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ABSTRACT

Path queries such as “finding the shortest path in travel
time from my hotel to the airport” are heavily used in many
applications of road networks. Currently, simple statistic
aggregates such as the average travel time between two ver-
tices are often used to answer path queries. However, such
simple aggregates often cannot capture the uncertainty in-
herent in traffic. In this paper, we study how to take traffic
uncertainty into account in answering path queries in road
networks. To capture the uncertainty in traffic such as the
travel time between two vertices, the weight of an edge is
modeled as a random variable and is approximated by a set
of samples. We propose three novel types of probabilistic
path queries using basic probability principles: (1) a prob-
abilistic path query like “what are the paths from my hotel
to the airport whose travel time is at most 30 minutes with
a probability of at least 90%77; (2) a weight-threshold top-k
path query like “what are the top-3 paths from my hotel to
the airport with the highest probabilities to take at most 30
minutes?”; and (3) a probability-threshold top-k path query
like “what are the top-3 shortest paths from my hotel to
the airport whose travel time is guaranteed by a probabil-
ity of at least 90%7?” To evaluate probabilistic path queries
efficiently, we develop three efficient probability calculation
methods: an exact algorithm, a constant factor approxima-
tion method and a sampling based approach. Moreover, we
devise the P* algorithm, a best-first search method based on
a novel hierarchical partition tree index and three effective
heuristic evaluation functions. An extensive empirical study
using real road networks and synthetic data sets shows the
effectiveness of the proposed path queries and the efficiency
of the query evaluation methods.
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1. INTRODUCTION

How often do you search for driving directions online by
asking path queries on road networks such as “finding the
shortest path in travel time from my hotel to the airport”?
Thanks to a few emerging techniques for traffic monitor-
ing such as roadside sensors and cell phone signal analysis,
more and more traffic data about road networks becomes
available. Currently, using online services such as Google
maps and Yahoo! maps, simple statistic aggregates such as
the average travel time between two vertices are often used
to answer path queries. However, such simple aggregates
often cannot sufficiently capture the uncertainty inherent in
traffic.

At the data collection level, roadside sensors are often used
to count traffic volumes, measure vehicle speeds, or classify
vehicles. The actual travel time along a road segment can be
derived from such sensor readings. However, data collected
from sensors as such cannot be accurate all the time due to
the limitations of equipment and delay or loss in data trans-
fer. Therefore, confidence values are often assigned to those
data, based on the specific sensor characteristics, the pre-
dicted value, and the physical limitations of the system [12].
Moreover, different vehicles have different speeds. There-
fore, the travel time along each road segment derived from
sensor readings is inherently uncertain and probabilistic.

At the model level, while a road network is certain, uncer-
tainty is inherent in travel time on the road network. Travel
time is often represented as weights of edges in a road net-
work. To capture the uncertainty, the weight on an edge can
be modeled as a random variable. In practice, a weight ran-
dom variable can be approximated by a set of samples where
each sample takes a membership probability to be the rep-
resentative. We call such a network incorporating uncertain
traffic information an uncertain traffic network.

Does uncertainty affect path queries in a road network?

EXAMPLE 1  (PROBABILITY AND PATHS). Suppose in
an uncertain traffic network, from point A to point B
there are two paths, P and P>. The set of travel time
samples (in minutes) of P; is {35, 35, 38,40} and the set of
samples of P, is {25,25,48,50}. Should each sample take a
membership probability of 25%, the average travel time on
both P; and P, is 37 minutes. Which path is better?

If a user wants to make sure that the travel time is no
more than 40 minutes, path P; is better since according
to the samples, it has a probability of 100% to meet the
travel time constraint, while path P> has a probability of
only 50% to meet the constraint. On the other hand, if a
user wants to go from A to B in 30 minutes, path P> should



be recommended since the path has a probability of 50% to
make it while P; has no chance to make it. n

Example 1 clearly shows that answers to path queries in
an uncertain traffic network depend on the distributions of
weight variables and users’ constraints. We need to extend
the traditional path queries in classical road networks to
fully utilize the rich traffic information available in an un-
certain traffic network.

EXAMPLE 2  (PROBABILISTIC PATH QUERIES). Suppose
multiple paths exist from point A to point B in an un-
certain traffic network. Taking the uncertainty of travel
time into consideration, path queries may be extended to
probabilistic path queries such as “what are the paths
from my hotel to the airport whose travel time is at most
30 minutes with a probability of at least 90%7”

In a large road network, there can be many paths between
two points. A user is often not interested in all answers
to a path query. Instead, the top-k paths in a ranked list
are highly desirable. Since we have two constraints in a
probabilistic path query, the travel time and the probability,
there are two types of top-k probabilistic path queries.

First, a user can constrain the travel time and rank paths
in probability descending order in a weight-threshold top-
k path query, such as “what are the top-3 paths from my
hotel to the airport with the highest probabilities to take at
most 30 minutes?”

Second, a user can constrain the probability and rank
paths in travel time ascending order in a probability -
threshold top-k£ path query, such as “what are the top-3
shortest paths from my hotel to the airport whose travel
time is guaranteed by a probability of at least 90%7” n

Although answering traditional path queries in road net-
works has been studied extensively, answering probabilistic
path queries on uncertain traffic network is challenging.

Challenge 1: How can path queries be asked in
an intuitive and useful way in uncertain traffic net-
works? As illustrated in Example 1, path queries in an
uncertain traffic network are more complicated when traf-
fic uncertainty is considered. Therefore, we need to extend
path queries properly in uncertain traffic networks.

Our contribution. We model an uncertain traffic net-
work as a simple graph with probabilistic weights on edges.
Correlations among probabilistic weights are considered.
Moreover, we propose three types of probabilistic path
queries as elaborated in Example 2. The queries are based
on simple probability principles and the answers can be un-
derstood easily.

Challenge 2: How to answer probabilistic path
queries efficiently in uncertain traffic networks? A
straightforward method is to compute the probability dis-
tribution of the travel time on every path from the source
point to the destination point. However, in a large road
network, the number of paths can be huge. Moreover, com-
puting the distribution of travel time itself on a long path
consisting of many edges is costly.

There has been much existing work on path queries in
probabilistic graphs, such as stochastic shortest paths [9,
20], routing with probabilistic graphs [11], and stochastic on-
time arrival problem (SOTA) [6]. However, the above meth-
ods cannot be extended straightforwardly to answer proba-
bilistic path queries on real road networks due to the follow-
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ing two reasons. First, they often adopt a simple probabilis-
tic graph model, where all probabilistic weights of edges are
independent from each other, or only some particular types
of correlations are considered. Second, path query evalua-
tion in real road networks is computationally challenging.
Pre-computation is often used to reduce the evaluation cost.
Without considering pre-computation, the above methods
may not scale well in real road networks.

Path queries on certain (deterministic) traffic networks
have been studied extensively [26, 27, 13, 25]. However,
uncertainty is not considered in those studies. Therefore,
those query answering methods and indices cannot be easily
extended to the probabilistic path queries discussed in this
paper.

Our contribution. We address the problem of proba-
bilistic path query answering in large scale probabilistic road
networks. First, we propose three algorithms to compute the
distribution of travel time given a set of correlated proba-
bilistic edge weights. The exact algorithm explores the con-
ditional independency among edge weights. A constant fac-
tor approximation algorithm and a sampling based method
approximate the probability distribution of path weights ef-
ficiently.

Second, we develop the P* algorithm, a best-first search
method for efficient path search in probabilistic graphs.
Three heuristic evaluation functions are proposed to help
select the best path during the search. Moreover, to sup-
port efficient P* search in large scale uncertain traffic net-
works, a hierarchical partition tree is devised to index the
graph structure and probability distribution information in
probabilistic road networks.

The rest of the paper is organized as follows. In Section 2,
we define probabilistic path queries formally. We review the
related work in Section 3. We discuss an exact probability
calculation algorithm and two approximation methods in
Section 4. We devise P*, a best-first search algorithm in
Section 5. To handle large scale uncertain traffic networks,
a hierarchical index is developed in Section 6. A systematic
empirical evaluation is reported in Section 7. The paper is
concluded in Section 8.

Limited by space, we omit all mathematical proofs in the
paper. The proofs are available at http://www.cs.sfu.ca/
“jpei/publications/edbt10proof .pdf.

2. PROBABILISTIC PATH QUERIES

In this section, we model uncertain traffic networks as
probabilistic graphs and define probabilistic path queries.
To keep our discussion simple, we consider undirected simple
graphs only in this paper. However, our discussion can be
extended to directed graphs straightforwardly.

2.1 Probabilistic Graphs and Paths

A probabilistic graph G(V,E,W) is a simple graph
with probabilistic weights on edges, which consists of a set
of vertices V', a set of edges £ C V x V, and a set of weights
W defined on edges in E. For each edge e € E, we € W is a
real-valued random variable in (0, +00), denoting the travel
time along edge e.

Theoretically, the distribution of w. can be captured by
a probability density function (PDF for short) we(z).
In practice, we(z) is often unavailable. Instead, a set of
samples We = {z1,...,Zm} is used to approximate the dis-
tribution of we, where each sample z; > 0 (1 < i < m)



takes a membership probability Pr|w. = ;] € (0,1] to
appear. Moreover, > | Pr[@. = x;] = 1. In the rest of the
paper, to keep our presentation simple, we write W as we
as well if no ambiguity, and call a sample z; € w. as the
sample of the edge.

we is a discrete random variable whose probability mass
function (pmf for short) is fe(z;) = Pr{w. = x;]. The
cumulative distribution function (cdf for short) of we
is Fe(zi) = Priwe < z4].

A simple path P is a sequence of non-repeated vertices
(v1,...,Vnt1), where e; = (vi,vi41) isanedgein E (1 <1i <
n). v1 and vpy1 are called the start vertex and the end
vertex of P, respectively. For the sake of simplicity, we call
a simple path a path in the rest of the paper. Given two
vertices v and v, the complete set of paths between u and v
is denoted by Py,v.

For two paths P {(vi,...,0p41) and P’
(Vigs Vig+1y - - - 5 Vig+k) Such that 1 <ig < n+1—k, P is called
a super path of P’ and P’ a subpath of P. Moreover, P =
<P1,P2, e ,Pm> if P = <U1, PN ,Ui1>, P = <U1‘1+1, fee ,'U7;2>,

(RN P, = <’Uim,1+17...,’l)n+1>, 1<in <ig < <im—1 <
n. P; (1 <j<m)is called a segment of P.

The weight of path P = (v1,...,Vn+1) is the sum of the
weights of all edges in P, that is wp = Y ., we;, where
we, is the weight of edge e; = (v;,vi+1) with probability
mass function fe,(z). Since each we, is a discrete random
variable, wp is also a discrete random variable. A sample
of Pisaxp = Y, &, where z; (1 <14 < n)is asample of
edge e; = (vi,vi+1). We also write zp = (z1,...,%,) where
r1,...,%n are called the components of xp.

The probability mass function of wp is

fe(z)

Priwp = z|

Priwe, = 1,...,We, = Tn| (1)

n

x1+...+xTpn=x

In road networks, the travel time on a road segment e may
be affected by the travel time on other roads connecting with
e. Therefore, the weights of adjacent edges in E may be cor-
related. Among all edges in path P, the correlation between
the weights we,; and we, ., of two adjacent edges e; and e;41
(1 <4 < n) can be represented using different methods,
depending on the types of correlations. To keep our dis-
cussion general, in this paper we represent the correlation
between we,; and we,,, using the joint distribution over the
sample pairs (i, Tit1) € We; X We, ;. The joint probabil-
ity mass function of we, and we, ., is fe; e, (Ti, Tit1) =
f6i+1761‘ (l‘iJrlvmi) = Pr[wez‘ = TiyWe;y; = IiJrl]‘ Cor-
respondingly, the conditional probability of w., given
feiieipr (Birwiq1)

Weig 18 feiferys (TilTiv1) = feiyq (@it1)

THEOREM 1  (PATH WEIGHT MASS FUNCTION). The
probability mass function of a simple path P = (v1, ..., Unt1)
(e; = (i, v541) for 1 <i<mn)is

n—1

Z Hi:1 €i,eit1 (@i, Tit1)
H;L:_21 fej (IJ)

fr(z) 2)
x1+...+xpn=2
(]
In sequel, the cumulative distribution function of wp

is
Fp(z) = Priwp <z]= 3 fr(z:) (3)

O<z; <z
We call Fp(x) the z-weight probability of path P.
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Edge | Weight: value (probability)
€i T | w2 | w3
e:AB | 10(0.3) | 15(0.3) | 20(0.4)
e2:AC | 5(0.2) | 10(0.3) | 15(0.5)
e3:BD | 20(0.4) | 25(0.4) | 30(0.2)
esBE | 5(0.2) | 25(0.6) | 40(0.2)
e5:CE | 10(0.5) | 20(0.1) | 45(0.4)
e6:DE | 10(0.3) | 20(0.6) | 50(0.1)

(b) Probabilistic weights of edges.

20 25 30 10 20 50
101 015 015 O 2001 02 01
151015 015 0 25101 03 0
20 | 0.1 0.1 0.2 30 |01 0.1 0

(d) fes,eq(3i; 6;)-

Figure 1: A probabilistic graph.

() feres(210; 35).

EXAMPLE 3  (PROBABILISTIC GRAPH AND PATHS). A
probabilistic graph is shown in Figure 1, where the weight
of each edge is represented by a set of samples and their
membership probabilities.

Path P = (A, B, D, E) consists of edges AB, BD and DE.
The joint probabilities of (wap,wsp) and (wepp,wpEr) are
shown in Figures 1(c) and 1(d), respectively. The probabil-
ity that wp = 45 is

Prwp = 45]

Pr{we, = 15, we; = 20, weg = 10]

+Prwe, =10, we; = 25, weq = 10]

feq,e3(15,20)X feg,eq(20,10) 4 feq1,e3(10,25)X feg,eq(25,10)
Fes (20) feq(25)

0.075 u

2.2 Path Queries

Let us formulate the probabilistic path queries elaborated
in Example 2.

DEFINITION 1 (PROBABILISTIC PATH QUERIES). Given
probabilistic graph G(V,E,W), two wvertices u,v € V,
a weight threshold I > 0, and a probability threshold
7 € (0,1], a probabilistic path query Qi (u,v) finds all
paths P € Py, such that Fp(l) > 7. n

There can be many paths between two vertices in a large
graph. Often, a user is interested in only the “best” paths.
Thus, we define weight- and probability-threshold top-k
path queries.

DEFINITION 2 (ToOP-k PROBABILISTIC PATH QUERIES).
Given probabilistic graph G(V, E, W), two vertices u,v € V,
an integer k > 0, and a weight threshold | > 0, a weight-
threshold top-k path query WTQ;“(u7 v) finds the k paths
P € Py, with the largest Fp(l) values.

For a path P, given a probability threshold T € (0, 1], we
can find the smallest weight x such that Fp(x) > T, which
is called the T-confident weight, denoted by

Fp' (1) = min{z|z € wp A Prlwp < z] > 7}

(4)

A probability-threshold top-k path query PTQ(u,v)
finds the k paths P € Py, with the smallest FIZI(T) val-
ues. n



EXAMPLE 4 (PATH QUERIES). In  the  probabilis-
tic graph in Figure 1, there are 4 paths between A
and D, namely P, = (A, B,D), P = (A,B,E,D),
P; = (A,C,E,B,D), and P, = (A,C,E, D). Suppose the
weights of all edges are independent in this example.

Given a weight threshold | = 48 and a probability thresh-
old 7 = 0.8, a probabilistic path query Q] finds the paths
whose weights are at most 48 of probability at least 0.8.
According to the cumulative distribution functions of the
paths, we have Fp, (48) = 0.92, F'p,(48) = 0.14, Fp,(48) =
0.028, and Fp, (48) = 0.492. Thus, the answer is {P: }.

The weight-threshold top-3 path query WTQ3 (A, D) finds
the top-3 paths P having the largest 48-weight probability
values Fp(48). The answer to WTQ3F(A, D) is { P1, Ps, P2}.

The probability-threshold top-3 path query PT'Q3(A, D)
finds the top-3 paths P having the smallest 0.8-confidence
weights Fp'(0.8). Since Fp,(40) = 0.7 and Fp, (45) =
0.92, the smallest weight that satisfies Fp(z) > 0.8 is 45.
Thus, Fp'(0.8) = 45. Similarly, we have F,'(0.8) = 75,
F;sl (0.8) = 105, and F};41 (0.8) = 75. Therefore, the answer
to PTQZ(A, D) is {P1, P2, P4}. "

To keep our presentation simple, hereafter we call proba-
bilistic path queries, weight- and probability-threshold top-
k queries as path queries, WT top-k queries, and PT
top-k queries, respectively.

3. RELATED WORK

Our study is related to the previous work about path
queries on probabilistic graphs and on traffic networks. Both
problems have been studied extensively. However, to the
best of our knowledge, there is no work on extending prob-
abilistic graphs to traffic networks.

3.1 Path Queries on Probabilistic Graphs

The shortest path problem on probabilistic graphs has
been studied under various constraints. For example,
Frank [9] studied the shortest path queries on probabilistic
graphs, where the weight of each edge is a random variable
following a certain probability distribution. A Monte Carlo
simulation method is proposed to approximate the probabil-
ity distribution of the shortest path. Loui [20] extended [9]
by defining a utility function which specifies the preference
among paths. More recently, Rasteiro and Anjo [23] studied
the problem of optimal paths in directed random networks,
where the cost of each arc is a real-valued random variable
following Gaussian distribution, and the optimal path is a
path that maximizes the expected value of a utility function.

Stochastic shortest path search [8, 21, 6, 7] is to find a
path between two end nodes and maximize the probability
that the path length does not exceed a given threshold. It
is also referred to as the “stochastic on-time arrival problem
(SOTA)”. SOTA has the same semantics as the WT top-
1 queries (a special case of WT top-k queries discussed in
this paper). However, Nikolova et al. [21] only considered
some particular parametric weight distribution (such as the
Normal distribution and the Poisson distribution). In ad-
dition, there have been other formulations of the optimal
routing problem with probabilistic graphs. Ghosh et al. [11]
developed an optimal routing algorithm that generates an
optimal delivery subgraph so that the connectivity between
two end nodes is maximized. Chang and Amir [5] computed
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the most reliable path between two end nodes when each
edge has a failure probability.

Our work here is different from the above studies in the
following three aspects.

First, the probabilistic graph models are different. Many
existing studies focus on simple probabilistic graphs, where
probabilistic weights are independent from each other, such
as [9, 6]. Moreover, some methods only work for cer-
tain probability distributions, such as the Normal distribu-
tion [21]. Last, the existing studies only consider certain
types of correlations, such as the dependence with a global
hidden variable [5]. Our model considers arbitrary weight
distributions and correlations between the weights of adja-
cent edges. Our model is more capable and flexible for real
road networks.

Second, the path queries are different. Most of the above
studies focus on the optimal path query, where a utility func-
tion is adopted to evaluate the optimality of paths. How-
ever, as discussed in Section 1, using a single simple aggre-
gate as the utility score may not capture traffic uncertainty
sufficiently, since the probability of optimality is often very
small. To tackle the problem, we propose probabilistic path
queries and two new types of top-k path queries.

Last, the query answering techniques are different. We
propose a novel best-first search algorithm for probabilistic
path queries. Moreover, we develop a hierarchical partition
tree to index the road network structure and weight distribu-
tion information. Our query answering methods are efficient
and scalable thanks to the two techniques.

3.2 Path Queries on Certain Traffic Networks

The shortest path queries on traffic networks have been
studied extensively before. Please see [10] for a nice survey.

The well known A* algorithm [15] uses a heuristic evalua-
tion function f(z) = g(z) + h(z) to measure the optimality
of the path currently under exploration, where g(z) is the
cost from the start vertex to the current vertex, and h(x)
is the heuristic estimation of the distance to the goal. The
paths with a smaller f(z) score are explored earlier.

Sanders and Schultes [26, 27] proposed a “highway hier-
archy” for large scale traffic networks, which captures the
key edges that are on the shortest paths between two far
away vertices. Then, the shortest path search is restricted
to those key edges.

Bast et al. [2, 3] introduced a concept of “transit” node
to preprocess traffic networks. A transit node is on a set of
non-local shortest paths. The distance from every vertex in
the network to its closest transit node is computed to help
the shortest path search.

Gonzalez et al. [13] mined important driving and speed
patterns from historical data to help to compute the fastest
paths on traffic networks. A road hierarchy is built based
on different classes of roads. Frequently traversed road seg-
ments are preferred in the path search.

In addition, Kurzhanski and Varaiya [19] considered a
model that allows correlations between links for the reach-
ability problem. More studies on the hierarchical approach
for searching shortest path include [29, 4, 25].

The above studies tackle the path queries in large scale
certain traffic networks. Therefore, both the graph models
and the query types are different from our work. Thus,
those techniques cannot be extended straightforwardly to
probabilistic path queries on uncertain road networks.
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Figure 2: The weight constrained region of P, =
(A, B, D, E) when wpp takes sample 20.

Moreover, although hierarchical indices have been exten-
sively used in path queries on certain traffic networks, the
existing index techniques only work for certain path queries.
In this paper, we develop a hierarchical partition tree to in-
dex the weight probability distributions on graphs.

4. PROBABILITY CALCULATION

There are two orthogonal issues in answering a path query
Q7 (u,v): the l-weight probability calculation and the path
search. In this section, we first discuss how to compute the
exact [-weight probabilities for paths. Then, two approxima-
tion algorithms are developed. We also present a straightfor-
ward depth-first path search method. An efficient best-first
path search algorithm will be introduced in Section 5.

4.1 Exact -Weight Probability Calculation

EXAMPLE 5  (I-WEIGHT CONSTRAINED REGION). Let
I =55 and 7 = 0.5. Consider path query Q7 (4, F) and path
P = (A, B, D, E) in the probabilistic graph in Figure 1.

P contains three edges, e1 = (A,B), e3 = (B, D) and
e = (D, E). The joint probabilities fe,,c; and fes,eq are
given in Figures 1(c) and 1(d), respectively, which specify
the correlation between edges. Weights we, and we, are
conditionally independent given we;.

The conditional probability of we, given we, = 20 is

0.375,
0.25,

feq,eq(2,20) x =10 or x = 15;
Fues(o120) = L2z — { r-10
The conditional probability of wes given we, = 20 is

fegues (€,20)
fe(20) T

0.25,
0.5,

z =10 or = = 50;

f56‘53 (‘I"|20) = z = 20.

The probability that wp is at most | when we, = 20 is
Priwp < 55|we, = 20]

= >

z14+20+z3<55

= fes(20) Y Ferlea(21120) - fegleq (43]20)

z1+x3<35

Priwe, = 1, Wes = 20, Weg = 3]

The sets of samples and their membership probabilities
of fejes(21]20) and feg e, (23]20) are {10(0.375), 15(0.375),
20(0.25) } and {20(0.25), 20(0.5), 50(0.25)}, respectively. We
sort the samples in the weight ascending order.

There are in total 3 X 3 = 9 samples on we; X we; When
we,; = 20. To enumerate all samples, we can build a 3 x 3
sample array M as shown in Figure 2. Cell M, j] stores two
pieces of information: (1) MT[i, j].ws is the sum of the i-th
sample of we, and the j-th sample of wey; and (2) M, j].pr
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is the membership probability of sample M, j].ws which
equals the product of the corresponding membership prob-
abilities. For example, the lowest left-most cell M1, 1] cor-
responds to a sample where we, is 10 and weq is 10. Thus,
MI1,1].ws = 10 + 10 = 20 and M[1,1].pr = 0.375 x 0.25 =
0.09375.

When we, takes sample 20, in order to satisfy wp, < 55,
the samples of we, + wey should take values of at most 35.
Those samples are at the left-lower part of the array. We
call the region of those cells the l-weight constrained region
when we, = 20. The sum of the membership probabilities
of the cells in the region is 0.375.

The [-weight constrained region when w., takes other
samples can be calculated similarly. When we, = 25 and
We; = 30, the sum of the membership probabilities of the
cells in the [-weight constraint regions are 0.09375 and 0, re-
spectively. Fp, (55) = fe;(20) x 0.375 + fe,(25) x 0.09375 +
fe3(30) x 0 =0.1875 < 7. P is not an answer to Q7. n

The idea in Example 5 can be generalized to paths of
arbitrary length.

THEOREM 2  (PATH WEIGHT DISTRIBUTION). Let P, =
(V1. Um+1), Pm—1 = (V1,...,Um) and em = (Um,Um+1)
(m > 2), the conditional probability of wp,, given we,, is

fPplen (@ly) = Z fer—rlem (1Y) X [P, _jem—1(z — yl2)

z<z—y
(5)
Moreover, the probability mass function of wp,, is

me (l‘) = Zygz fem (y) X me\em (x‘y) (6)

For a path P, = (v1,...,Vm+1), the probability function
of wp,, can be calculated from wp,, , and we,, using The-
orem 2. Calculating the probability mass function of P,
requires O(lwp,, | [we,, |) = O([1,cp, wel) time.

Interestingly, if only F'p,, (1) is required, we do not need to
use all samples in an edge weight. Apparently, the largest
sample we can take from we,; (1 <4 < m) is bounded by the
following rule.

LEMMA 1 (SAMPLE COMPONENTS). For weight thresh-
oldl and path P = (v1,...,vm+1), a sample x;; of edge e; =
(vi,vit+1) (1 <i<m) can be a component of a sample of P
in the l-weight constrained region only if x;; <1— Zi,# Ty,
where x;; is the smallest sample of edge e; = (vir,vir41). m

4.2 Approximating -Weight Probabilities

The probability mass function of Fp,, ., (I) can be calcu-
lated from the distributions on fp,,|c,, and fe,,|fe,, ., ac-
cording to Theorem 2. To accelerate probability calcula-
tion, we introduce an approximation method that keeps a
constant number of samples in the weight distribution of
any subpath during the search.

If wp,, contains n > 2t samples z1, -+ ,z, (¢ is a user
defined parameter), then, we divide those values into b ex-
clusive buckets ¢; = [z, 2,/], where for 1 < k < b and
1<4<b, '

Z1=1
!
zk =21+ 1;

(7)
}

& | =

zi = max{j|Fp, e, (519) = Frpjen (@ y) <



The number of buckets is at most 2¢, as shown in the
following lemma.

LEMMA 2 (NUMBER OF BUCKETS). Given wp,, with n
samples (n > 2t > 0), let ¢; = [xz, 2] (1 < i <b) beb
exclusive buckets satisfying Equation 7. Then, b < 2t. [

Constructing the buckets only requires one scan of all val-
ues in wp,,. The minimal value in bucket ¢; = [aczi,ng] is

min(¢;) = z.,, and the maximal value in ¢; is max(¢;)
Ty When computing the probability distribution of we,,
using wp,, , we only select one value in each bucket ¢; C wp,,
as the representative, and assign Pr(¢;) to the representa-
tive. If min(¢;) is selected as the representative, then the so
computed Fp, . (1) is greater than Fp, ., (1); if max(¢;) is
used as the representative, then the so computed F}’;’m i )

is smaller than Fp, . (I).

EXAMPLE 6 (BUCKET APPROXIMATION). Consider
path P, and edge emn. Let fp . (zily) = 0.2 for
1 <j <5, If t =2, then all values in wp,, are divided into
three buckets: [z1, 2], T3, z4], [T5,25], with probabilities
0.4, 0.4 and 0.2, respectively.

If the minimal value of each bucket is used as a repre-
sentative, then x1, x3 and x5 are selected. As a result, the
calculated Fp, . (1) is greater than the actual Fp,, ., (1).

If the maximal value of each bucket is used as the rep-
resentative, then x2, x4 and x5 are selected. The [-weight
constrained region of P,,+1 is decreased. So the calculated
Fg. ., (1) is smaller than the exact value of Fp,, ., (I). u

Therefore, the average value of Fp . (1) and Fp (1)
can be used to approximate Fp,, ., (I). The following lemma

guarantees the approximation quality.

LEMMA 3 (APPROXIMATION QUALITY). Given a real
value | > 0 and an integer t > 0, let {¢; = [2z;,2./]}
be a set of buckets of wp,,. Let Fp . (1) and Fp (1)
be the l-weight probabilities computed using {min(¢;)} and

{max(¢;)}, respectively. Then, Fp . (1) — Fp . (1) <
~ Fy (O)+Fp [0

1. Moreover, Let Fp,, () = —mti— Tmtl " Thep,

1Fpya (D) = Fp,, (D] < 5 ]

After obtaining the approximate probability distribution
of wp,, . ,, we can further divide the approximate wep,, .,
into buckets, and compute the approximate probability dis-
tribution of wp,,,,. By applying the bucket approximation
iteratively, we finally obtain an approximate [-weight prob-

ability of path Pwith quality guarantee as follows.

THEOREM 3  (OVERALL APPROXIMATION QUALITY).
Given a real value I > 0, an integer t > 0, and a path
P = (v1,...,Um+1) containing m edges, let ﬁp(l) be the ap-
prozimate l-weight probability computed using the iterative
bucket approzimation. Then |Fp(l) — Fp(l)| < ml, n

The complexity is analyzed as follows. Lemma 2 shows
that there are at most 2t buckets constructed in the approx-
imation. Therefore, approximating fp,,,(z) from fp, and
fe;(z) (i > 2) takes O(t X |we,|) time. The overall complex-
ity of approximating fm11(z) is O(t> 5., <, |We;])-
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4.3 Estimating -Weight Probabilities

The [-weight probability of a path can also be estimated
using sampling. For a path P = (v1,...,vm+1), let Xp be
a random variable as an indicator to the event that wp <.
Xp =1ifwp <I; Xp = 0 otherwise. Then, the expectation
of Xp is E[Xp] = Fp(l)

To estimate E[Xp], we draw a set of samples uniformly
with replacement. Each sample unit s is an observation of
the path weight, generated as follows. At first, s is set to
0. Then, for edge e1 € P, we choose a value z1 in we,
following the probability distribution fe, (). Then, for each
edge e; € P (2 < i < m), we choose a value x; in we,
following the probability distribution fe,|e, , (z|zi—1). The
chosen value is added to s. Once the weight values of all
edges are chosen, we compare s with [. If s < [, then the
indicator Xp for s is set to 1, otherwise, it is set to 0.

We repeat the above procedure until a set of samples S
are obtained. The mean of Xp in S is Fs[Xp], which can
be used to estimate E[Xp]. If the sample size is sufficiently
large, the approximation quality is guaranteed using with
the well known Chernoff-Hoeffding bound [1].

THEOREM 4  (SAMPLE SIZE). Given a path P, for any
0 (0<d<1) e (e>0), and a set of samples S of P, if

1] > 225 then Pr{|Es[Xp] — E[Xp]| > ¢} < 6. .

€

The complexity of estimating E[Xp] is O(|S|-|P|), where
|S| is the number of samples drawn and |P| is the number
of edges in P.

4.4 A Depth First Search Method

Straightforwardly, the depth-first path search
method can be used to answer a path query Q7 (u,v).
The search starts at u. Each time when a new vertex v; is
visited, the weight probability mass function of the path
P = (u,...,v;) is calculated using one of the three methods
discussed in this section. If v; = v and Fp(l) < 7, then P is
added to the answer set.

Since weights are positive, as more edges are added into a
path, the [-weight probability of the path decreases. There-
fore, during the search, if the current path does not satisfy
the query, then all its super paths should not be searched,
since they cannot be in the answer set.

LEMMA 4 (MONOTONICITY). Given a path P and its
subpath P', and a weight threshold | > 0, Fp(l) < Fp/(l). m

The overall complexity of the depth-first path search al-
gorithm is O(} ) pcp C(P)), where P is the set of visited
paths and C'(P) is the cost of the I-weight probability calcu-
lation. If the exact method is used, then C(P) = [].cp |wel-
If the bucket approximation method is used, then C(P) =
4t XY p |wel|, where ¢ is the bucket parameter. If the sam-
pling method is used, then C(P) = |S| x |P|, where |S| is
the number of samples and |P| is the number of edges in P.

The method can be extended to answer top-k path queries
as following. To answer a WT top-k path query, the proba-
bility threshold 7 is set to 0 at the beginning. Once a path
between u and v is found, we compute its [-weight proba-
bility, and add the path to a buffer. If the buffer contains
k paths, we set 7 to the smallest [-weight probability of the
paths in the buffer. During the search, when a new path
is found between u and v and satisfying the threshold 7, it



is added into the buffer. At the same time, the path in the
buffer with the smallest [-weight probability is removed from
the buffer. 7 is updated accordingly. Therefore, during the
search, the buffer always contains at most k paths. At the
end of the search, the k£ paths in the buffer are returned.

A PT top-k path query can be answered following the
similar procedure. We set the weight threshold | = +oo
at the beginning. During the search, a buffer always stores
at most k found paths between uw and v with the smallest
T-confident weights. [ is set to the value of the smallest 7-
confident weight of the paths in the buffer. The k paths
in the buffer at the end of the search are returned as the
answers.

Limited by space, hereafter, we focus on answering prob-
abilistic path queries and omit the details for top-k path
query evaluation.

S. P*: ABEST FIRST SEARCH METHOD

Although the approximation algorithms developed in Sec-
tion 4 can accelerate the probability calculation, it is still
computationally challenging to search all paths in real road
networks. In this section, we present the P* algorithm,
a best-first search algorithm for efficient probabilistic path
query evaluation.

P* carries the similar spirit as the A* algorithm [15]. It
iteratively visits the next vertex that is most likely to be
an answer path using a heuristic evaluation function, and
stops when the rest unexplored paths have no potential to
satisfy the query. However, the two algorithms are critically
different due to the different types of graphs and queries.

A¥* is used to find the shortest path between two vertices
u and v in a certain graph. Therefore, the heuristic eval-
uation function for each vertex v; is simply the sum of the
actual distance between u and v; and the estimated distance
between v; and v.

P* aims to find the paths between two vertices u and v
that satisfy the weight threshold [ and probability threshold
p in a probabilistic graph with complex correlations among
edge weights. Therefore, the heuristic evaluation function
for each vertex v; is the joint distribution on a set of cor-
related random variables. This posts serious challenges in
designing heuristic evaluation functions and calculation.

In this section, we first explain the intuition of the P*
algorithm. Then, we design three heuristic evaluation func-
tions that can be used in the P* algorithm. In Section 6,
a hierarchical index is developed to support efficient query
answering using the P* algorithm.

5.1 The P* Algorithm

To answer a probabilistic path query Q7 (u,v), we search
the paths from vertex u. The situation during the search
is illustrated in Figure 3. Generally, before we decide to
visit a vertex v;, we want to evaluate how likely v; would
be included in an answer path. Suppose P is the explored
path from u to v;, and P» is an unexplored path from v; to
v. Then, the I-weight probability of the path P from u to v
that contains P, and P> can be determined as follows.

THEOREM 5 (SUPER PATH PROBABILITY). Let P, =
(uy...,vi), Po = (vi,...,v) such that (P1 N P» = {v;})
and e = (vi—1,vi). The l-weight probability of super path
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Figure 3: P* search process.
P={(u,...,v5,...,0) 18
Fo)= S frie@ny) x feyelealy)  (8)
z1+y+za <l

In Equation 8, fp,.e(z1,y) can be easily calculated ac-
cording to Theorem 2. It also can be computed using the
approximation methods discussed in Section 4. However,
fpyje(x2|y), the probability distribution of P> given edge e,
is unknown.

The objective of P* is to find a good heuristic estimate
hpyje(z2ly) for fp,c(x2|y), such that Fp(l) can be estimated
before visiting v;. Then, the vertex with the highest esti-
mated Fp(l) is visited next. The estimated Fp(l) is used as
a heuristic evaluation function of vertex v;:

D frie(@,y) X hpye(z2ly) (9)

z14+y+z2<l

A(Ui,l) = Fp(l) =

In order to answer a query Q7 (u,v), P* starts from wu.
For any vertex v; adjacent to u, P* calculates A(v;, 1) and
puts v; into a priority queue. Each time, P* removes the
vertex v; with the highest A(v;,1) from the priority queue.
After v; is visited, the A scores of other vertices are updated
accordingly. A path P is output if v is reached and Fp(l) >
7. The algorithm stops if the priority queue is empty, or the
A scores of the vertices in the priority queue are all smaller
than 7.

In order to guarantee that P* finds all answer paths, the
heuristic evaluation function should satisfy the following re-
quirement.

THEOREM 6 (HEURISTIC EVALUATION FUNCTION).
P* outputs all answer paths if and only if for any path
P={u,...,vi,...,v), Alvi, 1) > Fp(l). n

A(vi, 1) is called a valid heuristic evaluation function
if A(vi,l) > Fp(l).

5.2 Heuristic Estimates

It is important to find a good heuristic estimate
hpyje(z2ly) so that the evaluation function A(w;, 1) is valid
and close to Fp(l). In this subsection, we first present two
simple heuristic estimates that satisfy Theorem 6. Then,
we derive a sufficient condition for valid heuristic estimates,
and present a more sophisticated heuristic estimate.

5.2.1 The Constant Estimate

Trivially, we can set

1, @220
hpyje(z2ly) = { 0, otherw’ise.



Then, the evaluation function becomes

Awil)= S fore(ary) = Fr, ()

z1+y<l

In this case, at each step, P* always visits the vertex v;
that maximizes the l-weight probability of Pi = (u,...,v;).
The subpaths (u,...,v;) whose current l-weight probabili-
ties are smaller than 7 are pruned.

EXAMPLE 7 (THE CONSTANT ESTIMATE). Consider
the probabilistic graph in Figure 1. To answer a
query QY:£(A,FE), the search starts from A. Using
the constant estimate, the evaluation functions for B
and C are A(B,15) > w, <15 faB(z1) 0.6, and
A(C,15) =37, <15 fac(z1) = 1.0. Since A(C, 15) is larger,
C' should be explored first. ]

The constant estimate is easy to construct. But clearly,
it does not consider the relationship between the current
vertex and the unvisited end vertex v.

5.2.2 The Min-Value Estimate

To incorporate more information about the unexplored
paths into decision making, we consider the minimal possible
weights from the current vertex v; to the end vertex v. We
construct a certain graph G’ with the same set of vertices
and edges as the uncertain graph G. For each edge e, the
weight of e is the minimal value in w, of G. Let l;"i” be the
weight of the shortest path between v; and v, excluding the
visited edges. We set the estimation function

heveloat) = { T4
)

min,
li ’

otherwise.

The evaluation function becomes

Ail) =T g yriming frre(@,y) X hpy (7"
= le_'_ygl_l;nin fPl,e(fﬂl,y)
= Fp (1= 1)

1Y)

The search algorithm always visits the vertex v; that max-
imizes the (I — I7")-weight probability of Py = (u,...,v;).
The subpaths (u, ..., v;) whose (I — I7*"")-weight probabili-
ties are smaller than 7 are pruned.

EXAMPLE 8 (THE MIN-VALUE ESTIMATE). Consider
the probabilistic graph in Figure 1 and query Q{3(A, E)
again. Using the min-value estimate, we construct a certain
graph G’ with weights wap = 5, wac = 5, wep = 20,
WBE = 57 WCE = 10, and WpDE = 10.

The shortest distance from B to F among the unvis-
ited edges in G’ is 5. The evaluation function for B is
A(B,15) = 211§1575 fas(z1) = 0.3. The shortest dis-
tance from C to E in G’ is 10. The evaluation function for
Cis A(C,15) = Zm1§15710 fac(z1) = 0.2. Since A(B,15)
is larger, B should be explored first. Moreover, there is no
need to visit C' further because A(C,15) < 7. [

Compared to the constant estimate, the min-value es-
timate considers more information about the unexplored
paths, and gives a priority to the vertices that are closer to
the end vertex v and more likely to satisfy the query. The
drawback of the min-value estimate is that it does not con-
sider the probabilistic distribution of the paths not explored
yet. Next, we tackle this weakness.
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5.2.3 The Stochastic Estimate

How can we incorporate into the heuristic estimates the
probability distribution information of the paths not ex-
plored yet? Let Py = {P>,,..., P2, } be all paths from v; to
v that do not contain any visited vertices except for v;. We
can construct a “virtual path” P,p: = (vs,...,v) such that
for any real number x and P, € P2, Fp,,,(z) > Fp, ().

DEFINITION 3 (STOCHASTIC ORDER [24]). For two
random variables r1 and ro with distribution functions
F. () and Fr,(x), respectively, r1 is smaller than ra in
stochastic order if for any real number x, Fy, (x) > Fr,(z).m

P,y stochastically dominates all paths in Ps, if wp,,,
is smaller than any wp; (1 < j < m) in stochastic order.
An example is shown in Figure 4(b). Pop: stochastically
dominates (B, D, E). The following theorem shows that P,
can be used to define a valid heuristic evaluation function.

THEOREM 7  (SUFFICIENT CONDITION). Let
Py = {Psy,..., P2, } be all paths between v; and v in
graph G. For a path Popi = (Vs ..., v), if Popt stochastically
dominates all paths in P2, then

A(vi7l): Z fPl,e(-'El,y) Xfpopt(‘rQ)
z1+y+wa<l
18 a valid heuristic evaluation function for P¥*. [

More than one P, can be constructed. Here we present
a simple three-step construction method that ensures the
resulting path is a stochastically dominating path for Ps.

Step 1: Constructing the path. We find the path P, in P»
with the least number of edges. Let n be the number of edges
in P»,. We construct n — 1 virtual vertices 01,...,0,—-1. Let
Popt = (vi, 01, ..., On—1,v). Thus, P,y has the least number
of edges among all edges in Pa.

For example, in the probabilistic graph in Figure 1, there
are two paths between B and E: P, = (B, E) and P>
(B,D, E). Since P1 only contains one edge, the path P,p:
should also contain only one edge.

Step 2: Assigning edge weights. Let £ be the set of edges
in P2. We want to construct the weight of an edge eqpt in
P,pt such that e,y stochastically dominates all edges in €.

We construct we,,, as follows. At the beginning, we set
Weopy = 0. Then, we represent each sample & € w, (e € &)
as a pair (z, Fe(x)). We sort all samples in value ascending
order. If there are two samples having the same value, we
only keep the sample with the larger cumulative probability.



We scan the samples in the sorted list. If we,,, = @, then
we add the current sample (z, Fe(x)) into we,,,. Otherwise,
let (z', Fe,,,(z")) be the sample with the largest value 2’ in
Weyp,- We add the current sample (z, Fe(r)) into we,,, if
z >z’ and Fe(z) > Fe,,, (z'). Last, we assign weight we,,,
to each edge e; € Popt (1 <i < mn).

EXAMPLE 9 (ASSIGNING EDGE WEIGHTS). Consider
the probabilistic graph in Figure 1. There are
two paths between B and E: P, = (B,E) and

P, = (B,D,E). & = {BD,DE,BE}. The probabil-
ity mass function of the constructed weight we,,, is
{5(0.2),10(0.1),20(0.6),30(0.4)}.  we,,, is smaller than
wpp, wpeg and wpg in stochastic order. The weight
cumulative distribution functions of those edges are shown
in Figure 4(a). n

Step 3: Assigning the path weight. Since wp,, =
ZKK” we,, the distribution of WP, depends on the
marginal distribution of we, and the correlations among
we,;’s. If the correlations among edges are explicitly rep-
resented, then we just construct wp,,, according to the cor-
relation function.

In most cases, the correlation functions among weights are
not available. In such a case, we construct a path weight
wp,,, that stochastically dominates all possible weights
given the same we, ..., We, , as defined in the following rule,
which follows with Lemma 1 immediately.

(UPPER BOUND). For path P, contain-

THEOREM 8 ;
ing edges e, ..., en, let x]""" be the smallest sample of weight
. Then,

We,, and lmin = Zl<i<n Z;

Frop (1) < min {Fe, (I = lmin +27")}-

Therefore, for any value [, we assign
Fpopt (l) = 1I§n¢i£n{Fei (l - lmzn + :L‘;nzn)}

The heuristic evaluation function is

A, )= >

z1+y+ae<l

fplae(ml7 y) X fPopt (372)

EXAMPLE 10  (ASSIGNING PATH WEIGHTS).

Continuing Example 9, since P,, only contains one
edge, the probability distribution of P,,: is the same as
that of eopt.

As another example, suppose P,,: contains two edges e
and ez with the same weight we,,,. How can we calcu-
late the probability distribution of P,,;? The sum of the
minimal samples of w., and we, is 10. Then, Fp,,,(20) is
min{F,, (20 — 10) = 0.3, Fe, (20 — 10) = 0.3} = 0.3. The
cumulative distribution function of P,,: is shown in Fig-
ure 4(b). (]

Using the stochastic estimate, in each step, the search al-
gorithm visits the vertex v; whose heuristic evaluation func-
tion using optimal virtual path P,y is the largest. However,
constructing P,p: requires enumerating all possible paths
from v; to v, which is computationally prohibitive. There-
fore, in the next section, we discuss how to approximate
P,pt using a hierarchical partition tree index in large road
networks.
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Figure 5: Graph partitioning and HP-tree.

6. A HIERARCHICAL INDEX FOR P*

In this section, we introduce a hierarchical partition tree
to index the vertices of a graph and maintain the information
of weight probability distribution for efficient query answer-
ing using the P* algorithm.

6.1 HP-Tree Index

A graph partitioning divides the vertices of a graph
into subsets of about the same size, such that there are few
edges spanning between subsets [18]. Each subset can be
partitioned recursively. In general, an m-partitioning re-
cursively partitions a graph such that at each step a subset
is partitioned into m smaller subsets (unless there are less
than m vertices in a subset), until each subset has at most
d vertices, where d > 1 is a user specified parameter.

Figure 5(a) illustrates a 2-partitioning on a graph, where
all vertices are divided into two subsets at the first level,
separated by line /1. Among the vertices on the left of i1,
only A and B are connected to the vertices on the right
subset. A and B are called the border vertices. Similarly,
C, D and E are the border vertices in the right subset. The
left subset is further partitioned into two smaller subsets by
line l2, and the right subset is further partitioned into two
smaller subsets by 3.

Given a graph GG and an m-partition H on G, a hierar-
chical partition tree (HP-tree for short) is an m-nary
tree that indexes the vertices in G according to H. Each
leaf node in an HP-tree represents a vertex, and each non-
leaf node represents a set of vertices. Figure 5(b) shows the
HP-tree corresponding to the 2-partitioning in Figure 5(a).
Please note that not all leaf nodes are drawn.

An HP-tree can be constructed top-down starting from
the root which represents the complete set of vertices in
graph G. Then, the graph is partitioned recursively. If we
apply a linear time heuristic graph partitioning method [14],
then constructing an HP-tree using m-partitioning takes
O(nlog,, %) time.

6.2 Approximating the Min-Value Estimate

To approximate a min-value estimate, we store auxiliary
information for each node in an HP-tree as follows. For each
leaf node N, representing a vertex v and its parent node N
associated with a set of vertices Vi, we compute the weight
of the shortest path between v and each border vertex of
V. The smallest weight is stored in Ny. Then, for node
N and each of its ancestor nodes Na, let V4 be the set of
vertices associated with N4. We compute the shortest paths
between each border vertex of Vy and each border vertex of
Va. The smallest weight is stored in V.



For example, in the HP-tree shown in Figure 5(b), F' is
a leaf node, and we store the smallest weight of shortest
paths from F' to the border vertices of N7, which is w; in
Figure 5(a). Then, for node N7, we compute the smallest
weight of the shortest paths between any border vertex in
N7 and any border vertex in N3. Since N7 and N3 share
a common border vertex I, the smallest weight is 0. The
smallest weight of the shortest paths between N7 and N1 is
wa in Figure 5(a).

The min-value estimate for a vertex w can be approxi-
mated as follows. Let N, and IV, be the parent node of u and
v, respectively. Let N be the lowest common ancestor node
of N, and N,. Then, the weight of any path between u and v
is at least w(u, Ny )+w(Ny, N)+w(v, Ny)+w(Ny, N), where
w(u, Ny) and w(v, N,) are the smallest weight from v and
v to Ny and Ny, respectively, and w(Ny, N) and w(Ny, N)
are the smallest weight from N, and N, to N, respectively.
Searching the lowest common ancestor node of two vertices
takes O(log,, %) time.

For example, in Figure 5(b), the lowest common ancestor
node of F' and G is the root node, which is partitioned by ;.
Thus, the weight of the shortest path between I’ and G is
at least w1 + ws + w3 +w4. It can be used as the min-value
estimate of F' with respect to the end vertex G.

6.3 Approximating the Stochastic Estimate

To approximate the stochastic estimate, we store two
pieces of information for each node in the HP-tree.

For each leaf node N representing a vertex v and its
parent node N associated with a set of vertices Vi, we first
compute the shortest path between v and each border vertex
in V. The number of edges is stored in leaf node Ny,. Then,
we compute a weight stochastically dominating all weights
in Vi, and store it as the “optimal weight” of the node.

For an intermediate node N and each of its ancestor nodes
Na, let V4 be the set of vertices associated with Na. We
first compute the shortest edge paths between each border
vertex of Vx and each border vertex of V4. The number
of edges in the path is stored in N. Second, we compute a
weight that stochastically dominates all weights of the edges
between the border vertices in Vn and V4. It is stored as
the “optimal weight” of the node.

Therefore, the stochastic estimate can be approximated by
slightly changing the three steps in Section 5.2.3 as follows.
In the first step, in order to find the smallest number of
edges from a vertex v; to v, we compute the lower bound
of the least number of edges. Second, instead of finding an
edge weight that stochastically dominates all edges in Pa,
we use the optimal weights stored in nodes. The third step
remains the same. In this way, we can compute a path that
has a smaller number of edges and weights that dominate
all weights in Poy;.

6.4 Maintaining HP-Trees

An HP-tree can be maintained incrementally as edge
weights change. For each node in an HP-tree that contains
a set of edges, an optimal weight stochastically dominating
all edge weights is stored. The optimal weight can be con-
structed using a set of (value, probability) pairs that are
the skyline points among the (value, probability) pairs of all
edges. Therefore, the optimal weight in a sliding window
can be maintained using any efficient skyline maintenance
algorithms for streams, such as [28].
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7. EXPERIMENTAL RESULTS

In this section, we report a systematic empirical study.
All experiments were conducted on a PC computer with
a 3.0 GHz Pentium 4 CPU, 1.0 GB main memory, and a
160 GB hard disk, running the Microsoft Windows XP Pro-
fessional Edition operating system. Our algorithms were
implemented in Microsoft Visual Studio 2005. The graph
partitioning algorithm in METIS 4.0.1 (http://glaros.
dtc.umn.edu/gkhome/views/metis) and Dijkstra’s Short-
est Path Algorithm in the Boost C++ Libraries (http:
//www .boost .org/) were used in the implementation of HP-
trees.

7.1 Experiment Setup

We tested the efficiency, the memory usage, the approxi-
mation quality, and the scalability of the algorithms on the
following five real road network data sets (available at http:
//www.cs.fsu.edu/"lifeifei/SpatialDataset.htm): City
of Oldenburg Road Network (OL) (6,104 nodes and 7,034
edges), City of San Joaquin County Road Network (7T'G)
(18,262 nodes and 23,873 edges), California Road Network
(CAL) (21,047 nodes and 21,692 edges), San Francisco
Road Network (SF) (174,955 nodes and 223,000 edges),
and North America Road Network (NA) (175,812 nodes and
179,178 edges).

The available weight of each edge in the above real road
networks is certain. To simulate an uncertain road network,
we generated a set of uncertain samples for each edge follow-
ing the Normal distribution and the Gamma distribution.

In the Normal distribution N(u, o), u is the original edge
weight in the certain graphs and o is the variance. o was
generated for different edges following the Normal distribu-
tion N(uo,0,), where puo, = xR, x was varied from 1% to
5%, and R is the range of weights in the data sets. By de-
fault, u, was set to 1% - R. This simulation method follows
the findings in the existing studies on traffic simulations [16],
which indicate that the travel time on paths in road networks
follows the Normal distribution in short time intervals.

To simulate the travel time in real road networks using
the Gamma distribution I'(k, 8), as suggested in [22], we set
6 = 0.16 and k = 4, where p is the original edge weight
in the certain graphs. Since the experimental results on
the weights under the Gamma distribution and the Normal
distribution are highly similar, limited by space, we only
reported here the results on the data sets with the Normal
distribution.

After generating the edge weights w., = {z1,...
and we, = {y1,...

5 xrn}
,Yn}, the joint distribution fe, e, (zi,y;)

was randomly generated from the interval [0,p;;), where
pbij = mi.n{fel ($1)7 f€2 (y])} (Z - 07 .] - 0)7 and
pi; = min{fe, (z:) — Z1§S§j_1 feriea(@is ys), fea (Y5) —

21@5971 fer.ea(we,95)}, (1> 0or j > 0).

The path queries were generated as follows. The weight
threshold was set to 2% of the diameter d of the network,
where d is the maximal weight of the shortest paths among
pairs of nodes. The probability threshold was varied from
0.1 to 0.9. The start and the end vertices were randomly
selected.

By default, the number of samples of each edge was set to
5, the weight threshold [ was set to 10% - d, and the proba-
bility threshold 7 was set to 0.5. 500 samples were used in
the sampling algorithm to estimate the weight probability
distribution of each path. In the hierarchical approxima-
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Figure 8: Memory usage.

tion algorithm, the bucket parameter ¢ was set to 50, and
2-partitionings were used to construct HP-trees. For each
different parameter setting, we ran 20 path queries and re-
ported the average results.

7.2 Efficiency and Memory Usage

Using data set OL, we evaluated the efficiency of the three
probability calculation methods, the exact method (Ezact),
the bucket approximation method (Approzimation), and the
sampling based method (Sampling). The depth-first path
search was used. The results are shown in Figure 6. Clearly,
the bucket approximation method and the sampling based
method are more efficient than the exact algorithm.

Particularly, the runtime increases as the weight thresh-
old increases (Figure 6(a)), since a larger weight threshold
qualifies more paths in the answer set. The runtime of all
three algorithms decreases when the probability threshold
increases (Figure 6(b)), because fewer paths can pass the
threshold when the probability threshold becomes higher.
The runtime of the algorithms decreases slightly as the vari-
ance of the weight samples increases (Figure 6(c)). The run-
time of the exact algorithm increases significantly when the
number of samples of each edge increases, but the runtime
of the sampling algorithm and the bucket approximation al-
gorithm remains stable (Figure 6(d)) thanks to the efficient
probability approximation techniques.

We also tested the efficiency of the P* algorithm against
the depth-first search (DFS) (Figure 7). Three heuristic esti-
mates were used: the constant estimate (P*+constant), the
min-value estimate (P*+min-value), and the stochastic es-
timate (P*+stochastic). The bucket approximation method
was used to compute the path probability distribution. To
show the difference in efficiency of the different methods
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more clearly, we increased the weight threshold to 30% - d.

Clearly, the P* method is more efficient than the depth-
first search method thanks to the heuristic path evaluation
during the search. Among the three types of heuristic esti-
mates, the stochastic estimate is the most effective, because
it uses the weight probability distribution of the paths not
explored yet to guide the search. The HP-tree construction
takes 25 seconds on this data set.

The memory usage for different algorithms is shown in
Figure 8. The memory requirement in the exact probability
calculation method with DFS increases rapidly when the
weight threshold increases, since longer paths are explored
with a larger weight threshold. However, the memory usage
in P* with the bucket approximation probability calculation
is stable, because the space used for an HP-tree does not
depend on the weight threshold.

7.3 Approximation Quality and Scalability
Using data set OL, we tested the approximation quality

of the sampling algorithm and the bucket approximation

algorithm. In the same parameter setting as in Figure 6, the



precision and the recall of all queries are computed. Since
they are all 100%, we omit the figures here.

The average approximation error of the l-weight prob-
ability computed in the two algorithms is shown in Fig-
ure 9. For any path P, the approximation error is defined
w, where Fp(l) and Fp(l) are the approximate
and exact [-weight probabilities of P, respectively.

The error rate of the sampling method is always lower
than 3%, and is very close to 0 when a set of 500 samples
are used (Figure 9(a)). The average error rate of the bucket
approximation method decreases from 4.31% to 0.1% when
the bucket parameter ¢ increases from 10 to 50 (Figure 9(b)).

Figure 10 shows the scalability of the three algorithms on
the five real road network data sets. Figure 10(a) shows
the results for weights following the Normal distribution.
Figure 10(b) is the results on the data with the Normal dis-
tribution and 10% noise. That is, 10% of the edges have a
sample drawn from the uniform distribution in [Zmin, Zmaz],
where Tmin and Tpmaq, are the minimal and maximal weights
in the original road network, respectively. The results in
Figures 10(a) and (b) are similar. All three algorithms are
scalable, and the hierarchical approximation algorithm has
very short runtime (20 seconds on the largest data set, the
North America Road Network (NA) with 175,812 nodes).
Although constructing the HP-tree takes around 2,000 sec-
onds in this case, it is constructed only once offline.

8. CONCLUSIONS

In this paper, we studied the novel probabilistic path
queries in road networks with uncertain weights. Three
methods for efficient probability calculation and a best-first
search algorithm were proposed. The experimental results
on real road networks verified the effectiveness and efficiency
of the probabilistic path queries and our methods.

As future work, we will explore temporal correlations and
other types of uncertainty in road networks.
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