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Abstract
Streaming graph processing has been widely employed for real-

time graph analytics across various domains. Its performance

depends on both the graph update phase, which ingests edge

updates, and the graph computation phase, which executes graph

algorithms. The Packed Memory Array (PMA) maintains sorted

elements in a gapped array, supporting efficient graph update

and computation. However, existing PMA-based data structures

either suffer from severe conflicts for the lock-based single-edge

update or require an additional sorting phase for the lock-free

batch update.

This paper presents a novel leaf-oriented dynamic data struc-

ture based on the PMA, called DCSR, designed to enable fast

graph updates with varying batch sizes. The primary innovation

of DCSR is a leaf-oriented parallel update strategy that comprises

two phases of lock-based update and decoupled rebalancing to

fully exploit parallelism with minimal conflicts. We implemented

DCSR and compared its update performance with five state-of-

the-art dynamic data structures. The experimental results show

that DCSR enables fast graph updates, achieving around ten mil-

lion updates per second across a range of batch sizes. For edge

insertions, it achieves average speedups of 5.84×, 12.98×, 25.63×,

27.45×, and 11.14× over PPCSR, CPMA, PaC-tree, Terrace, and

LSGraph, respectively.

Keywords
Data structure, Streaming graph processing, Packed memory

array, Parallel graph update

1 Introduction
Graphs are ubiquitous nowadays for representing vast amounts

of information about individuals and their relationships. In real-

world scenarios, graphs continuously evolve through an infinite

stream of updates, known as streaming graphs. There has been

growing interest in analyzing streaming graphs in real time to

meet increasing social demands, including financial fraud detec-

tion [17], social network analysis [25], and content recommen-

dation [40].
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Streaming graph processing aims to provide up-to-date query

results for the most recent graph data [12, 16, 20, 22, 24, 28, 31–

33, 36, 45–47, 51]. In general, it comprises two phases: graph

update and graph computation, both of which should be rapid to

ensure a timely response. This places higher demands on the un-

derlying data structure: it must not only support efficient graph

computation but also accommodate high-throughput graph up-

dates. Data structures commonly used in static graph process-

ing, such as Compressed Sparse Row (CSR) [43], are unsuitable

for streaming graph processing due to their poor graph update

performance caused by excessive data movement overhead. Con-

sequently, considerable effort has been devoted to developing

dynamic data structures, including CPMA [47], LSGraph [36],

PaC-tree [18], Terrace [35], PPCSR [50], GastCoco [31], DHB

[44], Bubble [16], and so on.

Among the existing work, the Packed Memory Array (PMA)

[6] is an ingenious dynamic data structure organized as an im-

plicit complete binary tree. It maintains ordered edges within

a single array for efficient graph computation and deliberately

keeps gaps in each leaf (also called a segment) to facilitate graph

updates. A classical method [6] for parallel graph updates via

PMA assigns each thread an edge update and ensures data consis-

tency using exclusive vertex locks (referred to as the lock-based

single-edge update method in this paper). Although it exploits

edge-level parallelism, the severe conflicts caused by dense PMA

reads and writes not only incur costly atomic overheads but also

reduce update parallelism. A recent study [47] employs a lock-

free batch update strategy to process edge updates across multiple

phases. As no locks are required, this approach avoids the sig-

nificant overhead associated with atomic operations. However,

it employs an additional sorting phase to make the lock-free

batch update effective, which accounts for more than 80% of the

update time for large batches. Moreover, the overhead associ-

ated with thread scheduling and synchronization in individual

phases diminishes its benefits, especially for small batches with

low workloads.

To address the above issues, we leverage the characteristics of

the PMA and identify three opportunities to reduce access con-

flicts without requiring a sorting phase. First, since the elements

within each leaf are left-packed, we can regulate the location

search algorithm to minimize conflicts between the locating and

updating steps. Second, because only the target leaf needs to be

accessed during the updating step, we can use fine-grained leaf
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(a) Edge insertions (b) Edge deletions

Figure 1: Update throughput of DCSR (this work) and the
other five dynamic data structures (i.e., PPCSR [50], CPMA
[47], PaC-tree [18], Terrace [35], and LSGraph [36]) with
varying batch sizes on the Web-uk-2005 graph [30].

locks instead of coarse-grained vertex locks to maintain data con-

sistency, thus enhancing update parallelism. Third, because the

rebalancing step is more regular compared to the locating and

updating steps, we decouple it from these two steps and perform

it in a separate phase, further reducing access conflicts.

Based on the above three opportunities, this paper proposes

DCSR, a fast PMA-based data structure with leaf locks for stream-

ing graph processing. We introduce the leaf-oriented parallel
update strategy, which comprises two phases of lock-based up-
date and decoupled rebalancing. Both phases are parallelized in-

ternally and use leaf locks to maintain data consistency. The

lock-based update phase performs the locating and updating

steps. For the locating step, we first search the first elements

in the leaves without using any locks, and then we exclusively

search the region within the target leaf. Moreover, for the up-

dating step, we design two different algorithms for insertions

and deletions. In the decoupled rebalancing phase, we utilize

temp edge vectors to process the leaves that need to be rebal-

anced in parallel and employ a flag array to eliminate redundant

rebalancing operations.

We thoroughly evaluate DCSR, comparing it with five cutting-

edge data structures of various types, including two PMA-based

structures, PPCSR [50] and CPMA [47], a tree-based structure,

PaC-tree [18], a hybrid-based structure, Terrace [35], and an Adja-

cency List (AL)-based structure, LSGraph [36]. The experimental

results demonstrate that DCSR achieves average speedups of

5.84×, 12.98×, 25.63×, 27.45×, and 11.14× over PPCSR, CPMA,

PaC-tree, Terrace, and LSGraph, respectively. As shown in Fig-

ure 1, DCSR achieves the best update performance among the

six data structures on the Web-uk-2005 graph in all cases, sup-

porting an update throughput exceeding ten million updates per

second across a range of batch sizes. Our contributions can be

summarized as follows.

• We summarize the limitations of existing PMA-based so-

lutions and identify three opportunities to reduce access

conflicts without an additional sorting phase.

• We propose, for the first time, a leaf-oriented parallel up-

date strategy that includes two phases of lock-based up-

date and decoupled rebalancing to efficiently update the

PMA.

• We implement the approaches and develop DCSR based

on the BYO framework [48], which provides a true apples-

to-apples comparison of graph containers.

• We compare DCSR with five state-of-the-art dynamic data

structures, and the results demonstrate the efficacy of

DCSR.

2 Related Work
A streaming graph is a dynamic graph whose structure contin-

uously changes through an infinite stream of edge updates (i.e.,

insertions and deletions). Streaming graph processing primarily

consists of two phases: graph update and graph computa-
tion, with the goal of processing the most recent graph data to

obtain the latest query results [12, 22, 24, 32, 33, 36, 45, 46, 51].

Unlike streaming graph frameworks, graph databases typically

provide transactional capabilities that comply with ACID prop-

erties and specialize in handling simple graph queries or updates

on the rich data (i.e., properties or labels) attached to edges or

vertices [7, 8]. Dynamic graph structures for graph databases

[4, 15, 21, 23, 41, 52] maintain edge timestamps to track modifi-

cations and employ multi-version concurrency control to enable

the concurrent execution of graph updates alongside queries.

These works were not originally designed to manage streaming

graphs and therefore fall outside the primary focus of this paper.

For streaming graph processing, the high-performance re-

quirements of the graph update and graph computation pose

significant challenges for data structure design. On the one hand,

edge insertions and deletions demand locating target addresses

with low complexity while minimizing the overhead of data

movements. On the other hand, the performance of iterative

graph algorithms relies on good data locality to reduce irregular

memory accesses. Many related works propose dynamic data

structures to address these challenges, which can generally be

divided into the following four categories.

PMA-based structures [26, 27, 39, 47, 49, 50, 53] primarily

consist of a PMA and an offset array. The PMA is used to store

all the sorted edges in a graph, while the offset array is used to

store the starting indices of each vertex’s neighbors in the PMA.

Notable examples include PPCSR [50] and CPMA [47]. Benefiting

from the good data locality and ordered edge maintenance pro-

vided by the PMA, the graph computation performance of PPCSR

and CPMA is only slightly lower than that of CSR [48]. Addition-

ally, the empty entries in the PMA facilitate data movements for

the graph update.

AL-based structures [20, 22, 29, 31, 36, 44] maintain a dy-

namic edge array for each vertex, while vertex-related data, such

as degrees, are stored in a separate vertex array. The edges in a

dynamic edge array are usually unordered, and locating a specific

edge of a vertex with degree 𝑑 has a time complexity of 𝑂 (𝑑).
This results in performance bottlenecks for hub vertices. Recent

approaches [22, 44] use hash tables for hub vertices, reducing the

complexity of a hub vertex to 𝑂 (1). However, hash tables incur

significant memory overhead, which limits their scalability to

large graphs.

Tree-based structures [18, 19] utilize a vertex tree to manage

vertices, and the neighbors of a vertex are usually stored in an

edge block to improve data locality. Due to the vertex tree, the

insertion or deletion of a vertex is more efficient than in PMA-

based and AL-based structures. However, the extensive use of

pointers not only leads to numerous cache misses when accessing

vertices or edges but also incurs additional memory overhead.

Hybrid-based structures [2, 35] utilize multiple fundamen-

tal data structures to leverage their respective strengths. Terrace

[35] is a representative example featuring a three-level structure.

At the first level, a few edges of each vertex are stored contigu-

ously in the vertex array. The second level employs a PMA to

store some edges of vertices continuously. For each high-degree

vertex, its remaining edges are maintained in an individual B-tree,
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Figure 2: PMA insertion example based on CSR.

constituting the third level. Terrace delivers better graph compu-

tation performance and comparable graph update performance

compared to a tree-based solution [19]. However, it suffers from

poor scalability to large batches due to inefficient search and

numerous data movements in the PMA [36].

3 Preliminaries and Motivations
This section first presents the fundamental theory of the PMA,

followed by an introduction to the PMA based on CSR for dy-

namic graph storage. With these preliminaries, we discuss the

limitations of existing PMA-based structures, which motivate

us to design our proposed DCSR with the leaf-oriented parallel

update strategy.

3.1 Packed Memory Array
A PMA [6] (shown in Figure 2(d)) is a dynamic array that stores

𝑛 ordered elements with gaps between them to facilitate the

insertion or deletion of elements. The entries in the dynamic

array that store elements are called non-empty entries, whereas

the entries that indicate gaps are called empty entries. The total

number of entries 𝑁 in the PMA is chosen to be a power of 2

and satisfies 𝑁 > 𝑛. The PMA is logically divided into 𝑁 /log𝑁
segments, each of size log𝑁 . The elements stored in each segment

are left-packed. Treating segments as leaves, the PMA can be

managed by an implicit complete binary tree with height ℎ =

log(𝑁 /log𝑁 ). A node 𝑛𝑙 at level 𝑙 covers 2
𝑙
log𝑁 entries. Let

𝑚 denote the number of elements stored in the entries, and the

density of the node 𝑛𝑙 is defined as Density(𝑛𝑙 ) =𝑚/(2𝑙 log𝑁 ).
The density of the node 𝑛𝑙 is constrained by the lower and

upper density bounds, 𝜌𝑙 and 𝜏𝑙 , such that 𝜌𝑙 < Density(𝑛𝑙 ) <
𝜏𝑙 . As the level 𝑙 grows, the lower density bound 𝜌𝑙 becomes larger,

whereas the upper density bound 𝜏𝑙 becomes smaller. Formally,

the lower and upper density bounds at a level 𝑙 are defined as

𝜌𝑙 = 𝜌ℎ − (𝜌ℎ − 𝜌0) (ℎ − 𝑙)/ℎ and 𝜏𝑙 = 𝜏ℎ + (𝜏0 − 𝜏ℎ) (ℎ − 𝑙)/ℎ, ,

where 𝜌0, 𝜌ℎ , 𝜏0, and 𝜏ℎ are predefined. As the PMA becomes too

dense (or too sparse) to satisfy the upper density bound 𝜏ℎ (or

the lower density bound 𝜌ℎ) of the root, a PMA expansion (or

contraction) is required. Moreover, to ensure that the density of

the new PMA remains within the specified density bounds when

we double (or halve) the PMA, the requirement is that 2𝜌ℎ < 𝜏ℎ .

In the example shown in Figure 2(d), the PMA contains sixteen

entries, which are logically divided into four segments, each

consisting of four entries. The corresponding complete binary

tree has four leaves and a height of two. The node information

of the complete binary tree is shown in Figure 2(e). The lower

density bounds of a leaf and the root, denoted as 𝜌0 and 𝜌2, are set

to 0.125 and 0.25, respectively, while their upper density bounds,

𝜏0 and 𝜏2, are set to 1.00 and 0.75, respectively. The minimum

or maximum number of elements in a node can be calculated as

described above. For example, the maximum number of elements

the root can have is 11, which is less than 16 × 0.75 = 12.

3.2 PMA Based on CSR
Since the PMA exhibits good data locality and maintains elements

in order, it is well-suited for graph computation. Furthermore,

the gaps in each leaf facilitate data insertion. Therefore, the PMA

is a popular data structure used in existing streaming graph

processing systems and has demonstrated excellent performance

[27, 39, 47, 49, 50, 53].

In general, the PMA used to store a dynamic graph is based on

the CSR format. Figure 2 presents an example. The original graph

𝐺 contains four vertices and three edges (shown in Figure 2(a)).

The PMA based on CSR stores the original graph𝐺 in the offset
array with five entries (shown in Figure 2(c)) and the PMA with

sixteen entries (shown in Figure 2(d)).

Each vertex has a specific element stored in the PMA, called

a sentinel, marking the beginning of the vertex’s neighbors. A

sentinel is depicted as "S" in the PMA (shown in Figure 2(d)),

and the index of it is stored in the corresponding entry in the

offset array. Specifically, the last entry of the offset array stores

the index of the last entry of the PMA. For the example shown

in Figures 2(c) and 2(d), since 𝑣0’s sentinel is stored in the first

entry of the original PMA, the index stored in the first entry of

the offset array is 0. In the implementation, the actual number
stored in an empty entry is MAX_NUM1

, while that of a sentinel

is MAX_NUM − 1. The edges of a vertex may be distributed across

multiple leaves. As shown in Figure 2(d), the first edge (𝑣0, 𝑣1) of

the vertex 𝑣0 is stored in leaf 0, while its second edge (𝑣0, 𝑣3) is

stored in leaf 1.

Updating the PMAbased onCSR. An edge update from ver-

tex 𝑣𝑎 to vertex 𝑣𝑏 is represented as (𝑓 , 𝑣𝑎, 𝑣𝑏 ), where 𝑓 = 1 indi-

cates an insertion while 𝑓 = 0 indicates a deletion. As the edge up-

date is digested into the PMA based on CSR, the PMA is adjusted,

and the offset array should be updated to align with the moved

sentinels. The PMA is adjusted in three steps: 1) a locating step,

2) an updating step, and 3) a rebalancing step. Inserting or delet-

ing an edge (𝑣𝑎, 𝑣𝑏 ) in the PMA requires 𝑂 (log𝑛 + (log2 𝑛)/𝐵)
amortized memory transfers in the external memory model [1],

where 𝐵 is the cache-line size [6, 47, 49, 50].

In the locating step, the entry where the edge update (𝑓 , 𝑣𝑎, 𝑣𝑏 )
is to be inserted into or deleted from the PMA is determined us-

ing a search algorithm (e.g., binary search). We refer to the entry

as the located entry, and denote the index of it as 𝑙𝑜𝑐 (𝑓 , 𝑣𝑎, 𝑣𝑏 ).
The located entry of the edge update (𝑓 , 𝑣𝑎, 𝑣𝑏 ) is searched from

the beginning of vertex 𝑣𝑎 ’s neighbors to the beginning of vertex

1
For example, MAX_NUM is the maximum value of an n-bit unsigned integer if the

elements in the PMA are stored using n-bit unsigned integers.
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𝑣𝑎+1’s neighbors. Let 𝑃𝑜 be the pointer to the offset array. We

have 𝑙𝑜𝑐 (𝑓 , 𝑣𝑎, 𝑣𝑏 ) ∈ (𝑃𝑜 [𝑎], 𝑃𝑜 [𝑎 + 1]].
In the updating step, the data adjustment is confined to a

single leaf. We refer to the leaf as the target leaf and denote

the leaf index of the target leaf as 𝑙𝑒𝑎𝑓tgt (𝑓 , 𝑣𝑎, 𝑣𝑏 ). The updating

steps of an insertion or a deletion are different. For an insertion, if

the located entry is empty, we can directly insert the element 𝑣𝑏
into it. Otherwise, we should rearrange the other entries around

the located entry to make room for 𝑣𝑏 (e.g., by shifting elements

larger than 𝑣𝑏 one position to the right) and then insert the

element 𝑣𝑏 into the newly vacated entry. For a deletion, once the

located entry of the element 𝑣𝑏 is identified, all elements in the

target leaf larger than 𝑣𝑏 are shifted one position to the left to

remove 𝑣𝑏 .

After the updating step, a rebalancing step is triggered if

the target leaf is full (or empty). We locate the first ancestor of

the target leaf, finding from bottom to top, whose density falls

within the specified lower and upper density bounds. Then, the

elements within the ancestor’s region are rebalanced and evenly

distributed among its inclusive leaves. There is an extreme case in

which the root of the PMA tree exceeds its upper density bound

𝜏ℎ (or lower density bound 𝜌ℎ), requiring a PMA expansion (or

contraction).

Insertion example. As illustrated in Figure 2(b), the edge

from vertex 𝑣1 to 𝑣2 is inserted into the original graph𝐺 , forming

the updated graph 𝐺 ′
. The three steps for updating the PMA

based on CSR with the edge update (1, 𝑣1, 𝑣2) are as follows:

❶ Locating step. 𝑃𝑜 [1] and 𝑃𝑜 [2] in the offset array are read,

and the located entry of the edge update (1, 𝑣1, 𝑣2) is identified

within the region (8, 9]. Using a search algorithm, we can find

that the first element in the region (8, 9] that is not smaller than

the destination vertex ID 2 is "S", the index of which is 9.

❷ Updating step. The two sentinels of vertices 𝑣2 and 𝑣3, which

are larger than the destination vertex ID 2 in the leaf 2 (i.e., the

target leaf ), are shifted one position to the right to make room for

the new element 2 (shown in Figure 2(d)). Since the two sentinels

of vertices 𝑣2 and 𝑣3 are moved, 𝑃𝑜 [2] and 𝑃𝑜 [3] in the offset

array are updated to 10 and 11, respectively (shown in Figure

2(c)).

❸ Rebalancing step. After the updating step, the third leaf

becomes full. Checking from bottom to top, we find that the

number of elements in its father’s region [8, 15] is 5, and the

density of the father is 5/(21 log 16) = 0.625 which satisfies the

density bounds. Hence, the five elements in the father’s region

[8, 15] are rebalanced (shown in Figure 2(d)). To align with the

sentinel of vertex 𝑣3, 𝑃𝑜 [3] is updated to 12 (shown in Figure

2(c)).

3.3 Limitations of Existing Solutions
To enhance update performance, existing PMA-based solutions

perform edge updates in parallel. Generally, there are two ap-

proaches to update edges for the PMA in parallel: (1) lock-based

single-edge update (LSU for short) and (2) lock-free batch update

(BU for short). We first discuss LSU, followed by BU. Since dele-

tions are considered symmetric to insertions in existing solutions,

we omit the discussion of deletions.

3.3.1 Lock-based single-edge update. LSU assigns a single

edge insertion (1, 𝑣𝑎, 𝑣𝑏 ) per thread, and threads carry out edge

insertions based on the three steps described in Section 3.2 in

parallel in a single loop. Since the complicated read and write

operations each thread applies for, LSU produces a great amount
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S 1 3 S S S 2Original PMA
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of conflicts. First of all, the thread needs to search the entries

within the region (𝑃𝑜 [𝑎], 𝑃𝑜 [𝑎 + 1]] in the locating step. Subse-

quently, the thread probably moves elements in the target leaf in

the updating step. Finally, if the leaf is full, the elements in some

leaves should be redistributed in the rebalancing step. Hence,

locks are required to maintain the data consistency. However, it

is not trivial to design a high-performance lock-based parallel

update strategy with severe conflicts.

PPCSR [50] achieves LSU by utilizing exclusive vertex locks.

Figure 3 illustrates an example of the lock-based single-edge up-

date using PPCSR. For clarity, the description of the rebalancing

step is omitted. As shown in this figure, the three insertions,

(1, 𝑣1, 𝑣2), (1, 𝑣0, 𝑣2), and (1, 𝑣3, 𝑣1), are assigned to threads 1, 2,

and 3, respectively. Accessing the same leaf is exclusive. During

the locating step (illustrated as "S1"), each thread attempts to

acquire the necessary vertex locks and searches for the located

entry. In the updating step (illustrated as "S2"), each thread at-

tempts to acquire the vertex locks that control the region of the

target leaf. For instance, for the insertion (1, 𝑣0, 𝑣2), thread 2 must

acquire the four vertex locks of vertices 𝑣0, 𝑣1, 𝑣2, and 𝑣3 in the

locating step to secure leaves 0, 1, and 2, which are involved in

the region (0, 8]. After the locating step, thread 2 identifies the

target leaf of the (1, 𝑣1, 𝑣2) is leaf 0. In the updating step, since

leaf 0 can be locked by the vertex lock of vertex 𝑣0, thread 2 tries

to grab the vertex lock.

Discussion. The disadvantage of LSU is that it causes severe

conflicts reducing update parallelism. For example, as shown

in Figure 3, all three threads need to acquire vertex locks of

vertices 𝑣1, 𝑣2, and 𝑣3 during the locating steps, and both threads

1 and 3 acquire vertex locks of vertices 𝑣1, 𝑣2, and 𝑣3 during the

updating steps. As a result, the three threads almost insert the

three edges sequentially. Considering the overhead of atomic

operations, the performance of LSU may be even worse than that

of serial execution.

3.3.2 Lock-free batch update. The key to BU is to eliminate

thread conflicts. With the help of the complete binary tree, a

natural approach is to insert edges with a leaf-centric strategy.

We can group the edge insertions whose target leaves are the
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Figure 5: DCSR format.

same and then attempt to insert these grouped edges into their

corresponding leaves with leaf-level parallelism. For the remain-

ing edges that cannot be inserted due to the density limits, we

retry and merge them into the regions of their ancestors.

CPMA [47] is a recent work employing BU. Figure 4(a) pro-

vides an example of BU using CPMA. The process consists of

three core phases. First, the three insertions, (1, 𝑣1, 𝑣2), (1, 𝑣0, 𝑣2),
and (1, 𝑣3, 𝑣1), are sorted by their source vertices and then by their

destination vertices. After sorting, the edge insertions located

in the same leaf are adjacent within the sorted batch. Second,

the target leaf of each insertion is identified, and the insertions

belonging to the same leaf are merged with its original edges.

The insertion (1, 𝑣0, 𝑣2) is merged into leaf 0, while the insertions

(1, 𝑣1, 𝑣2) and (1, 𝑣3, 𝑣1) are merged into leaf 2. Since leaf 2 already

contains three elements, all five merged elements are temporarily

stored out-of-place due to the upper density limit, and the num-

ber of the elements is recorded in leaf 2. Third, the densities of

leaf 2’s ancestors are counted from bottom to top, revealing that

its father is the first node that satisfies the upper density bound.

Subsequently, the six elements in leaves 2 and 3 are redistributed.

Discussion. The advantage of BU is that it does not require

locks for parallel updates, thereby avoiding the significant over-

head associated with atomic operations. However, it incurs two

notable costs. First, because BU divides the PMA update pro-

cedure into several individual phases, it introduces substantial

thread scheduling and synchronization overhead for each phase.

This overhead is particularly non-negligible for small batches

with low workloads. Second, the additional sorting phase incurs

𝑂 (𝑘 log𝑘) work for sorting a batch of 𝑘 edges [47], leading to

considerable overhead. Figure 4(b) illustrates the time ratio of

edge insertions with CPMA across varying batch sizes. As shown

in this figure, the proportion of the sorting phase increases with

batch size. For instance, the sorting time accounts for over 60%

of the total time with a batch size of 10
4
, rising to as much as 80%

for larger batch sizes.

3.3.3 Insight. We find that LSU and BU come to two extremes.

In LSU, a single thread handles all three steps of an edge up-

date, leading to significant thread contention due to the complex

PMA update principles. In contrast, BU achieves parallel updates

without locks by dividing the graph update process into multiple

phases, which introduces additional sorting overhead. This ob-

servation motivates us to design a leaf-oriented parallel update

strategy that reduces access conflicts without requiring a sorting

phase. The characteristics of PMA provide three opportunities to

reduce access conflicts:

• The elements in each leaf are packed to the left, which

allows us to regulate the search algorithm to reduce con-

flicts between locating and updating steps.

• During the updating step, only the target leaf is accessed.

This encourages the use of leaf locks rather than ver-

tex locks to enhance parallelism while maintaining data

consistency.

• Compared to the rebalancing step, the locating and up-

dating steps are much more regular. This motivates us to

decouple the rebalancing step from the other two steps,

further reducing conflicts.

4 DCSR Design
For the graph update, we update the insertions Δ𝐺+ and dele-

tions Δ𝐺− in two separate procedures, as in previous works

[18, 31, 35, 36, 47, 50]. Overall, the leaf-oriented parallel update

strategy of DCSR comprises two phases: 1) lock-based update
and 2) decoupled rebalancing. The first phase performs the lo-

cating and updating steps within a single loop, while the second

phase carries out the rebalancing step in another loop. The two

phases are executed in sequence, but each phase is parallelized
internally with leaf locks to ensure data consistency. We first

introduce the DCSR format in Section 4.1, followed by a detailed

presentation of the lock-based update in Section 4.2 and the de-

coupled rebalancing in Section 4.3. Finally, we analyze the update

complexity of DCSR in Section 4.4.

4.1 DCSR Format
Figure 5 illustrates the DCSR format, which is divided into pri-

mary and auxiliary structures. The primary structures are main-

tained throughout the streaming graph processing. The auxil-
iary structures are allocated at the start of the graph update

phase and released once this phase has finished.

As shown in Figure 5(a), the primary structures store the origi-

nal graph 𝐺 depicted in Figure 2(a). Compared to the PMA based

on CSR shown in Figure 2, a leaf lock array and a flag array are

additionally employed. The leaf lock array maintains a lock

for each leaf, with each lock occupying 4 bytes of memory. The

flag array stores a rebalancing flag for each leaf, indicating

whether that leaf requires rebalancing.

Auxiliary structures are depicted in Figure 5(b), which includes

temp edge vectors and temp leaf vectors. For insertions, both

the temp edge vectors and temp leaf vectors are used. At the

beginning of the insertion procedure, temp edge vectors are

created for each leaf, and temp leaf vectors are created for each
thread. When a thread attempts to insert an edge (𝑣𝑎, 𝑣𝑏 ) into

a full leaf, the index of the located entry and the destination

vertex of the edge are stored as a pair (𝑙𝑜𝑐, 𝑣𝑏 ) in the leaf’s temp

edge vector. Then, the thread records the index of the full leaf

in its temp leaf vector. For deletions, only the temp leaf vectors

are used. The temp leaf vectors are created at the beginning of

the deletion procedure for each thread. If a leaf becomes empty
after a deletion performed by a thread, the index of the leaf is

recorded in the thread’s temp leaf vector. The details are provided

in Section 4.2.

Notation. We denote the offset array, the PMA, the leaf lock

array, and the flag array as 𝑃𝑜 , 𝑃𝑒 , 𝑃𝑙 , and 𝑃𝑓 , respectively. We

denote the temp edge vectors as 𝑃𝑡 , and the temp edge vector of

the leaf 𝑖 is represented as 𝑃𝑡 [𝑖]. The temp leaf vector of a thread

is denoted as 𝑄 . The primary structures of DCSR are denoted

collectively by 𝒟.
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Figure 6: Examples of the leaf-oriented parallel update strategy of DCSR.

Algorithm 1: Regulated location search

Data: the edge (𝑣𝑎, 𝑣𝑏 ), the primary structures 𝒟.

Result: the pair (𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐).

1 def RegulatedLocSearch(𝑣𝑎 , 𝑣𝑏 , 𝑃𝑜 , 𝑃𝑒 , 𝑃𝑙):
2 𝑙𝑒𝑎𝑓begin = FindLeaf(𝑃𝑜 [𝑎]);

3 𝑙𝑒𝑎𝑓end = FindLeaf(𝑃𝑜 [𝑎 + 1]);

4 𝑙𝑒𝑎𝑓tgt = BinaryLeaf(𝑙𝑒𝑎𝑓begin, 𝑙𝑒𝑎𝑓end, 𝑣𝑏 , 𝑃𝑒);

5 𝑃𝑙 [𝑙𝑒𝑎𝑓tgt] .𝑙𝑜𝑐𝑘 (); // lock the target leaf

6 if 𝑙𝑒𝑎𝑓begin == 𝑙𝑒𝑎𝑓tgt then
7 𝑙𝑒 𝑓 𝑡 = 𝑃𝑜 [𝑎] + 1;

8 else
9 𝑙𝑒 𝑓 𝑡 = 𝑙𝑒𝑎𝑓tgt × log𝑁 ;

10 end
11 if 𝑙𝑒𝑎𝑓end == 𝑙𝑒𝑎𝑓tgt then
12 𝑟𝑖𝑔ℎ𝑡 = 𝑃𝑜 [𝑎 + 1];
13 else
14 𝑟𝑖𝑔ℎ𝑡 = (𝑙𝑒𝑎𝑓tgt + 1) × log𝑁 ;

15 end
16 𝑙𝑜𝑐 = BinaryEntry(𝑙𝑒 𝑓 𝑡 , 𝑟𝑖𝑔ℎ𝑡 , 𝑣𝑏 , 𝑃𝑒);

17 return (𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐);

4.2 Lock-Based Update
We novelly propose a regulated location search method for the

locating step that leverages the left-packed property of the PMA

to minimize conflicts. We have designed different parallel update

algorithms for insertions and deletions. To ensure data consis-

tency while enhancing parallelism, we use leaf locks instead of

vertex locks during this phase. We first introduce the regulated

location search method, followed by a detailed description of the

lock-based update phase for insertions and deletions.

4.2.1 Regulated location search. In existing PMA-based solu-

tions [27, 47, 50, 53], the located entry of edge update (𝑓 , 𝑣𝑎, 𝑣𝑏 )
is identified using a binary search algorithm. However, there are

three major drawbacks to using the binary search algorithm in a

straightforward manner. First, since the region (𝑃𝑜 [𝑎], 𝑃𝑜 [𝑎 + 1]]
may contain empty entries, the binary search algorithm must

be able to handle this special case, which increases the algo-

rithm complexity. Second, the accesses to the region are irregu-
lar, making conflicts between the locating and updating steps

unpredictable. Third, these conflicts are addressed using coarse-
grained vertex locks, which limit update parallelism (as described

in Section 3.3.1). To address these issues, we propose the function

RegulatedLocSearch, as outlined in Algorithm 1.

Algorithm 1. First, the beginning and ending leaf indices of

the region (𝑃𝑜 [𝑎], 𝑃𝑜 [𝑎 + 1]], 𝑙𝑒𝑎𝑓begin and 𝑙𝑒𝑎𝑓end, are calculated

by the function FindLeaf (lines 2 and 3, respectively), which

returns the leaf index corresponding to a given entry index. Then,

the target leaf is identified using the function BinaryLeaf (line

4). This function performs a binary search on the first elements of

the leaves whose indices lie within the region (𝑙𝑒𝑎𝑓begin, 𝑙𝑒𝑎𝑓end],
and tries to find the first leaf whose first element is larger than

𝑣𝑏 . Let 𝑙𝑒𝑎𝑓larger be the leaf index of the leaf. If the leaf is found,
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Algorithm 2: Lock-based update phase for insertions

Data: the edge insertions Δ𝐺+, the primary structures 𝒟.

Result: the DCSR format updated by Δ𝐺+ after phase 1.

1 parallel for each (1, 𝑣𝑎, 𝑣𝑏 ) ∈ Δ𝐺+:
2 (𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐) = RegulatedLocSearch(𝑣𝑎 , 𝑣𝑏 ,𝒟);

3 def Insert(𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐 , 𝑣𝑎 , 𝑣𝑏 ,𝒟):
4 if CheckElement(𝑙𝑜𝑐 , 𝑣𝑏 , 𝑃𝑒 , 𝑃𝑡 [𝑙𝑒𝑎𝑓tgt]) == 1

then
5 return;

6 end
7 if CheckLeafFull(𝑙𝑒𝑎𝑓tgt, 𝑃𝑒) == 1 then
8 𝑃𝑡 [𝑙𝑒𝑎𝑓tgt].PushInEdgeVector(𝑙𝑜𝑐 , 𝑣𝑏);

9 if 𝑃𝑓 [𝑙𝑒𝑎𝑓tgt] == 0 then
10 𝑄 .PushInLeafVector(𝑙𝑒𝑎𝑓tgt);

11 𝑃𝑓 [𝑙𝑒𝑎𝑓tgt] = 1;

12 end
13 else
14 AddElement(𝑙𝑜𝑐 , 𝑣𝑏 , 𝑃𝑒 , 𝑃𝑜);

15 end
16 AtomicAddDegree(𝑣𝑎 , 1);

17 return;

18 𝑃𝑙 [𝑙𝑒𝑎𝑓tgt] .𝑢𝑛𝑙𝑜𝑐𝑘 (); // unlock the target leaf

19 end

𝑙𝑒𝑎𝑓tgt = 𝑙𝑒𝑎𝑓larger − 1. Otherwise, 𝑙𝑒𝑎𝑓tgt = 𝑙𝑒𝑎𝑓end. Subsequently,

the target leaf is locked by the assigned thread with the leaf lock

array (line 5). To deal with the boundary situation, the left and

the right indices of the search region within the target leaf are

calculated (lines 6–10 and lines 11–15, respectively), ensuring that

[𝑙𝑒 𝑓 𝑡, 𝑟𝑖𝑔ℎ𝑡) ⊂ (𝑃𝑜 [𝑎], 𝑃𝑜 [𝑎+1]] ∩ [𝑙𝑒𝑎𝑓tgt × log𝑁, (𝑙𝑒𝑎𝑓tgt +1) ×
log𝑁 ). Afterward, the function BinaryEntry performs a binary

search on the region [𝑙𝑒 𝑓 𝑡, 𝑟𝑖𝑔ℎ𝑡) to find the first entry whose

element is not less than 𝑣𝑏 (i.e., the located entry) and returns its

index (line 16). Finally, the pair (𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐) is returned (line 17).

Example. Take the insertion (1, 𝑣0, 𝑣2) in Figure 6(a) as an

example, which is assigned to thread 2 (depicted with the color

green). Since its located entry is within the region (0, 8], we have

𝑙𝑒𝑎𝑓begin = 0 and 𝑙𝑒𝑎𝑓end = 2. The first elements of leaf 1 and

leaf 2 are accessed. Since the first element of leaf 1 is 3, which is

larger than 1, we have 𝑙𝑒𝑎𝑓larger = 1 and 𝑙𝑒𝑎𝑓tgt = 0. Then, thread

2 successfully acquires the lock of leaf 0. Since 𝑙𝑒𝑎𝑓begin = 𝑙𝑒𝑎𝑓tgt

and 𝑙𝑒𝑎𝑓end ≠ 𝑙𝑒𝑎𝑓tgt, we have 𝑙𝑒 𝑓 𝑡 = 1 and 𝑟𝑖𝑔ℎ𝑡 = 4. After a

binary search in the region [1, 4), the located entry is identified,

and we have 𝑙𝑜𝑐 = 2. We omit the description of other edge

updates due to space limitations; their target leaves and located

entries are shown in Figure 6.

4.2.2 Lock-based update phase for insertions.
Algorithm 2. Each insertion (1, 𝑣𝑎, 𝑣𝑏 ) is ingested into DCSR

by a thread (line 1). First, the function RegulatedLocSearch
(shown in Algorithm 1) is used to identify the pair (𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐)

(line 2). Note that, afterwards, the lock of the target leaf is already

grabbed by the thread. Then, we use the function insert to

carry out the updating step. First, we determine whether the edge

(𝑣𝑎, 𝑣𝑏 ) is already stored in the PMA or in the temp edge vector of

the target leaf (i.e., 𝑃𝑡 [𝑙𝑒𝑎𝑓tgt]) using the function CheckElement
(line 4). If it exists, we return immediately. Otherwise, we insert it.

There are two cases. ❶ If the target leaf is full, we use the function

PushInEdgeVector to push the pair (𝑙𝑜𝑐, 𝑣𝑏 ) into the temp edge

vector 𝑃𝑡 [𝑙𝑒𝑎𝑓tgt] (line 8). If the rebalancing flag of the target leaf

Algorithm 3: Lock-based update phase for deletions

Data: edge deletions Δ𝐺− , the primary structures 𝒟.

Result: The DCSR format updated by Δ𝐺− after phase 1.

1 parallel for each (0, 𝑣𝑎, 𝑣𝑏 ) ∈ Δ𝐺− :
2 (𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐) = RegulatedLocSearch(𝑣𝑎 , 𝑣𝑏 ,𝒟);

3 def Delete(𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐 , 𝑣𝑎 , 𝑣𝑏 ,𝒟):
4 if CheckElement(𝑙𝑜𝑐 , 𝑣𝑏 , 𝑃𝑒 , 𝑛𝑢𝑙𝑙)== 0 then
5 return;

6 end
7 if CheckLeafWillEmpty(𝑙𝑒𝑎𝑓tgt, 𝑃𝑒) == 1 then
8 SetDummyEdge(𝑙𝑜𝑐 , 𝑃𝑒);

9 𝑄 .PushInLeafVector(𝑙𝑒𝑎𝑓tgt);

10 𝑃𝑓 [𝑙𝑒𝑎𝑓tgt] = 1;

11 else
12 RemoveElement(𝑙𝑜𝑐 , 𝑃𝑒 , 𝑃𝑜);

13 end
14 AtomicAddDegree(𝑣𝑎 , −1);

15 return;

16 𝑃𝑙 [𝑙𝑒𝑎𝑓tgt] .𝑢𝑛𝑙𝑜𝑐𝑘 (); // unlock the target leaf

17 end

has not been marked (line 9), we push its leaf index into the temp

leaf vector using the function PushInLeafVector (line 10) and

set the rebalancing flag 𝑃𝑓 [𝑙𝑒𝑎𝑓tgt] to 1 (line 11). ❷ Otherwise, if

the target leaf still contains empty entries, we use the function

AddElement to insert the element 𝑣𝑏 into the entry 𝑃𝑒 [𝑙𝑜𝑐], and

to update the offset array to align with the moved sentinels (line

14). After the insertion, we atomically increment the degree of the

source vertex 𝑣𝑎 by one using the function AtomicAddDegree
(line 16). At the end of the algorithm, the thread unlocks the

target leaf (line 18).

Example. Take the insertions (1, 𝑣1, 𝑣2) and (1, 𝑣3, 𝑣1) in Figure

6(a) as two examples. The located entry of the insertion (1, 𝑣1, 𝑣2)
is 𝑃𝑒 [9]. To make room for the edge (𝑣1, 𝑣2), the two sentinels of

vertices 𝑣2 and 𝑣3 in leaf 2 are shifted one position to the right.

Then the element 𝑣2 is successfully inserted in the entry 𝑃𝑒 [9].
To align with the moved sentinels, 𝑃𝑜 [2] and 𝑃𝑜 [3] in the offset

array are updated to 10 and 11, respectively. However, for the

insertion (1, 𝑣3, 𝑣1) whose target leaf 2 is full, the pair (12, 1) has

to be pushed into the temp edge vector 𝑃𝑡 [2]. In addition, the

index of the target leaf is pushed into the temp leaf vector of

thread 3, and the rebalancing flag 𝑃𝑓 [2] is set to 1.

4.2.3 Lock-based update phase for deletions. We employ

the dummy edge for deletions, which is marked as non-existent
but can still be read. All the dummy edges are removed at the

beginning of the decoupling rebalancing phase.

Algorithm 3. Similar to Algorithm 2, each deletion (0, 𝑣𝑎, 𝑣𝑏 )
is assigned to a thread (line 1), and the pair (𝑙𝑒𝑎𝑓tgt, 𝑙𝑜𝑐) is calcu-

lated with the function RegulatedLocSearch first of all (line 2).

Then, we update the deletion using the function Delete. First,

we check whether the element 𝑣𝑏 is stored in the located entry

𝑃𝑒 [𝑙𝑜𝑐] using the function CheckElement (line 4). If it does not

exist, we return immediately. Otherwise, we remove it. We use

the function CheckLeafWillEmpty to identify if the target leaf

will become empty (i.e., only its first entry is non-empty) (line 7).

There are two cases. ❶ If the element 𝑣𝑏 is the only element in

the target leaf, we do not truly remove it. We convert it into a

dummy edge by using the function SetDummyEdge (line 8). Then,

we push the index of the empty leaf (i.e., 𝑙𝑒𝑎𝑓tgt) into the temp
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leaf vector of the thread using the function PushInLeafVector
(line 9) and set the rebalancing flag 𝑃𝑓 [𝑙𝑒𝑎𝑓tgt] to 1 (line 10). ❷

Otherwise, if the target leaf will not be empty, we remove the

element 𝑣𝑏 from the entry 𝑃𝑒 [𝑙𝑜𝑐] and update the offset array

with the function RemoveElement (line 12). After the deletion,

the degree of the source vertex 𝑣𝑎 is atomically decremented by

one using the function AtomicAddDegree (line 14). At the end of

the algorithm, the target leaf is unlocked (line 16).

Example. Take the deletions (0, 𝑣0, 𝑣2) and (0, 𝑣0, 𝑣3) in Figure

6(b) as an example. For the deletion (0, 𝑣0, 𝑣2), its located entry

is 𝑃𝑒 [2]. Since the element 𝑣2 is not stored in the entry 𝑃𝑒 [2],
thread 1 returns immediately. While for the deletion (0, 𝑣0, 𝑣3),
its target leaf is leaf 1. Since element 3 is the only element in leaf

1, the located entry 𝑃𝑒 [4] is set to a dummy edge. Then, the index

of leaf 1 is pushed into the temp leaf vector of thread 2, and the

rebalancing flag of leaf 1 is set to 1.

4.2.4 Discussion. Note that during the function BinaryLeaf
(Algorithm 1, line 4), since only the first entries in the leaves are
accessed, no locks are required. We discuss the situations in which

the located entry is the first entry in a leaf. For insertions, there

are two cases. ❶ If the leaf containing the located entry is not the

target leaf, the insertion will not be performed in that leaf (e.g.,

the insertion (1, 𝑣3, 𝑣1) shown in Figure 6(a)). ❷ Otherwise, the

element to be inserted must be equal to the element stored in the

located entry. In both of the two cases, the first entry will not be

modified. For deletions, removing the element in the first entry

does not affect the output of the function BinaryLeaf. There are

also two cases. ❶ If the first element is the only element in the

target leaf, it can still be read during the function BinaryLeaf
since it is changed to a dummy edge. ❷ Otherwise, the elements

larger than the first element are moved left by one position. Since

the second element must be larger than the first element, the

output of the function BinaryLeaf is correct.

The leaf indices stored in the temp leaf vectors are not duplicated.
For insertions, since the rebalancing flag of a full leaf is checked

before a thread pushes the index of the full leaf into its temp leaf

vector (Algorithm 2, lines 9–11), the index of the full leaf is added

to a temp leaf vector only once. For deletions, since the empty

leaf, whose first element has already been converted to a dummy

edge, causes the algorithm to return immediately (Algorithm 3,

lines 4–6), the index of the empty leaf is added to a temp leaf

vector only once.

4.3 Decoupled Rebalancing
The decoupled rebalancing phase performs the rebalancing step

in an individual loop using leaf locks to ensure data consistency.

In this phase, each temp leaf vector is processed by a thread. Since

the number of temp leaf vectors is equal to that of threads, par-

allelism is fully exploited. The leaves within the same temp leaf

vector are rebalanced sequentially by a thread. After a thread com-

pletes the rebalancing of a leaf, the rebalancing flag of the leaf is

set to 0. To avoid redundant rebalancing of a leaf, the thread checks
the leaf’s rebalancing flag before rebalancing it. If the rebalancing

flag is 0, indicating that the leaf has already been rebalanced by

another thread, we immediately return without performing any

rebalancing.

There are some differences between the decoupled rebalanc-

ing phases of insertions and deletions. For insertions, the edges

exceeding the capacity of a leaf, which are stored as (𝑙𝑜𝑐, 𝑣𝑏 ) pairs

in the leaf’s temp edge vector, need to be redistributed with the

elements stored in the PMA together. For deletions, the dummy

edges stored in the PMA are removed at the beginning of the

phase. Next, we introduce two examples for them, respectively.

4.3.1 Rebalancing example of insertions. Figure 6(a) pro-

vides an example of the decoupled rebalancing phase of insertions.

Since only the temp leaf vector of thread 3 is non-empty, thread

3 performs the rebalancing of leaf 2. First, thread 3 exclusively

calculates the density of leaf 2’s ancestors from bottom to top. In
addition to the corresponding elements in the PMA, the pairs in the
corresponding temp edge vector should also be counted. Thread 3

requires the locks of leaves 2 and 3, and calculates the density

of leaf 2’s father. The father of leaf 2 contains five elements in

the PMA and a pair in leaf 2’s temp edge vector, so its density

is (5 + 1)/8 = 0.75. Since the density of the father satisfies the

upper density bound (i.e., 0.875), the region [8, 15] ought to be

rebalanced. Then, we convert each element 𝑒 stored in the region

[8, 15] of the PMA into a pair (𝑙𝑜𝑐 (𝑒), 𝑒), where 𝑙𝑜𝑐 (𝑒) is the in-

dex of 𝑒 . A temp array is used to store the five pairs converted

from the PMA, along with the pair (12, 1) stored in the leaf 2’s

temp edge vector. Next, the pairs stored in the temp array are

sorted first by 𝑙𝑜𝑐 (𝑒) and then by 𝑒 . Afterwards, the sorted ele-

ments in the temp array are evenly distributed into the region

[8, 15] of the PMA. The offset array is updated to align with the

moved sentinels, and the rebalancing flag of leaf 2 is set to 0. At

last, thread 3 releases the leaf locks of leaves 2 and 3. At the end

of the phase, the temp edge vectors and temp leaf vectors are

deallocated.

4.3.2 Rebalancing example of deletions. Figure 6(b) pro-

vides an example of the decoupled rebalancing phase of deletions.

First of all, the dummy edges in the PMA are removed. Then, the

temp leaf vectors of threads 2 and 3 are processed in parallel.
Threads 2 and 3 exclusively calculate the density of the ancestors

of leaves 1 and 3 from bottom to top and perform the rebalancing

steps, respectively. Thread 2 successfully requires the locks of

leaves 0 and 1 and calculates that the density of leaf 1’s father is

2/8 = 0.25, which satisfies its lower density bound (i.e., 0.1875).

Hence, thread 2 evenly redistributes the two elements in the

region [0, 7] and sets the rebalancing flag of leaf 1 to 0. Then,

thread 2 unlocks the leaf locks of leaves 0 and 1. Concurrently,

thread 3 successfully requires the locks of leaves 2 and 3 and

calculates that the density of leaf 3’s father is 3/8 = 0.375, which

also satisfies its lower density bound. Thus, thread 3 evenly re-

distributes the three elements in the region [8, 15] and sets the

rebalancing flag of leaf 3 to 0. In addition, thread 3 updates the

offset array to align with the moved sentinels. Afterwards, thread

3 unlocks the leaf locks of leaves 2 and 3. After all threads finish,

the temp leaf vectors are deallocated.

4.3.3 Discussion. Utilizing the temp leaf vectors to process each
vector in parallel is more efficient than using the flag array to pro-
cess each leaf in parallel. The probability that many leaves in the

PMA are either empty or full during the update procedure is low.

Figure 7(a) shows the number of leaves that need to be rebalanced

when inserting batches of varying sizes into the Web-uk-2005

graph [37], whose PMA contains 67,108,864 leaves. In this ex-

ample, no leaves require rebalancing when the batch size is no

more than 10
4
, and for batches of size 10

7
, the number of leaves

that need rebalancing accounts for only 0.023% of the total leaves.

Therefore, the flag array is always too sparse to be traversed

efficiently. Figure 8 illustrates an example of the flag array and

the temp leaf vectors. Compared to the temp leaf vectors, using

the flag array to process each leaf in parallel results in numerous
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Figure 8: An example of the flag array and the temp leaf
vectors, in which only twenty leaves require rebalancing.

unnecessary accesses, thereby reducing update performance. For

example, DCSR’s performance decreases by 52.6% when process-

ing batches of size 10
3

using the flag array on the Web-uk-2005

graph.

4.3.4 Optimization. For small batch sizes (batch size ≤ 10
2 in

our implementation), we update the edges sequentially in a single
phase instead of updating them in parallel in the two phases of
lock-based update and decoupled rebalancing. As discussed above,

hardly any leaves require rebalancing for small batch sizes. There-

fore, the decoupled rebalancing phase is almost unnecessary in

these cases, but it introduces a non-negligible overhead to the

two-phase parallel update procedure due to thread scheduling

and synchronization. As shown in Figure 7(a), the ratio of the

decoupled rebalancing phase execution time to the overall two-

phase parallel update execution time exceeds 20% when the batch

size is no greater than 10
2
. Therefore, for small batches, it is bet-

ter not to separate the rebalancing step from the locating and

updating steps, and instead perform the three steps together in a

single phase using one loop. Moreover, because the workload of

a small batch is low, the overhead associated with leaf locks and

atomic operations used in the two-phase parallel update proce-

dure outweighs the benefits of parallelism. Figure 7(b) shows an

example of insertion throughput on the Web-uk-2005 graph [37]

using both parallel insertions in two phases and serial insertions

in one phase (without locks). When the batch size is no more

than 10
2
, the average speedup of the one-phase serial insertions

compared to the two-phase parallel insertions ranges from 2.89×
to 8.00×. Therefore, to further improve the update performance,

we update the edges in serial without locks in one phase for small

batches with batch size ≤ 10
2
.

4.4 Complexity Analysis
We use the work-span model [13] and the external memory model

[1] to analyze the bounds for the leaf-oriented parallel update

strategy of DCSR. The work is the total running time of the

algorithm on a single processor. The span is the longest sequence

of dependent steps in the computation.

Theorem 1. For a PMA containing 𝑛 elements and cache-line
size 𝐵, updating a batch Δ𝐺 of 𝑘 edge updates to the DCSR incurs
an amortized work of 𝑂 (𝑘 log𝑛 + 𝑘 (log2 𝑛)/𝐵) and a worst-case
span of 𝑂 (log2 𝑛).

Proof. The lock-based update phase includes the locating

and updating steps. For the locating step, each edge update

performs a PMA search to find its target leaf and located en-

try, incurring 𝑂 (log𝑛) cache-line transfers per update and thus

𝑂 (𝑘 log𝑛) total work across the batch. For the updating step,

an insertion or a deletion is ingested into its target leaf of size

𝑂 (log𝑛), which costs 𝑂 ((log𝑛)/𝐵) cache-line transfers per up-

date, and therefore𝑂 ((𝑘 log𝑛)/𝐵) total work for the batch. In the

decoupled rebalancing phase, we leverage the flag array to elimi-

nate unnecessary rebalancing operations. As in a standard PMA,

DCSR performs 𝑂 (log2 𝑛) amortized element moves per update,

which corresponds to 𝑂 ((log2 𝑛)/𝐵) cache-line transfers, giving

𝑂 ((𝑘 log2 𝑛)/𝐵) amortized work over the batch. The critical path

is dominated by the decoupled rebalancing phase, which may tra-

verse 𝑂 (log𝑛) levels. At each level, the redistribution operations

use parallel primitives with polylogarithmic depth, leading to

a worst-case span of 𝑂 (log2 𝑛). Combining the two phases, the

total work is 𝑂 (𝑘 log𝑛 + (𝑘 log2 𝑛)/𝐵) and the worst-case span

is 𝑂 (log2 𝑛). □

5 Evaluation
We first introduce the experimental setup, then assess the perfor-

mance of the graph update and graph computation. Finally, we

evaluate scalability and memory footprint.

5.1 Experimental Setup
Competitors. We compare DCSR with five state-of-the-art dy-

namic data structures: PPCSR [50], CPMA [47], PaC-tree [18],

Terrace [35], and LSGraph [36]. PPCSR is a popular PMA-based

data structure with the lock-based single-edge update (see Section

3.3.1). CPMA is a compressed PMA-based data structure proposed

recently via the lock-free batch update (see Section 3.3.2). PaC-

tree is a representative tree-based data structure that supports

parallel and compressed purely functional collections by storing

sorted elements in edge blocks to improve data locality. Terrace

is a hybrid-based data structure that employs a local vertex array,

a PMA, and B-trees to store the edges of vertices with various

degrees. LSGraph is an AL-based data structure that uses a hier-

archical indexed graph representation to achieve efficient data

search and movement.

Environment. All experiments were conducted on a machine

equipped with four Intel Xeon Gold 6148 processors, providing

a total of 80 cores (with two-way hyper-threading) running at

2.7 GHz and 256 GB of memory. The operating system on this

machine is CentOS 7.9. Our proposed DCSR is implemented in

C++ and developed using the BYO framework [48], which main-

tains the core framework and all other infrastructure consistently

across each graph container. LSGraph was compiled with clang++

(version 10.0.1) and employed the OpenCilk (version 1.0) parallel

programming platform [38], following the configuration in the

paper [36]. DCSR, PPCSR, CPMA, PaC-tree, and Terrace were

integrated into the BYO framework and compiled with the GNU

GCC compiler (version 11.2.1) using OpenMP [14] for parallelism.

Datasets. Table 1 lists five real-world graphs used in the eval-

uation, along with their abbreviated names and sizes. The five

graphs are undirected and unweighted to meet the requirements
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(a)  Batch size  = 101 (b) Batch size  = 103 (c) Batch size  = 105 (d) Batch size  = 107

Figure 9: Throughput for edge insertions of DCSR, PPCSR, CPMA, PaC-tree, Terrace, and LSGraph on the graphs listed in
Table 1 with batch sizes of 10, 103, 105 and 10

7.

Table 1: Statistics of the real-world graph datasets.

Graph Abbr. Vertices Edges

LiveJournal [30] LJ 3,997,962 34,681,189

Orkut [30] OR 3,072,441 117,185,083

Web-uk-2005 [37] UK 39,459,925 936,364,282

Twitter [30] TW 41,652,230 1,468,365,182

Friendster [30] FR 65,608,366 1,806,067,135

of all of the evaluated data structures. The edge updates are gen-

erated using an RMAT [11] generator with parameters 𝑎 = 0.5,

𝑏 = 0.1, and 𝑐 = 0.1, as in the prior work [36, 47, 48].

Workloads. To assess the performance of graph computation,

we select four representative graph algorithms: Breadth-First
Search (BFS) [5], PageRank [10], betweenness centrality [9], and

triangle counting [3]. Note that we use static graph algorithms to

process each streaming graph from scratch, rather than employing

incremental graph algorithms that build upon historical results, as

done in previous work on dynamic data structures [16, 31, 36, 47].

How to carry out the graph computation along with the graph

update efficiently is a challenging issue and is tackled by the

other work on incremental computation [24, 33, 34, 45, 46], falling
outside the main focus of this paper.

5.2 Graph Update Performance
We convert the execution time of the graph update to throughput
by dividing the batch size by the execution time. The results

reported are the averages of five trials, with each trial inserting

a different set of edges. Since the source code of LSGraph [36]

does not support graph updates when the batch size is smaller

than the number of threads, we do not report its performance

results for these scenarios and exclude them from the calculation

of speedups.

Figure 9 illustrates the throughput for edge insertions of DCSR,

PPCSR, CPMA, PaC-tree, Terrace, and LSGraph with batch sizes

of 10, 10
3
, 10

5
, and 10

7
. DCSR achieves speedups of 1.10×-36.45×

over PPCSR, 1.44×-66.87× over CPMA, 1.48×-210.01× over PaC-

tree, 3.43×-153.32× over Terrace, and 0.52×-50.76× over LSGraph.

As shown in Figure 9, as the batch size is no more than 10
5, DCSR

outperforms all five competitors for all cases. For edge deletions,

DCSR achieves average speedups of 4.97× (up to 22.06×) over

PPCSR, 4.72× (up to 17.96×) over CPMA, 26.51× (up to 208.33×)

over PaC-tree, 18.79× (up to 51.02×) over Terrace, and 2.19×
(up to 5.93×) over LSGraph. Figure 1 presents the insertion and

deletion throughput on the Web-uk-2005 graph [37] with batch

sizes ranging from 10 to 10
7
. For edge insertions shown in Figure

1(a), DCSR achieves an average speedup of 4.64× over PPCSR,

14.41× over CPMA, 18.05× over PaC-tree, 19.14× over Terrace,

and 12.84× over LSGraph. For edge deletions shown in Figure

1(b), DCSR achieves an average speedup of 4.73× over PPCSR,

4.27× over CPMA, 18.01× over PaC-tree, 15.39× over Terrace,

and 1.90× over LSGraph.

For batch sizes of 10, DCSR achieves the largest speedups over

PPCSR, CPMA, PaC-tree, and Terrace, respectively. There are

three main reasons. First, compared with PaC-tree and Terrace,

which store edges in various edge structures, DCSR maintains

all the edges in a single PMA, achieving good locality for loca-

tion search. Second, compared with CPMA using several compli-

cated operations (i.e., merge, count, and redistribute) for edge

updates, DCSR employs more simple and effective functions (e.g.,

RegulatedLocSearch, CheckElement, CheckLeafFull). Third,

we optimize DCSR to update the edges in a small batch sequen-

tially rather than in parallel as PPCSR (discussed in Section 4.3).

DCSR avoids the overhead of leaf locks and atomic operations

and thus achieves better update performance (shown in Figure

7(b)).

When the batch size exceeds 10
2
, DCSR updates edges in par-

allel in two phases: lock-based update and decoupled rebalancing.

As shown in Figures 9(b), 9(c), and 9(d), DCSR outperforms PPCSR

and CPMA in all cases for batch sizes of 10
3
, 10

5
, and 10

7
. This

is due to the innovative design of the DCSR. First, because the

function BinaryLeaf is executed without any locks during the

regulated location search, the conflicts between the locating and

updating steps are minimized. Second, DCSR performs the re-

balancing steps in a separate phase using an independent loop,

further reducing the conflicts among the locating, updating, and

rebalancing steps. Third, DCSR employs leaf locks to maintain

data consistency, avoiding the irregular and coarse-grained lock-

ing requirements associated with vertex locks in PPCSR, thereby

enhancing update parallelism. By managing conflicts with leaf

locks, DCSR achieves superior parallelism without requiring an

additional sorting phase like CPMA.

As shown in Figure 9(d), for batch sizes of 10
7
, the update

throughput of DCSR is 0.52×, 0.93×, and 0.56× smaller than that

of LSGraph on OR, TW, and FR, respectively. There are mainly

four reasons. First, LSGraph is an AL-based data structure in

which the edge structure for each vertex can be adjusted sep-

arately without conflicts. Second, the hierarchical indices used

in LSGraph facilitate data search, and the HITree employed for

each high-degree vertex reduces data movement. Third, Open-

Cilk [38] introduces additional optimizations and yields better

performance compared with OpenMP [44]. Fourth, due to strict

PMA update principles, large batches (e.g., batch size ≥ 10
6
) leads

to numerous conflicts and data movements for lock-based meth-

ods. However, DCSR achieves average speedups of 28.09× and

4.43× over LSGraph for batch sizes of 10
3

and 10
5
, respectively

(shown in Figures 9(b) and 9(c)). This is because DCSR has better
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Figure 10: Time to run BFS, PageRank, betweenness centrality, and triangle counting of DCSR, PPCSR, CPMA, PaC-tree,
Terrace, and LSGraph normalized to CSR on the graphs listed in Table 1.

data locality, which also results in its better graph computation

performance (discussed in Section 5.3).

5.3 Graph Computation Performance
We evaluate the graph computation performance of CSR, DCSR,

PPCSR, CPMA, PaC-tree, Terrace, and LSGraph on the five graphs

listed in Table 1 for BFS, PageRank, betweenness centrality, and

triangle counting. We report the running time of DCSR and five

competitors normalized to CSR. Since the triangle counting algo-

rithm of LSGraph did not finish in 5 hours on the UK, TW, and

FR graphs, we do not report its results for these graphs.

Figure 10 illustrates the normalized running time of the six

data structures. DCSR, PPCSR, CPMA, PaC-tree, Terrace, and

LSGraph incur slowdowns of 1.00×-4.03×, 1.00×-4.08×, 1.00×-

5.30×, 0.29×-1.42×, 0.57×-9.28×, and 1.19×-6.84×, compared to

CSR. Moreover, DCSR achieves average speedups of 1.06× (up to

1.71×) over PPCSR, 1.32× (up to 4.87×) over CPMA, 0.83× (up

to 1.42×) over PaC-tree, 1.37× (up to 4.93×) over Terrace, and

4.97× (up to 6.78×) over LSGraph. Although DCSR consumes

more time to execute graph algorithms than PaC-tree, it achieves

an average speedup of 25.63× over PaC-tree for the graph update.

We find that PaC-tree is even more efficient than CSR in some

cases. For example, it achieves an average speedup of 1.58× over

CSR for BFS. The main reason is that PaC-tree uses compressed

cache-friendly blocks to store edges, which possibly leads to

better performance with an efficient parallel decoding algorithm

[42]. Among the six structures, LSGraph presents the worst graph

computation performance and cannot scale to large graphs for

triangle counting. This is because it stores edges of a vertex in

hierarchical structures, which reduces data locality and brings

more cache misses.

Although DCSR, PPCSR, and CPMA are all PMA-based data

structures, there are a few differences in their structures that

lead to variations in graph computation performance. DCSR

stores the leaf locks in an individual leaf lock array, whereas

PPCSR stores the vertex locks in the offset array. Since graph

computation does not require any locks, DCSR provides better

data locality compared with PPCSR, hence enhancing compu-

tation performance. CPMA compresses the elements stored in

the PMA, which introduces additional decompression overhead

during graph computation and results in longer running time

compared to DCSR.

5.4 Scalability
Figure 11 illustrates the scalability of DCSR and five competitors

on the Web-uk-2005 graph with varying thread counts. As shown
in this figure, DCSR achieves the best update performance in all
cases. This is because the two-phase leaf-oriented parallel update
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Figure 11: Scalability of edge insertions using multi-
threading on the Web-uk-2005 graph with batch sizes of
10

3 and 10
6.

of DCSR is well parallelized. On the one hand, DCSR assigns

each thread an edge update to process during the lock-based

update phase, thereby fully utilizing multi-threading resources.

On the other hand, because the number of the temp leaf vectors

equals the number of threads, all threads can be utilized during

the decoupled rebalancing phase.

Among the six data structures, only DCSR, CPMA, and PaC-

tree scale well for both batch sizes of 10
3

and 10
7
. As shown in

Figure 11(a), when the batch size is 10
3
, the insertion throughput

of LSGraph decreases as the thread count reaches 64. The primary

reason may be that LSGraph assigns edge updates of a vertex to

a single thread and performs the graph update in vertex-level

parallelism, rather than the edge-level parallelism employed by

DCSR and PPCSR. When the batch size is 10
7
, PPCSR’s update

performance decreases when using 128 threads. This issue pri-

marily arises because PPCSR brings significant access conflicts

with large batches, and the overhead associated with vertex locks

and atomic operations outweighs the benefits of parallelism when

the number of threads is excessive. Moreover, Terrace does not

scale well for batch sizes of both 10
3

and 10
6

due to the data

search and movement bottlenecks in its PMA structure.

5.5 Memory Footprint
Table 2 shows the memory usage of each data structure for stor-
ing the five graphs listed in Table 1. For clarity, we additionally

evaluate the memory footprint of DCSR’s auxiliary structures

for insertions with a batch size of 10
7
. As shown in this table, the

memory consumption of the auxiliary structures accounts for

8.90%-17.67% of that of DCSR. Because the ratio of the number

of leaves requiring rebalancing to the total number of leaves is

extremely low (discussed in Section 4.3), the overriding auxiliary

structures consuming memory are the temp edge vectors, which

have a space complexity of 𝑂 (log𝑁 ). Although the temp edge

vectors introduce some additional memory overhead, we use

them only during the update procedure for insertions.

369



EDBT ’26, 24-27 March 2026, Tampere (Finland) Yue Shen et al.

Table 2: Memory footprint (GB) of various data structures
for storing the graphs in Table 1. D-A represents the auxil-
iary structures of DCSR.

Graph DCSR D-A PPCSR CPMA PaC-tree Terrace LSGraph

LJ 1.13 0.19 1.15 0.20 0.31 1.51 0.66

OR 2.15 0.38 2.19 0.61 0.95 2.51 1.89

UK 17.19 1.53 17.47 2.19 6.59 23.20 13.12

TW 33.36 3.10 33.57 5.32 10.25 44.71 18.72

FR 35.42 3.22 36.65 13.21 15.17 51.73 25.85

Terrace’s memory usage is 1.17×-1.46× higher than that of

DCSR. This is because Terrace additionally uses B-trees to store

the edges of high-degree vertices, and the pointers associated

with these trees result in more memory consumption. The mem-

ory usage of DCSR is slightly lower than that of PPCSR. This

is because DCSR uses 4 bytes for a leaf lock, whereas PPCSR

uses 16 bytes for a vertex lock. Since both CPMA and PaC-tree

compress the elements stored in their data structures, DCSR con-

sumes more memory than they do because it stores the elements

uncompressed. LSGraph’s memory usage is lower than that of

DCSR and PPCSR because it keeps far fewer gaps in the edge

structures and stores edges more compactly.

6 Future Work
We propose the following four potential extensions for DCSR:

❶ Compressed PMA. We can naturally adopt delta encoding to

compress the sorted elements, reducing memory overhead, as

demonstrated in CPMA [47]. ❷ Hierarchical edge structures. We

can utilize hierarchical edge structures for array extensions to

reduce data movement for large batches, as demonstrated by

LSGraph [36] and LPMA [53]. ❸ Skewed updates. When a few

hot vertices are heavily updated, a hybrid parallel update strategy

combining the lock-free batch update and the lock-based methods

can be employed to avoid severe conflicts. ❹ Distributed settings.

An adaptive PMA update principle can be employed to manage

imbalanced updates and computation workloads across different

machines.

7 Conclusion
This paper proposes DCSR, a fast data structure that employs a

leaf-oriented parallel update strategy to enable efficient stream-

ing graph processing. We identify and summarize the limitations

of the lock-based single-edge update and lock-free batch update.

To reduce access conflicts without requiring a sorting phase, we

designed a leaf-oriented parallel update strategy consisting of

the lock-based update and decoupled rebalancing phases. Our

evaluation results indicate that DCSR is able to support both

high-throughput graph updates and high-performance graph

computation. Specifically, for the graph update, DCSR outper-

forms state-of-the-art dynamic data structures across a range of

batch sizes.
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