For any two vertices 𝑢1, 𝑢2 ∈
𝑁𝐺𝑖
(𝑣𝑖 ) = 𝐶𝑆 , let us define 𝐶−𝑆 = 𝐶𝑆 − {𝑢1, 𝑢2}, then if either of

the following two conditions are met

• (𝑢1, 𝑢2) ∈ 𝐸𝑖 and |𝑁𝐶−
𝑆
(𝑢1) ∩ 𝑁𝐶−

𝑆
(𝑢2) | < 𝑞 − 3𝑘 ,

• (𝑢1, 𝑢2) ∉ 𝐸𝑖 and |𝑁𝐶−
𝑆
(𝑢1)∩𝑁𝐶−

𝑆
(𝑢2) | < 𝑞−𝑘−2·max{𝑘−

1, 1},
then 𝑢1 and 𝑢2 cannot co-occur in a 𝑘-plex 𝑃 with |𝑃 | ≥ 𝑞.

Proof. Please see Appendix A.10 [3]. □

We next explain how Theorems 5.13, 5.14 and 5.15 are used in

our algorithm to prune the search space. Recall that𝐺𝑖 is dense, so

we use adjacency matrix to maintain the information of𝐺𝑖 . Here,

we also maintain a boolean matrix 𝑇 so that for any 𝑢1, 𝑢2 ∈ 𝑉𝑖 ,
𝑇 [𝑢1] [𝑢2] = false if they are pruned by Theorem 5.13 or 5.14

or 5.15 due to the number of common neighbors in the candidate

set being below the required threshold; otherwise, 𝑇 [𝑢1] [𝑢2] =
true. Note that given 𝑇 , we can obtain 𝑇 [𝑢1] [𝑢2] in 𝑂 (1) time to

determine if 𝑢1 and 𝑢2 can co-occur.

Recall from Figure 1 thatwe enumerate 𝑆 via a set-enumeration

tree. When we enumerate 𝑆 in Algorithm 2 Line 7, assume that

the current 𝑆 is expanded from 𝑆 ′ by adding 𝑢, and let 𝑒𝑥𝑡 (𝑆 ′) be
those candidate vertices that can still expand 𝑆 ′, then by Theo-

rem 5.13, we can incrementally prune those candidate vertices

𝑢′ ∈ 𝑒𝑥𝑡 (𝑆 ′) with 𝑇 [𝑢] [𝑢′] = false to obtain 𝑒𝑥𝑡 (𝑆) that can
expand 𝑆 further.

We also utilize Theorem 5.14 to further shrink 𝐶𝑆 in Algo-

rithm 2 Line 8. Assume that the current 𝑆 is expanded from 𝑆 ′

by adding 𝑢, then we can incrementally prune those candidate

vertices 𝑢′ ∈ 𝐶𝑆 ′ with 𝑇 [𝑢] [𝑢′] = false to obtain 𝐶𝑆 .

Finally, we utilize Theorem 5.15 to further shrink 𝐶 and 𝑋 in

Algorithm 3 Lines 2 and 3. Specifically, assume that 𝑣𝑝 is newly

added to 𝑃 , then Line 2 now becomes

𝐶 ← {𝑣 ∈ 𝐶 ∧ 𝑃 ∪ {𝑣} is a 𝑘-plex ∧ 𝑇 [𝑣𝑝 ] [𝑣] = true}.

Recall from Algorithm 2 Line 9 that vertices in 𝑋 may come

from 𝑉 ′
𝑖
or 𝑉𝑖 . So for each 𝑣 ∈ 𝑋 , if 𝑣 ∈ 𝑉𝑖 , then we prune 𝑣 if

𝑇 [𝑣𝑝 ] [𝑣] = false. This is also applied in Line 12 whenwe compute

the new exclusive set to check maximality.

Variant of the Proposed Algorithm. Recall from Algorithm 3

Lines 15-16 that we always select the pivot 𝑣𝑝 to be from 𝐶 ,

so that our upper-bound-based pruning in Lines 17-18 can be

applied to try to prune the branch in Line 19. In fact, if 𝑣𝑝 ∈ 𝑃 ,
FaPlexen [47] proposed another branching method to reduce the

search space, also adopted by ListPlex [39]. Specifically, let us

define 𝑠 = sup𝑃 (𝑣𝑝 ), and 𝑁𝐶 (𝑣𝑝 ) = {𝑤1,𝑤2, . . . ,𝑤ℓ }, then we

canmove at most 𝑠 vertices from𝑁𝐶 (𝑣𝑝 ) to 𝑃 to produce 𝑘-plexes.

Note that 𝑠 ≤ 𝑘 since sup𝑃 (𝑣𝑝 ) = 𝑘−𝑑𝑃 (𝑣𝑝 ) so 𝑠 is small, and that

𝑠 ≤ ℓ since otherwise, 𝑃 ∪𝐶 is a 𝑘-plex (because 𝑠 = sup𝑃 (𝑣𝑝 ) >
ℓ = |𝑁𝐶 (𝑣𝑝 ) | = 𝑑𝐶 (𝑣𝑝 ) means 𝑘 − (|𝑃 | −𝑑𝑃 (𝑣𝑝 )) > |𝐶 | −𝑑𝐶 (𝑣𝑝 ),
i.e., 𝑑𝑃∪𝐶 > |𝑃 | + |𝐶 | − 𝑘) and this branch of search terminates

(see Algorithm 3 Lines 11-14). Therefore, let the current task be

Core 1

… …

… …

Core 2 Core M

Su
b-

ta
sk

s o
n 
G

jM
 +

 1

Stage j

Su
b-

ta
sk

s o
n 
G

jM
 +

 2

Su
b-

ta
sk

s o
n 
G

jM
 +

 M

GjM + 1 GjM + 2 GjM + M… …

M
em

oryFetch to process

Figure 6: Illustration of Parallel Processing

⟨𝑃,𝐶,𝑋 ⟩, then it only needs to produce 𝑠 + 1 branches without
missing 𝑘-plexes:

⟨𝑃, 𝐶 − {𝑤1}, 𝑋 ∪ {𝑤1}⟩, (4)

For 𝑖 = 2, · · · , 𝑠 ,

⟨𝑃 ∪ {𝑤1, . . . ,𝑤𝑖−1}, 𝐶 − {𝑤1, . . . ,𝑤𝑖 }, 𝑋 ∪ {𝑤𝑖 }⟩, (5)

⟨𝑃 ∪ {𝑤1, . . . ,𝑤ℓ }, 𝐶 − {𝑤1, . . . ,𝑤ℓ }, 𝑋 ⟩. (6)

In summary, if 𝑣𝑝 ∈ 𝑃 , we can apply Eq (4)–Eq (6) for branch-

ing, while if 𝑣𝑝 ∈ 𝐶 , we can apply the upper bound defined by

Eq (3) to allow the pruning of ⟨𝑃 ∪ {𝑣𝑝 },𝐶 − {𝑣𝑝 }, 𝑋 ⟩ in Algo-

rithm 3 Line 19.

Therefore, besides the original Algorithm 3 denoted by Ours,
we also consider a variant of Algorithm 3 which, when 𝑣𝑝 ∈ 𝑃 is

selected by Lines 7–10, uses Eq (4)–Eq (6) for branching rather

than re-picking a pivot 𝑣𝑝 ∈ 𝐶 as in Lines 15–16. We denote

this variant by Ours_P. As we shall see in Section 7, Ours_P is

generally not as time-efficient as Ours, showing that upper-bound

based pruning is more effective than the branch reduction scheme

of Eq (4)–Eq (6), so Ours is selected as our default algorithm in

our experiments.

6 PARALLELIZATION
Recall from Algorithm 2 that we generate initial task groups

𝑇{𝑣𝑖 } each creating and maintaining 𝐺𝑖 . The sub-tasks of 𝑇{𝑣𝑖 }
are 𝑇{𝑣𝑖 }∪𝑆 that are generated by enumerating 𝑆 ⊆ 𝑁 2

𝐺𝑖
(𝑣𝑖 ),

and each such task runs the recursive 𝐵𝑟𝑎𝑛𝑐ℎ(.) procedure of
Algorithm 3 (recall Line 10 of Algorithm 2).

We parallelize Algorithm 2 on a multi-core machine with𝑀

CPU cores (and hence 𝑀 working threads to process tasks) in

stages. In each stage 𝑗 ( 𝑗 = 0, 1, · · · ), the 𝑀 working threads

obtain𝑀 new task groups generated by the next𝑀 seed vertices

in 𝜂 for parallel processing, as illustrated in Figure 6.

Specifically, at the beginning of Stage 𝑗 , the 𝑖th thread creates

and processes the task group with seed vertex 𝑣 𝑗𝑀+𝑖 by creating

the subgraph 𝐺 𝑗𝑀+𝑖 , and enumerating 𝑆 to create the sub-tasks

with 𝑃𝑆 = {𝑣 𝑗𝑀+𝑖 } ∪ 𝑆 and adding them into a task queue 𝑄𝑖

local to Thread 𝑖 . Then, each thread 𝑖 processes the tasks in its

local queue𝑄𝑖 to maximize data locality and hence cache hit rate

(since the processing is on a shared graph𝐺𝑖 ). If Thread 𝑖 finishes

all tasks in 𝑄𝑖 but other threads are still processing their tasks in

Stage 𝑗 , then Thread 𝑖 will obtain tasks from another non-empty

queue 𝑄𝑖′ for processing to take over some works of Thread 𝑖′.
This approach achieves load balancing while maximizing the

CPU cache hit rate.
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Stage 𝑗 ends when the tasks in all queues are exhausted, after

which we release the memory used by these task groups (e.g.,

seed subgraphs𝐺𝑖 ) and move forward to Stage ( 𝑗 + 1) to process

the next𝑀 seed vertices. The stages are repeated until all seed

vertices in 𝜂 are exhausted.

So far, we treat each sub-task 𝑇𝑃𝑆 as an independent task

run by a thread in its entirety. However, some sub-tasks 𝑇𝑃𝑆
can become stragglers that take much longer time to complete

than other tasks (e.g., due to a much larger set-enumeration

subtree under 𝑃𝑆 ). We propose to use a timeout mechanism to

further decompose each straggler task into many smaller tasks

to allow parallel processing. Specifically, let 𝑡0 be the time when

the current task is created, and let 𝑡𝑐𝑢𝑟 be the current time. Then

in Algorithm 3 Line 19 (resp. Line 20), we only recursively call

𝐵𝑟𝑎𝑛𝑐ℎ(.) over ⟨𝑃∪{𝑣𝑝 },𝐶−{𝑣𝑝 }, 𝑋 ⟩ (resp. ⟨𝑃,𝐶−{𝑣𝑝 }, 𝑋∪{𝑣𝑝 }⟩)
if 𝑡𝑐𝑢𝑟 − 𝑡0 ≤ 𝜏𝑡𝑖𝑚𝑒 , where 𝜏𝑡𝑖𝑚𝑒 is a user-defined task timeout

threshold. Otherwise, let the thread processing the current task

be Thread 𝑖 , then we create a new task and add it to 𝑄𝑖 . The new

tasks can reuse the seed subgraph of its task group, but need to

materialize new status variables such as containers for keeping

𝑃 , 𝐶 and 𝑋 , and the boolean matrix 𝑇 [𝑢1] [𝑢2] for pruning by

vertex pairs.

In this way, a straggler task will call 𝐵𝑟𝑎𝑛𝑐ℎ(.) for recursive
backtracking search as usual until 𝑡𝑐𝑢𝑟 − 𝑡0 ≤ 𝜏𝑡𝑖𝑚𝑒 , after which

it backtracks and creates new tasks to be added to 𝑄𝑖 . If a new

task also times out, it will be further decomposed in a similar

manner, so stragglers are effectively eliminated at the small cost

of status variable materialization.

7 EXPERIMENT
In this section, we conduct comprehensive experiments to eval-

uate our method for large maximal 𝑘-plex enumeration, and

compare it with the other existing methods. We also conduct

an ablation study to show the effectiveness of our optimization

techniques.

Datasets and Experiment Setting. Following [15, 16, 39], we

use 18 real-world datasets in our experiments as summarized in

Table 2, where 𝑛 and𝑚 are the numbers of vertices and edges,

respectively; Δ indicates the maximum degree and 𝐷 is the de-

generacy. These public graph datasets are obtained from Stanford

Large Network Dataset Collection (SNAP) [2] and the Labora-

tory for Web Algorithmics (LAW) [1, 9]. Similar to the previous

works [15, 16, 39], we roughly categorize these graphs into three

types: small, medium, and large. The ranges of the number of

vertices for these three types of graphs are [1, 104), [104, 5× 106),
and [5 × 106, +∞).

Our code is written in C++14 and compiled by g++-7.2.0 with

the -O3 flag. All the experiments are conducted on a platform

with 24 cores (Intel Xeon Gold 6248R CPU 3.00GHz) and 128GB

RAM.

Existing Methods for Comparison. A few methods have

been proposed for large maximal 𝑘-plex enumeration, including

D2K [15], CommuPlex [47], ListPlex [39], and FP [16]. Among

them, ListPlex
1
and FP

2
outperform all the earlier works in

terms of running time according to their experiments [16, 39],

so they are chosen as our baselines for comparison. Note that

ListPlex and FP are concurrent works, so there is no existing

comparison between them. Thus, we choose these two state-of-

the-art algorithms as baselines and compare our algorithm with

1
https://github.com/joey001/ListPlex

2
https://github.com/qq-dai/kplexEnum

Table 2: Datasets

Network 𝑛 𝑚 Δ D

jazz 198 2742 100 29

wiki-vote 7115 100,762 1065 53

lastfm 7624 27,806 216 20

as-caida 26,475 53,381 2628 22

soc-epinions 75,879 405,740 3044 67

soc-slashdot 82,168 504,230 2552 55

email-euall 265,009 364,481 7636 37

com-dblp 317,080 1,049,866 343 113

amazon0505 410,236 2,439,437 2760 10

soc-pokec 1,632,803 22,301,964 14,854 47

as-skitter 1,696,415 11,095,298 35,455 111

enwiki-2021 6,253,897 136,494,843 232,410 178

arabic-2005 22,743,881 553,903,073 575,628 3247

uk-2005 39,454,463 783,027,125 1,776,858 588

it-2004 41,290,648 1,027,474,947 1,326,744 3224

webbase-2001 115,554,441 854,809,761 816,127 1506

them. Please refer to Section 2 for a more detailed review of

ListPlex and FP.

In our description hereafter, efficiency means the running

time unless otherwise specified. For all the tested algorithms, the

running time includes the time for core decomposition, the time

for subgraph construction, and the time for 𝑘-plex enumeration,

but the graph loading time is excluded since it is a fixed constant.

Following the tradition of previous works, we set the 𝑘-plex

size lower bound 𝑞 to be at least (2𝑘 − 1) which guarantees the

connectivity of the 𝑘-plexes outputted.

Parameter Setting. For experiments on sequential execution,

we set parameters 𝑘 = 2, 3, 4 and 𝑞 = 12, 20, 30 following the

parameter settings in [16, 39]. Note that some parameter settings

return no valid maximal 𝑘-plexes, while others lead to existing

algorithms running for prohibitive amount of time, so we avoid

reporting those settings. For as-skitter, using a small 𝑞 (e.g., 12, 20,

30) is too expensive so we use a larger value for 𝑞 following [39].

For experiments on parallel execution, using experiments that

can finish quickly cannot justify the need for parallel execution.

We, therefore, pick the settings of 𝑞 so that the job needs to run

for some time to obtain quite some relatively large 𝑘-plexes.

Performance of Sequential Execution. We first compare

the sequential versions of our algorithm and the two baselines

ListPlex and FP. Since sequential algorithms can be slow (esp. for

the baselines), we use small and medium graphs.

We have extensively tested our algorithm by comparing its

outputs with those of ListPlex and FP on various datasets, and

have verified that all three algorithms return the same result

set for each dataset and parameters (𝑘, 𝑞). Table 3 shows the

results where we can see that all three algorithms output the

same number of 𝑘-plexes for each dataset and parameter (𝑘, 𝑞).
In terms of time-efficiency, our algorithm outperforms ListPlex

and FP except for rare cases that are easy (i.e., where all algo-

rithms finish very quickly). For our two algorithm variants, Ours

is consistently faster than Ours_P, except for rare cases where

both finish quickly in a similar amount of time. Moreover, our

algorithm is consistently faster than ListPlex and FP. Specifically,

Ours is up to 5× faster than ListPlex (e.g., soc-epinions, 𝑘 = 4,

𝑞 = 30), and up to 2× (e.g., email-euall, 𝑘 = 4, 𝑞 = 12) faster than

FP, respectively. Also, there is no clear winner between ListPlex

and FP: for example, ListPlex can be 3.56× slower than FP (e.g.,
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Table 3: Running Time (sec) of Listing Large Maximal 𝑘-Plexes from Small and Medium Graphs by Various Algorithms

Network

(𝑛,𝑚) 𝑘 𝑞 #𝑘-plexes
Running time (sec) Network

(𝑛,𝑚) 𝑘 𝑞 #𝑘-plexes
Running time (sec)

FP ListPlex Ours_P Ours FP ListPlex Ours_P Ours

jazz (198, 2742) 4 12 2,745,953 3.68 4.12 3.92 2.87

soc-epinions

(75,879, 405,740)

2

12 49,823,056 278.56 153.64 157.98 130.14
lastfm (7624, 27,806) 4 12 1,827,337 2.39 2.58 2.52 2.04 20 3,322,167 16.65 17.00 16.65 14.01

as-caida

(26,475, 53,381)

2 12 5336 0.03 0.03 0.03 0.03
3

20 548,634,119 2240.68 2837.49 2442.10 1540.87
3 12 281,251 0.94 0.78 0.67 0.53 30 16,066 3.29 4.66 2.52 2.11
4 12 15,939,891 51.39 45.31 37.52 26.08 4 30 13,172,906 139.59 545.82 198.88 93.47

amazon0505

(410,236, 2,439,437)

2 12 376 0.37 0.11 0.08 0.07

wiki-vote

(7115, 100,762)

2

12 2,919,931 19.21 14.77 13.62 12.58
3 12 6347 0.57 0.26 0.20 0.22 20 52 0.37 0.46 0.44 0.42

4 12 105,649 1.47 0.99 0.91 0.78
3

12 458,153,397 2680.68 2037.51 1746.63 1239.83

as-skitter

(1,696,415, 11,095,298)

2

60 87,767 4.37 5.14 4.41 4.68 20 156,727 11.91 8.13 4.67 4.15
100 0 1.49 0.14 0.14 0.11

4

20 46,729,532 483.97 1025.54 455.37 252.40

3

60 9,898,234 283.52 1010.48 302.53 234.17 30 0 0.03 0.07 0.08 0.06

100 0 1.49 0.14 0.14 0.11

soc-slashdot

(82,168, 504,230)

2

12 30,281,571 91.10 65.57 66.16 51.41

email-euall

(265,009, 364,481)

2

12 412,779 1.61 1.34 1.27 1.11 20 13,570,746 38.44 36.85 38.68 28.89
20 0 0.08 0.05 0.05 0.05

3

12 3,306,582,222 10368.47 8910.28 8894.69 5995.67

3

12 32,639,016 101.16 91.59 82.07 56.22 20 1,610,097,574 3950.16 5244.41 5325.80 3377.68
20 2637 0.34 0.30 0.21 0.19 30 4,626,307 32.36 76.44 49.43 30.10

4

12 1,940,182,978 7085.39 6041.73 5385.09 3535.63 4 30 1,047,289,095 4167.85 10239.25 7556.32 4016.08
20 1,707,177 11.99 21.40 13.30 7.70

soc-pokec

(1,632,803, 22,301,964)

2

12 7,679,906 50.77 39.16 36.78 35.53

com-dblp

(317,080, 1,049,866)

2

12 12,544 0.34 0.11 0.11 0.11 20 94,184 9.02 10.67 10.24 10.00

20 5049 0.27 0.06 0.06 0.05 30 3 5.98 5.83 5.72 5.46

3

12 3,003,588 6.13 3.75 3.68 3.51
3

12 520,888,893 1719.85 1528.07 1347.97 996.43
20 2,141,932 4.28 2.83 2.77 2.57 20 5,911,456 30.52 39.38 33.38 26.94

4

12 610,150,817 914.84 729.16 720.13 666.98 30 5 6.10 6.35 6.47 5.92
20 492,253,045 726.93 621.17 612.59 546.30 4 20 318,035,938 1148.87 1722.87 1292.65 780.34
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Figure 7: Running Time (sec) of the Three Algorithms on Various Datasets and Parameters

as-skitter, 𝑘 = 3, 𝑞 = 60), but over 10× faster in other cases (e.g.,

as-skitter, 𝑘 = 3, 𝑞 = 100).

We can see that our algorithm has more advantages in effi-

ciency when the number of sub-tasks is larger. This is because our

upper bounding and pruning techniques can effectively prune

unfruitful sub-tasks. For instance, on dataset email-euall when

𝑘 = 4 and 𝑞 = 12, there are a lot of sub-tasks and the number of

𝑘-plexes outputted is thus huge; there, FP takes 7085.39 seconds

while Ours takes only 3535.63 seconds.

We also study how the performance of sequential algorithms

changes when 𝑞 varies, and the results are shown in Figure 7.

Due to space limitation, we only show results for four datasets,

and more results can be found in Figure 14 in Appendix B.3 [3]. In

each subfigure, the horizontal axis is 𝑞, and the vertical axis is the

total running time. As Figure 7 shows, Ours (red line) consistently

uses less time than ListPlex and FP. For example, Ours is 4× faster
than ListPlex on wiki-vote when 𝑘 = 4, 𝑞 = 20.

As for the performance between ListPlex and FP, we can see

from Figure 7 that when 𝑘 is small, ListPlex (blue line) is always

faster than FP (green line) with different values of𝑞. As𝑘 becomes

larger, FP can become faster than ListPlex. Note that the time

complexity of ListPlex and FP are 𝑂

(
𝑛2𝑘 + 𝑛(𝐷Δ)𝑘+1𝛾𝐷

𝑘

)
and

𝑂

(
𝑛2𝛾𝑛

𝑘

)
, respectively where 𝛾𝑘 < 2 is a constant. Therefore,

when𝑘 is small, the time complexity of ListPlex is smaller than FP;

but as 𝑘 becomes large, the number of branches increases quickly

and the upper-bounding technique in FP becomes effective. These

results are also consistent with the statement in FP’s paper [16]:

the speedup of FP increases dramatically with the increase of 𝑘 . As
far as we know, this is the first time to compare the performance

of ListPlex and FP, which are proposed in parallel very recently.

We notice that our reported running time of FP is slower

than that reported in their paper [16] albeit the same settings,

though our hardware is even more powerful. However, we double

checked that we have faithfully run FP following their GitHub

repo’s instructions.

We also compare the peak memory consumption of three

algorithms. Please see Appendix B.2 [3] for the results. To sum-

marize, ListPlex and Ours report similar memory usage, while

FP needs more memory to store the intermediate results even

just on medium datasets. For example, the memory usage of FP,

ListPlex, and Ours on soc-pokec are 937.52 MB, 431.69 MB, and

431.26 MB.

Performance of Parallel Execution. We next compare the

performance of the parallel versions of Ours, ListPlex, and FP,

using the large graphs. Note that both ListPlex and FP provide
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Table 4: Running Time (sec) of Listing Large Maximal 𝑘-Plexes on Large Graphs by Parallel Algorithms (16 Threads)

Network 𝑛 𝑚
𝑘 = 2 𝑘 = 3

𝑞 𝜏𝑏𝑒𝑠𝑡 (ms) #𝑘-plexes FP ListPlex Ours Ours (𝜏𝑏𝑒𝑠𝑡 ) 𝑞 𝜏𝑏𝑒𝑠𝑡 (ms) #𝑘-plexes FP ListPlex Ours Ours (𝜏𝑏𝑒𝑠𝑡 )

enwiki-2021 6,253,897 136,494,843 40 0.01 1,443,280 241.18 291.22 154.99 151.01 50 0.001 40,997 19056.73 3860.17 1008.26 1006.43

arabic-2005 2,2743,881 553,903,073 900 1 224,870,898 1873.71 417.91 388.42 385.52 1000 0.1 34,155,502 708.36 70.10 67.98 67.98

uk-2005 39,454,463 783,027,125 250 0.01 159,199,947 FAIL 194.68 165.54 164.20 500 0.1 116,684,615 553.03 56.68 52.06 52.06

it-2004 41,290,648 1,027,474,947 1000 20 66,067,542 1958.70 2053.83 934.80 907.36 2000 0.1 197,679,229 17785.82 458.83 401.13 401.13

webbase-2001 115,554,441 854,809,761 400 0.1 59674227 222.81 67.45 60.93 60.93 800 0.1 1,785,341,050 15446.46 3312.95 3014.44 3014.442
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Figure 8: Speedup Ratio of Our Parallel Algorithm in Five Large Graphs

their own parallel implementations, but they cannot eliminate

straggler tasks like Ours, which adopts a timeout mechanism (c.f.

Section 6). For Ours, we fix the timeout threshold 𝜏𝑡𝑖𝑚𝑒 = 0.1

ms by default to compare with parallel ListPlex and FP. We also

include a variant “Ours (𝜏𝑏𝑒𝑠𝑡 )” which tunes 𝜏𝑡𝑖𝑚𝑒 to find its

best value (i.e., 𝜏𝑏𝑒𝑠𝑡 ) that minimizes the running time for each

individual dataset and each parameter pair (𝑘, 𝑞).
Table 4 shows the running time of parallel FP, ListPlex, Ours

(𝜏𝑡𝑖𝑚𝑒 = 0.1 ms) and Ours (𝜏𝑡𝑖𝑚𝑒 = 𝜏𝑏𝑒𝑠𝑡 ) running with 16 threads.

Note that the tuned values of 𝜏𝑏𝑒𝑠𝑡 are also shown in Table 4,

which vary in different test cases. Please refer to Appendix B.1 [3]

for the experimental results on tuning 𝜏𝑡𝑖𝑚𝑒 , where we can see

that unfavorable values of 𝜏𝑡𝑖𝑚𝑒 (e.g., those too large for load

balancing) may slow down the computation significantly. Overall,

our default setting 𝜏𝑡𝑖𝑚𝑒 = 0.1 ms consistently performs very

close to the best setting when 𝜏𝑡𝑖𝑚𝑒 = 𝜏𝑏𝑒𝑠𝑡 in all test cases shown

in Table 4, so it is a good default choice.

Compared with parallel ListPlex and FP, parallel Ours is sig-

nificantly faster. For example, Ours is 18.9× and 3.8× faster than

FP and ListPlex on dataset enwiki-2021 (𝑘 = 3 and 𝑞 = 50),

respectively. Note that FP is said to have very high parallel per-
formance [16] and ListPlex also claims that it can reach a nearly
perfect speedup [39]. Also note that FP fails on uk-2005 when

𝑘 = 2 and 𝑞 = 250, likely due to a bug in the code implemen-

tation of parallel FP. In fact, FP can be a few times slower than

ListPlex, since its parallel implementation does not parallelize

the subgraph construction step: all subgraphs are constructed in

serial at the beginning which can become the major performance

bottleneck.

We also evaluate the scale-up performance of our parallel

algorithm. Figure 8 shows the speedup results, where we can

see that Ours scales nearly ideally with the number of threads

on all the five large datasets for all the tested parameters 𝑘 and

𝑞 used in Table 4. For example, on dataset it-2004 (𝑘 = 3 and

Table 5: Effect of Different Upper Bounding Techniques

Network 𝑘 𝑞
Running time (sec)

Ours\ub Ours\ub+fp Ours

wiki-vote

3

12 1393.50 1319.05 1239.83
20 5.20 4.72 4.15

4

20 530.48 280.75 252.40
30 0.14 0.13 0.06

soc-epinions

2

12 138.82 142.06 130.14
20 14.92 15.48 14.01

3

20 1699.49 1687.29 1540.87
30 2.87 2.44 2.11

email-euall

3

12 62.85 63.83 56.22
20 0.29 0.28 0.19

4

12 4367.88 3961.40 3535.63
20 13.01 9.31 7.70

soc-pokec

3

12 1039.61 1022.14 996.43
20 27.21 29.19 26.94

4

20 988.90 877.95 780.34
30 6.91 6.76 6.37

𝑞 = 2000), it achieves 7.93× and 15.82× speedup with 8 and 16

threads, respectively.

Ablation Study.We now conduct ablation study to verify the

effectiveness of our upper-bound-based pruning technique as

specified in Lines 17-18 of Algorithm 3, where the upper bound

is computed with Eq (3). While ListPlex does not apply any

upper-bound-based pruning, FP uses one that requires a time-

consuming sorting procedure in the computation of upper bound

(c.f., Lemma 5 of [16]).

The ablation study results are shown in Table 5, where we

use “Ours\ub” to denote our algorithm variant without using

upper-bound-based pruning, and use “Ours\ub+fp” to denote our

algorithm that directly uses the upper bounding technique of

FP [16] instead. In Table 5, we show the results on four repre-

sentative datasets with different 𝑘 and 𝑞 (the results on other
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Figure 9: Running time (sec) of Our Basic and Optimized Algorithms on Various Datasets and Parameters

Table 6: Effect of Pruning Rules

Network 𝑘 𝑞
Running time (sec)

Basic Basic+R1 Basic+R2 Ours

wiki-vote

3

12 2124.54 1726.29 1269.16 1239.83
20 30.93 16.09 4.54 4.15

4

20 1763.94 791.73 272.78 252.40
30 0.14 0.15 0.15 0.06

soc-epinions

2

12 148.09 145.56 135.93 130.14
20 16.42 16.31 14.86 14.01

3

20 2086.60 1796.44 1582.69 1540.87
30 10.48 6.43 2.30 2.11

email-euall

3

12 83.05 73.29 60.51 56.22
20 0.53 0.44 0.28 0.19

4

12 5729.98 4997.78 3708.91 3535.63
20 15.39 11.58 8.04 7.70

soc-pokec

3

12 1477.74 1272.26 1009.03 996.43
20 34.25 30.09 27.07 26.94

4

20 1003.68 886.50 791.87 780.34
30 6.88 6.57 6.63 6.37

datasets are similar and omitted due to space limit). We can see

that Ours outperforms “Ours\ub” and “Ours\ub+fp” in all the

cases. This shows that while using upper-bound-based pruning

improves performance in this framework, FP’s upper bounding

technique is not as effective as Ours, due to the need of costly

sorting when computing the upper bound in each recursion. In

fact, “Ours\ub+fp” can be even slower than “Ours\ub” (c.f., soc-

epinions with 𝑘 = 2 and 𝑞 = 12) since the expensive sorting

procedure in the computation of upper bound backfires, while

the upper-bound-based pruning does not reduce the branches

much. Another observation is that our upper-bounding technique

is more effective when 𝑘 and the number of sub-tasks become

larger (e.g., when 𝑞 is smaller). For example, the running time

of Ours and “Ours\ub” is 252.40 seconds and 530.48 seconds,

respectively, on dataset wiki-vote with 𝑘 = 4 and 𝑞 = 20.

We next conduct ablation study to verify the effectiveness of

our pruning rules, including (R1) Theorem 5.7 for pruning initial

sub-tasks right before Line 10 of Algorithm 2, and (R2) Theo-

rems 5.13, 5.14 and 5.15 for second-order-based pruning to shrink

the candidate and exclusive sets during recursion.

The ablation study results are shown in Table 6, where our

algorithm variant without R1 and R2 is denoted by “Basic”. In

Table 6, we can see that both R1 and R2 bring performance im-

provements on the four tested graphs. The pruning rules are the

most effective on dataset wiki-vote with 𝑘 = 4 and 𝑞 = 20, where

Ours achieves 7× speedup compared with Basic.

Figure 9 further compares the running time between Basic

and Ours as 𝑘 and 𝑞 vary (where more values of 𝑞 are tested).

Due to space limitation, we only show results for four datasets,

and more results can be found in Figure 15 in Appendix B.4 [3].

We can see that Ours is consistently faster than the basic version

with different 𝑘 and 𝑞. This demonstrates the effectiveness of our

pruning rules.

8 CONCLUSION
In this paper, we proposed an efficient branch-and-bound algo-

rithm to enumerate all maximal 𝑘-plexes with at least 𝑞 vertices.

Our algorithm adopts an effective search space partitioning ap-

proach that provides a good time complexity, a new pivot ver-

tex selection method that reduces candidate size, an effective

upper-bounding technique to prune useless branches, and three

novel pruning techniques by vertex pairs. Our parallel algorithm

version uses a timeout mechanism to eliminate straggler tasks.

Extensive experiments show that our algorithms compare favor-

ably with the state-of-the-art algorithms, and the performance

of our parallel algorithm version scales nearly ideally with the

number of threads.
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