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Abstract
Maximum Inner Product Search (MIPS) is a fundamental task

to identify the vector yielding the highest inner product with

a given query. Since MIPS is the computational bottleneck in

many applications, various approximation approaches have been

proposed. Among them, ip-NSW and its variants are popular

graph-based approaches that achieve high search accuracy in

two steps. The graph construction step inserts vectors one by

one into an empty graph by connecting to nodes with high inner

products to build a proximity graph. The search step recursively

explores the graph by selecting linked nodes to identify nodes of

high inner products to the query. Although the search step can be

processed efficiently, the graph construction step unfortunately

incurs a high computational cost due to the large number of inner

product computations required. This paper proposes a general

approach to accelerate the graph construction step of ip-NSW

and variants. We improve efficiency by skipping unnecessary

inner product computations using the upper bounds of inner

products. Importantly, our approach is guaranteed to construct

exactly the same graphs as those produced by ip-NSW and its

variants, thereby maintaining the same search accuracy. This

indicates that our approach is a friend to ip-NSW and its variants

rather than a competitor. Experimental results show that our

approach reduces the graph construction time without sacrificing

the search accuracy of ip-NSW and its variants.
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1 Introduction
The rapid growth of unstructured data, such as images, text,

and audio, has triggered a need for vector database manage-

ment systems to process high-dimensional vectors efficiently

[12–14, 23, 29, 37, 38, 46, 51]. In the literature, many vector data-

base management systems have been proposed, such as Milvus

[42], Manu [15], AnalyticDB-V [44], PASE [47], and Faiss [21].

Maximum Inner Product Search (MIPS) is a core task of vector
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database management used in knowledge-grounded dialog [28],

recommender systems [50], and scene understanding [4]. Given

a set of 𝑛 vectors x𝑖 = [𝑥𝑖 [1], . . . , 𝑥𝑖 [𝑑]] (𝑖 = 1, 2, . . . , 𝑛) in a 𝑑-

dimensional space, MIPS identifies the vector x∗ that maximizes

the inner product with a given query vector q = [𝑞 [1], . . . , 𝑞 [𝑑]].
Formally, for set X of 𝑛 vectors, MIPS solves

x∗ = argmaxx𝑖 ∈X 𝑝 (q, x𝑖 ). (1)

In this equation, 𝑝 (q, x𝑖 ) = ∥q∥∥x𝑖 ∥ cos(𝜑q,x𝑖 ) = qx⊤
𝑖

is the

inner product between vector q and x𝑖 where ∥ · ∥ is 𝑙2-norm

of a vector and 𝜑q,x𝑖 is the angle between q and x𝑖 . A naive

approach computes the inner product between the query and

each vector, but this is computationally infeasible for large-scale,

high-dimensional data.

To address this challenge, a variety of approximate MIPS ap-

proaches have been developed. Quantization-based approaches

accelerate inner product computations by encoding vectors into

compact sequences of codewords [8, 16, 49]. Clustering-based

and tree-based approaches partition the high-dimensional space

using clusters or tree structures, respectively [3, 7, 10, 24, 35].

Hashing-based approaches divide the space into subregions us-

ing hash functions [31, 36, 45]. Graph-based approaches, such as

ip-NSW and its variants [30, 39, 40, 54], are particularly effective

due to their ability to reduce the number of candidate vectors

while maintaining high accuracy. These graph-based approaches

construct proximity graphs where each node represents a vector,

and edges link to nodes with high inner products. To approxi-

mately perform MIPS, these approaches employ two key steps:

(1) The graph construction step incrementally builds the graph

by linking a node to its similar nodes based on inner products.

(2) The search step performs a greedy search over the graph

for a given query to identify similar nodes. Theoretically, these

approaches approximate the 𝑠-Delaunay graph, known to yield

the optimal solutions for MIPS [30]. As a result, the graph-based

approaches achieve high accuracy in MIPS.

However, ip-NSW and its variants have high computational

costs in the graph construction step, as noted in prior works

[7, 10, 53]. For instance, [7] describes this problem as “the poor

scalability and slow index construction of graph methods.” The

graph construction step iteratively inserts vectors one by one

into an initially empty graph. For each insertion, it performs a

greedy walk to find top-𝑘 neighbors based on inner products.
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This involves repeatedly computing inner products between the

inserting vectors and nodes in the graph. After it obtains the top-

𝑘 nodes, it further computes inner products between the top-𝑘

nodes to select nodes connected to the inserting vector. These

processes result in a large number of inner product computations,

making the graph construction step expensive. While ip-NSW

and its variants offer high search efficiency and accuracy after the

graph construction step, the cost of building the graph remains a

bottleneck, limiting their practicality in many applications.

This paper proposes a general approach that reduces graph

construction time for ip-NSW and its variants to mitigate this

problem, while ensuring that the resulting graphs are identical

to those produced by the original approaches. Our key idea is to

compute upper bounds of inner products by approximating vec-

tors, allowing us to avoid unnecessary computations. Specifically,

we use the upper bounds in two ways to ensure correctness: (1)

our approach identifies and skips nodes that cannot lie on the

greedy walk path, and (2) the proposed approach prunes top-𝑘

nodes that cannot be connected to the inserting vector. By reduc-

ing the number of inner product computations, we can improve

the efficiency of graph construction. Since our approach produces

exactly the same graph structure as ip-NSW and its variants, it

does not compromise search accuracy for faster construction.

In addition, the proposed approach is also applicable to reduce

search time, even though our approach was primarily designed

to accelerate the graph construction step. This is because the

graph construction and search steps rely on the same algorithm

for identifying top-𝑘 nodes. It is important to emphasize that

our approach is not a competitor to ip-NSW and its variants; it

is a friend method that improves the efficiency of ip-NSW and

its variants while retaining their effectiveness. In summary, our

main contributions are as follows:

• We propose a method to compute upper-bounding inner

products to prune unnecessary computations in not only

the graph construction step but the search step.

• The proposed approach is guaranteed to produce exactly

the same graphs as ip-NSW and its variants.

• Experiments demonstrate that our approach can reduce

graph construction time without degrading the search

accuracy of ip-NSW and its variants.

The remainder of this paper is organized as follows: Section 2

overviews the background. Section 3 introduces our approach.

Section 4 describes related work. Section 5 presents the experi-

ments performed. Section 6 concludes the paper.

2 Preliminaries
We provide a brief overview of ip-NSW and its variants. Although

they employ multiple hierarchical layers to enhance performance,

we follow previous works [30, 39, 54] and assume a single-layer

graph for a simple explanation. Table 1 lists the main symbols.

MIPS is different from the 𝑙2-distance-based Approximate

Nearest Neighbor Search (ANNS) since the inner product is a

non-metric measure. For example, 𝑙2-distance 𝐷 (x𝑖 , x𝑗 ) is always

positive if x𝑖 ≠ x𝑗 , i.e., 𝐷 (x𝑖 , x𝑗 ) > 0. On the other hand, even

if x𝑖 ≠ x𝑗 , the inner product could be negative. This is because

𝑝 (q, x𝑖 ) = ∥q∥∥x𝑖 ∥ cos(𝜑q,x𝑖 ) and we could have cos(𝜑q,x𝑖 ) <
0. In addition, 𝐷 (x𝑖 , x𝑗 ) satisfies the identity of indiscernibles:

𝐷 (x𝑖 , x𝑗 ) = 0⇔ x𝑖 = x𝑗 . However, 𝑝 (x𝑖 , x𝑗 ) = 0 can hold even

if x𝑖 ≠ x𝑗 since we could have 𝑝 (q, x𝑖 ) = ∥q∥∥x𝑖 ∥ cos(𝜑q,x𝑖 ) = 0

if cos(𝜑q,x𝑖 ) = 0. Moreover, the inner product does not sat-

isfy the triangle inequality [11], i.e., we could have 𝑝 (x𝑖 , x𝑗 ) ≰

Table 1: Definitions of main symbols.

Symbol Definition

𝑛 Number of vectors

𝑑 Number of dimensions

𝑘 Number of top-ranked vectors

𝑚 Number of edges connected to each node

𝑝 (q, x𝑖 ) Inner product of q and x𝑖
𝑝 (q, x𝑖 ) Upper bound of 𝑝 (q, x𝑖 )
𝜑q,x𝑖 Angle between q and x𝑖
∥x𝑖 ∥ 𝑙2-norm of vector x𝑖
x𝑖 𝑖-th vector

q Query vector

x̃𝑖 Approximated vector of x𝑖
Δx𝑖 Error vector of x𝑖
X Set of 𝑛 vectors

G Proximity graph

K Set of top-𝑘 nodes

C Set of connected nodes

𝑝 (x𝑖 , x𝑘 ) + 𝑝 (x𝑗 , x𝑘 ), while 𝐷 (x𝑖 , x𝑗 ) ≤ 𝐷 (x𝑖 , x𝑘 ) + 𝐷 (x𝑗 , x𝑘 )
holds for 𝑙2-distance. Consequently, ANNS techniques designed

for metric spaces perform poorly when applied to MIPS [2, 40].

ip-NSW is a widely used graph-based approach for MIPS, con-

sisting of the graph construction step and the search step [30].

While the search step is highly efficient, the graph construction

step is computationally expensive [7, 10, 53]. Algorithms 1, 2,

and 3 are the procedures used in the graph construction step. In

these algorithms, G denotes the constructed proximity graph, K
represents the set of top-𝑘 nodes for vector x, and C denotes the

set of nodes connected to x. As shown in Algorithm 1, the graph

construction step proceeds by inserting vectors into an empty

graph iteratively. For each inserting vector x, it first identifies its

top-𝑘 neighbors through a greedy traversal of the existing graph

starting from node s, as shown in Algorithm 2. In Algorithm 2, a

dummy node has an inner product of −∞ with x. This traversal

iteratively computes the inner products of nodes directly con-

nected to the top-𝑘 nodes, navigating toward nodes with higher

inner products. Note that, ifG = ∅, node s is set as a dummy node.

Next, the graph construction step determines which top-𝑘 nodes

should be connected to x by computing their inner products, as

shown in Algorithm 3.

Theoretically, the graph constructed by ip-NSW approximates

𝑠-Delaunay graph, which yields the optimal solutions for MIPS

[30]. As a result, ip-NSW achieves high search accuracy, making

it a useful approach for MIPS. However, the graph construction

step has a high computational cost due to the large number of

inner product computations. Note that Algorithm 2 is also used

in the search step to find top-𝑘 nodes.

Several variants of ip-NSW have been proposed to improve

search performance. Tan et al. introduced IPDG to approximate

𝑠-Delaunay graph effectively [40]. The key distinction between

IPDG and ip-NSW lies in the edge selection strategy. ip-NSW

determines whether to connect node u based on the condition

𝑝 (u, v) > 𝑝 (x, u), as shown in line 7 of Algorithm 3. IPDG instead

applies the following criterion to prune candidate neighbors

during graph construction in line 7 of Algorithm 3:

𝑝 (u, v) > 𝑝 (v, v) . (2)

NAPG is another variant of ip-NSW that adjusts vector norms

during edge selection to enhance search accuracy [39]. It modifies
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Algorithm 1 Graph Construction

Input: vectors X, number of top-𝑘 nodes 𝑘 , and number of edges𝑚

Output: proximity graph G

1: initialize G as ∅;
2: for each x ∈ X do
3: compute top-𝑘 nodes K in G by Algorithm 2;

4: insert x to G as a node;

5: add𝑚 edges of x to G obtained by Algorithm 3;

6: return G;

Algorithm 2 Top-𝑘 Search

Input: vector x, number of top-𝑘 nodes 𝑘 , and proximity graph G

Output: top-𝑘 nodes K

1: randomly select node s from the graph;

2: K← {s};
3: mark s as checked and the rest nodes as unchecked;

4: add 𝑘−1 dummy nodes to K;

5: repeat
6: for each unchecked u connected to K do
7: v← argminv′∈K 𝑝 (x, v′) ;
8: compute 𝑝 (x, u) ;
9: if 𝑝 (x, u) > 𝑝 (x, v) then

10: add u to K;

11: subtract v from K;

12: mark u as checked;

13: until K converges

14: return K;

the inequality used in line 7 of Algorithm 3 to:

𝑝 (u, v) > 𝛼𝑝 (x, u), (3)

where 𝛼 is a scaling parameter typically set to 𝛼 > 1, making

the scales of 𝑝 (u, v) and 𝛼𝑝 (x, u) comparable for effective MIPS.

Möbius-Graph proposed by Zhou et al. reduces search time by

transforming vectors before graph construction [54]. After ap-

plying Möbius transformation to each vector x as x = x/∥x∥2
and adding a zero vector, it constructs the graph using the same

algorithm as ip-NSW, but applied to the transformed vectors.

Although ip-NSW and its variants achieve high search perfor-

mance after the graph construction step, they suffer from high

computational costs during the graph construction step. This in-

efficiency stems from the top-𝑘 search procedure of Algorithm 2

and the edge selection process of Algorithm 3, which involve a

large number of inner product computations. As shown in Algo-

rithm 2, the top-𝑘 search iteratively computes an inner product of

each neighboring node to top-𝑘 nodes in 𝑂 (𝑑) time, and it needs

𝑂 (log𝑘) time to identify node v having the lowest inner product.

Therefore, letting 𝑙 be the average number of traversed nodes,

the total time complexity for computing top-𝑘 nodes becomes

𝑂 (𝑛𝑙 (𝑑 + log𝑘)). In selecting edges, each inner product between

top-𝑘 nodes requires𝑂 (𝑑) time, and sorting the top-𝑘 nodes takes

𝑂 (𝑘 log𝑘) time. As a result, since the number of inner production

computations is 𝑂 (𝑚𝑘) in Algorithm 3, the total time for edge

selection is 𝑂 (𝑛𝑘 (𝑚𝑑 + log𝑘)). Consequently, the overall time

complexity of the graph construction step is 𝑂 (𝑛𝑙 (𝑑 + log𝑘)),
which results in high computational overhead, particularly for

large-scale and high-dimensional datasets, as discussed in the pre-

vious studies [7, 10, 53]. Note that, since the search step exploits

Algorithm 2 to find top-𝑘 nodes, it takes𝑂 (𝑙 (𝑑 + log𝑘)) time; the

search step is more efficient than the graph construction step. In

terms of memory usage, storing vectors, edges, and top-𝑘 nodes

Algorithm 3 Edge Selection

Input: vector x, set of top-𝑘 nodes K, and number of edges𝑚

Output: connected nodes C

1: initialize C as ∅;
2: sort nodes in K in descending order of inner products with x;

3: for each node u in sorted set K do
4: flag← True;

5: for each v ∈ C do
6: compute 𝑝 (u, v) ;
7: if 𝑝 (u, v) > 𝑝 (x, u) then
8: flag← False;

9: break;

10: if flag = True then
11: add u to C;

12: if |C | =𝑚 then
13: break;

14: return C;

requires 𝑂 (𝑛𝑑), 𝑂 (𝑛𝑚), and 𝑂 (𝑘) space, respectively. Thus, the

total memory cost is 𝑂 (𝑛(𝑚 + 𝑑)).

3 Proposed Method
This section presents the proposed approach. While we primarily

focus on improving the efficiency of the graph construction step

in ip-NSW, the proposed approach is also applicable to its variants.

As discussed in the previous section, the graph construction step

incurs a high computational cost due to the large number of inner

product computations. To address this problem, the proposed

approach prunes unnecessary inner product computations in the

graph construction step. This section is organized as follows. We

first introduce the key idea of using upper bounds, discuss the

associated technical challenges, and present our solution in Sec-

tions 3.1, 3.2, and 3.3, respectively. We then describe approaches

for tightening the upper bounds in Sections 3.4 and 3.5. Finally,

we present the graph construction algorithm in Section 3.6 and

discuss its extensions in Section 3.7.

3.1 Key Idea: Upper Bound-Based Pruning
The proposed approach is motivated by the observation that

the graph construction step computes inner products to ver-

ify whether they exceed certain thresholds. For instance, Algo-

rithm 2 computes inner product 𝑝 (x, u) to evaluate the condition

𝑝 (x, u) > 𝑝 (x, v) when determining the top-𝑘 nodes (lines 8-9).

Similarly, Algorithm 3 computes inner product 𝑝 (u, v) to check

whether 𝑝 (u, v) > 𝑝 (x, u) during edge selection (lines 6-7). To

improve efficiency, we propose to evaluate these conditions us-

ing efficiently computable upper bounds of inner products. Let

𝑝 (x, u) be the upper bound of 𝑝 (x, u). If 𝑝 (x, u) ≤ 𝑝 (x, v), then

the condition 𝑝 (x, u) > 𝑝 (x, v) cannot be satisfied, and we can

safely skip the exact computation of 𝑝 (x, u). Thus, exact inner

product computation is only necessary when 𝑝 (x, u) > 𝑝 (x, v).
Similarly, during edge selection, the computation of 𝑝 (u, v) can

be omitted if 𝑝 (u, v) ≤ 𝑝 (x, u). By estimating the upper bounds,

the proposed approach reduces the number of exact inner product

computations in the graph construction step.

3.2 Difficulties of Computing Upper Bounds
A simple approach to computing upper bounds on inner products

is to approximate each vector. Let x̃ denote the 𝑑 ′-dimensional

approximation of x. Then, the inner product between vectors

x and y can be approximated by 𝑝 (x, y) ≈ 𝑝 (x̃, ỹ). However,
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this direct approximation does not guarantee an upper bound

on the inner product. To derive a guaranteed upper bound, we

can use error vector Δx = x − x′, where x′ is the 𝑑-dimensional

reconstructed from x̃. Using error vectors, the inner product can

be decomposed, and we can compute an upper bound as follows:

𝑝 (x, y) = 𝑝 (x′+Δx, y′+Δy)
=𝑝 (x′, y′) + 𝑝 (x′,Δy) + 𝑝 (Δx, y′) + 𝑝 (Δx,Δy)
≤ 𝑝 (x′, y′) + ∥x′∥∥Δy∥ + ∥Δx∥∥y′∥ + ∥Δx∥∥Δy∥ .

(4)

This bound, however, is inefficient since it requires 𝑂 (𝑑) time

to compute 𝑝 (x′, y′) even though it takes 𝑂 (1) time to com-

pute ∥x′∥∥Δy∥, ∥x′∥∥Δy∥, and ∥Δx∥∥Δy∥. Moreover, this bound

would be loose, since it separately overestimates three terms:

𝑝 (x′,Δy), 𝑝 (Δx, y′), and 𝑝 (Δx,Δy).

3.3 Our Solution: PCA-Based Upper Bound
To enhance efficiency and reduce the number of estimated terms,

thereby tightening the upper bound, the proposed approach

adopts Principal Component Analysis (PCA) [6], although sev-

eral approximation methods have been proposed in the liter-

ature, such as random projection [26]. Let w𝑖 denote the 𝑖-th

eigenvector of the covariance matrix, corresponding to the 𝑖-

th largest eigenvalue. Using PCA, a vector x is reconstructed

as x′ =
∑𝑑′
𝑖=1 (xw⊤𝑖 )w𝑖 , and the error vector becomes Δx =∑𝑑

𝑗=𝑑′+1 (xw
⊤
𝑗
)w𝑗 . Due to the orthogonality of PCA eigenvec-

tors, we have w𝑖w⊤𝑗 = 0 if 𝑖 ≠ 𝑗 . Consequently, we have the

following equation for 𝑝 (x′,Δy):

𝑝 (x′,Δy) = ∑𝑑′
𝑖=1 (xw⊤𝑖 )w𝑖

∑𝑑
𝑗=𝑑′+1 ((yw

⊤
𝑗
)w𝑗 )⊤ = 0. (5)

Similarly, we have the following equation for 𝑝 (Δx, y′):

𝑝 (Δx, y′) = ∑𝑑
𝑗=𝑑′+1 (xw

⊤
𝑗
)w⊤

𝑗

∑𝑑′
𝑖=1 ((yw⊤𝑖 )w𝑖 )⊤ = 0. (6)

In addition, we have the following equation for 𝑝 (x′, y′) since

we have w𝑖w⊤𝑗 = 1 if 𝑖 = 𝑗 :

𝑝 (x′, y′) = ∑𝑑′
𝑖=1 (xw⊤𝑖 )w𝑖

∑𝑑′
𝑖=1 ((yw⊤𝑖 )w𝑖 )⊤ = 𝑝 (x̃, ỹ) . (7)

Thus, using PCA, Equation (4) simplifies to:

𝑝 (x, y) = 𝑝 (x̃, ỹ) + 𝑝 (Δx, Δy)
=𝑝 (x̃, ỹ) + ∥Δx∥∥Δy∥ cos(𝜑Δx,Δy) ≤ 𝑝 (x̃, ỹ) + ∥Δx∥∥Δy∥ .

(8)

Although the upper bound given by Equation (4) requires 𝑂 (𝑑)
time, we can compute the upper bound of this equation in 𝑂 (𝑑 ′)
time since it takes 𝑂 (𝑑 ′) time to compute 𝑝 (x̃, ỹ). As a result,

we can improve the efficiency. Furthermore, unlike Equation (4),

which requires estimating three terms, this formulation estimates

only one term, 𝑝 (Δx,Δy), improving the bound’s tightness. In

the proposed approach, we set the reduced dimensionality to𝑑 ′ =
log𝑑 . The approximate vector is then x̃ = [𝑥 [1], . . . , 𝑥 [log𝑑]]
where 𝑥 [𝑖] = xw⊤

𝑖
. Using PCA’s orthogonality, we can compute

the error vector as Δx = x −∑log𝑑

𝑖=1
𝑥 [𝑖]w𝑖 .

3.4 Error Segmentation
Despite the improved bound obtained, it may still be loose under

the following conditions: (1) error vector Δx and Δy have large

norms, and (2) cos(𝜑Δx,Δy) is small. To address the first issue, we

divide the𝑑-dimensional error vectors into log𝑑 equal-length seg-

ments. If Δx𝑖 = [Δ𝑥𝑖 [1], . . . ,Δ𝑥𝑖 [𝑑/log𝑑]] is the 𝑖-th subvector

of Δx, its 𝑗-th element is given by Δ𝑥𝑖 [ 𝑗] = Δ𝑥 [ 𝑗 + (𝑖−1)𝑑/log𝑑].
To address the second issue, we introduce reference vector r𝑖

for the 𝑖-th segment. Using the inequality 𝜑Δx𝑖 ,Δy𝑖 ≥ |𝜑Δx𝑖 ,r𝑖 −
𝜑Δy𝑖 ,r𝑖 |, we obtain cos(𝜑Δx𝑖 ,Δy𝑖 ) ≤ cos(𝜑Δx𝑖 ,r𝑖 − 𝜑Δy𝑖 ,r𝑖 ). Note

that reference vector r𝑖 is computed as the mean of all error sub-

vectors in the 𝑖-th segment; r𝑖 = 1

𝑛

∑
Δx𝑗 ∈ΔX𝑖 Δx𝑗 where ΔX𝑖 is

the set of error subvectors for the 𝑖-th segment. By segmenting

the error vectors and using reference vectors, we derive 𝑝 (x, y)
as follows:

Definition 3.1. For vector x and y of 𝑑 dimensions, 𝑝 (x, y) is

given as follows:

𝑝 (x, y) = 𝑝 (x̃, ỹ) +∑log𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖,r𝑖 )cos(𝜑Δy𝑖 ,r𝑖 )

+∑log𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ sin(𝜑Δx𝑖,r𝑖 )sin(𝜑Δy𝑖 ,r𝑖 ) .

(9)

The following lemma shows the upper bound property of

𝑝 (x, y) for 𝑝 (x, y):

Lemma 3.2. 𝑝 (x, y) provides an upper bound of inner product
𝑝 (x, y), i.e., 𝑝 (x, y) ≥ 𝑝 (x, y).

Proof Since Δx𝑖 is the 𝑖-th subvector of error vector Δx,

given the inequality 𝜑Δx𝑖 ,Δy𝑖 ≥ |𝜑Δx𝑖 ,r𝑖 − 𝜑Δy𝑖 ,r𝑖 |, we can bound

residual inner product 𝑝 (Δx,Δy) as follows:

𝑝 (Δx,Δy)=∑log𝑑

𝑖=1
𝑝 (Δx𝑖 ,Δy𝑖 )

=
∑log𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,Δy𝑖 )

≤∑log 𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,r𝑖 − 𝜑Δy𝑖 ,r𝑖 )

=
∑log 𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,r𝑖 ) cos(𝜑Δy𝑖 ,r𝑖 )

+∑log 𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ sin(𝜑Δx𝑖 ,r𝑖 ) sin(𝜑Δy𝑖 ,r𝑖 ).

(10)

Therefore, we have 𝑝 (x, y) ≤ 𝑝 (x, y) from Equation (8). □

Lemma 3.3. Upper bound 𝑝 (x, y) can be computed in 𝑂 (log𝑑)
time using the approximate vectors, the error vectors, and their
angles to the reference vectors.

Proof It needs𝑂 (log𝑑) time to compute inner product 𝑝 (x̃, ỹ).
In addition, ∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,r𝑖 ) cos(𝜑Δy𝑖 ,r𝑖 ) is computed in

𝑂 (1) time. As a result,

∑log 𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,r𝑖 ) cos(𝜑Δy𝑖 ,r𝑖 )

is computed at 𝑂 (log𝑑) time. Similarly, it takes 𝑂 (log𝑑) time to

compute

∑log 𝑑

𝑖=1
∥Δx𝑖 ∥∥Δy𝑖 ∥ sin(𝜑Δx𝑖 ,r𝑖 ) sin(𝜑Δy𝑖 ,r𝑖 ). Therefore,

the total computational cost to compute 𝑝 (x, y) is 𝑂 (log𝑑). □
These lemmas show that we can compute upper bound 𝑝 (x, y)

efficiently after PCA.

3.5 Incremental Computation
By estimating upper bounds, the proposed approach can prune

unnecessary inner product computations during the top-𝑘 node

search and edge selection processes. For instance, in the top-𝑘

search, we skip the exact computation of 𝑝 (x, u) if 𝑝 (x, u) ≤
𝑝 (x, v). Similarly, in the edge selection, we avoid computing

𝑝 (u, v) if 𝑝 (u, v) ≤ 𝑝 (x, u). However, if these conditions do not

hold, we need to compute exact inner products to guarantee the

exactness of the graph construction results. To improve efficiency,

we exploit the observation for these pruning conditions that, as

the upper bound would be tight, we can reduce the number of

exact inner product computations. In this section, we propose the

approach to enhancing the estimation quality by incrementally

computing upper bounds.

As shown in Equation (10), the proposed approach estimates

the upper bound in each segment by using the norms of the

subvectors and their angles to the reference vector. Specifically,
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Algorithm 4 Inner Product Computation

Input: vector x and y, approximated vector x̃ and ỹ, subvector Δx𝑖 and

Δy𝑖 , angle 𝜑Δx𝑖 ,r𝑖 and 𝜑Δy𝑖 ,r𝑖 , and threshold 𝜃

Output: inner product 𝑝 (x, y)
1: compute 𝑝 (x, y) from Equation (9);

2: 𝑝
0
(x, y) ← 𝑝 (x, y) ;

3: for 𝑖 ← 1 to log𝑑 do
4: if 𝑝𝑖−1 (x, y) ≤ 𝜃 then
5: 𝑝 (x, y) ← 𝑝𝑖−1 (x, y) ;
6: return 𝑝 (x, y) ;
7: else
8: compute 𝑝𝑖 (x, y) from Equation (15);

9: 𝑝 (x, y) ← 𝑝𝑖 (x, y) ;
10: return 𝑝 (x, y) ;

the proposed approach estimates inner product 𝑝 (Δx𝑖 ,Δy𝑖 ) in

the 𝑖-th segment as follows:

𝑝 (Δx𝑖 ,Δy𝑖 ) ≤ ∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,r𝑖 ) cos(𝜑Δy𝑖 ,r𝑖 )
+ ∥Δx𝑖 ∥∥Δy𝑖 ∥ sin(𝜑Δx𝑖 ,r𝑖 ) sin(𝜑Δy𝑖 ,r𝑖 ) .

(11)

To improve the estimation quality, the proposed approach iter-

atively unfolds each segment by exactly computing the inner

product of the segment. Let 𝑝𝑖 (x, y) denote the upper bound ob-

tained after unfolding the first 𝑖 segments. From Equations (8)

and (10), 𝑝𝑖 (x, y) is given as follows:

𝑝𝑖 (x, y) = 𝑝 (x̃, ỹ) +∑𝑖
𝑗=1 𝑝 (Δx𝑗 ,Δy𝑗 )

+∑log𝑑

𝑗=𝑖+1 ∥Δx𝑗 ∥∥Δy𝑗 ∥ cos(𝜑Δx𝑗 ,r𝑗 ) cos(𝜑Δy𝑗 ,r𝑗 )

+∑log𝑑

𝑗=𝑖+1 ∥Δx𝑗 ∥∥Δy𝑗 ∥ sin(𝜑Δx𝑗 ,r𝑗 ) sin(𝜑Δy𝑗 ,r𝑗 ).

(12)

When 𝑖 = 0 in this equation, we have 𝑝𝑖 (x, y) = 𝑝 (x, y) since no

segments are unfolded. When 𝑖 = log𝑑 , Equation (8) yields the

following equation since

∑log𝑑

𝑗=1
𝑝 (Δx𝑗 ,Δy𝑗 ) = 𝑝 (Δx,Δy):

𝑝𝑖 (x, y) = 𝑝 (x̃, ỹ) + 𝑝 (Δx,Δy) = 𝑝 (x, y). (13)

Therefore, the exact inner product can be obtained from the

unfolded upper bound. Moreover, this equation shows that our

approach does not require direct access to the original vectors x
and y to compute the exact inner product; it can be obtained solely

from the approximated vectors and their corresponding error

vectors. Furthermore, it is clear that we have 𝑝𝑖 (x, y) ≤ 𝑝𝑖−1 (x, y)
from Equation (11) and (12). This indicates that the upper bound

becomes tighter as each segment is unfolded.

Although 𝑝𝑖 (x, y) provides a tight bound, computing it directly

from Equation (12) incurs a high cost of𝑂 (log𝑑 + 𝑖𝑑/log𝑑) since

it needs to compute the inner products of the unfolded segments.

To efficiently compute 𝑝𝑖 (x, y), we use the following equation

derived from Equation (12):

𝑝𝑖 (x, y) − 𝑝𝑖−1 (x, y)
=𝑝 (Δx𝑖 ,Δy𝑖 ) − ∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,r𝑖 ) cos(𝜑Δy𝑖 ,r𝑖 )

− ∥Δx𝑖 ∥∥Δy𝑖 ∥ sin(𝜑Δx𝑖 ,r𝑖 ) sin(𝜑Δy𝑖 ,r𝑖 ) .
(14)

Therefore, we incrementally update 𝑝𝑖 (x, y) from 𝑝𝑖−1 (x, y) as

𝑝𝑖 (x, y) = 𝑝𝑖−1 (x, y) + 𝑝 (Δx𝑖 ,Δy𝑖 )
− ∥Δx𝑖 ∥∥Δy𝑖 ∥ cos(𝜑Δx𝑖 ,r𝑖 ) cos(𝜑Δy𝑖 ,r𝑖 )
− ∥Δx𝑖 ∥∥Δy𝑖 ∥ sin(𝜑Δx𝑖 ,r𝑖 ) sin(𝜑Δy𝑖 ,r𝑖 ) .

(15)

Since it takes 𝑂 (𝑑/log𝑑) time to compute 𝑝 (Δx𝑖 ,Δy𝑖 ), this in-

cremental update requires 𝑂 (𝑑/log𝑑) time. Moreover, when 𝑖 =

log𝑑 and all segments are unfolded, this process yields the exact

inner product as 𝑝 (x, y) = 𝑝
log𝑑 (x, y) in 𝑂 (𝑑) time.

Algorithm 5 Preprocess

Input: vectors X

Output: approximated vector x̃, subvector Δx𝑖 , and angle 𝜑Δx𝑖 ,r𝑖 for

each vector

1: compute PCA by randomly sampling log𝑛 vectors;

2: for each x ∈ X do
3: compute x̃ and Δx;

4: discard vector x to free memory;

5: sort the dimensions of the error vectors in descending order of the

average errors;

6: for each Δx ∈ ΔX do
7: split Δx into log𝑑 subvectors;

8: for 𝑖 = 1 to log𝑑 do
9: compute r𝑖 ;

10: for each Δx𝑖 ∈ ΔX𝑖 do
11: compute 𝜑Δx𝑖 ,r𝑖 and ∥Δx𝑖 ∥;

Algorithm 4 presents our procedure for computing the upper

bound of the inner product in order to check whether it exceeds

given threshold 𝜃 . Note that 𝜃 is set as 𝑝 (x, v) in the top-𝑘 search

and it is set as 𝑝 (x, u) in the edge selection. It begins by initializing

𝑝
0
(x, y) as 𝑝

0
(x, y) = 𝑝 (x, y) (lines 1-2). During the iterative

process, if 𝑝𝑖−1 (x, y) ≤ 𝜃 , it terminates the iteration since the

upper bound guarantees that 𝑝 (x, y) > 𝜃 cannot hold (lines

4-6). Otherwise, it incrementally updates upper bound 𝑝𝑖 (x, y)
using Equation (15) (lines 7-8). After the iteration completes, it

sets 𝑝 (x, y) to 𝑝𝑖 (x, y), reflecting that the exact inner product is

obtained from the upper bound after the iteration (lines 9-10).

As shown in Algorithm 4, the upper bound is refined incre-

mentally by computing exact inner products starting from the

initial segment. To effectively improve the estimation quality

in the iteration, our approach sorts the dimensions of the error

vectors so that segments with larger approximation errors are

unfolded earlier in the iteration. This sorting strategy is detailed

in the next section.

3.6 Graph Construction Algorithm
Our graph construction algorithm begins by computing the ap-

proximated vectors, error vectors, and angle and norm of each

subvector (components required to estimate the upper bounds)

before constructing the graph. As shown in Algorithm 5, we

first compute the approximated vectors and their error vectors

via PCA (lines 1-4). To improve efficiency, we randomly sample

log𝑛 vectors for PCA computation. As shown in Equation (13),

the proposed approach does not rely on the original vectors to

compute inner products. Therefore, our approach discards each

original vector x after its approximated and error vectors have

been computed, thereby freeing memory (line 4). To enhance the

estimation quality, we sort the dimensions of error vectors in

descending order based on their average error (line 5). The aver-

age error of the 𝑖-th dimension is computed as
1

𝑛

∑𝑛
𝑗=1 |Δ𝑥 𝑗 [𝑖] |.

Subsequently, we divide each error vector into subvectors and

compute the angles between the subvectors and their correspond-

ing reference vectors (lines 6-11). The graph is then constructed

using Algorithm 6, which follows the same procedures as the

original approach of Algorithm 1, by iteratively inserting vectors

into an empty graph. However, unlike the original approach, we

leverage Algorithm 4 to reduce exact inner product computa-

tions during the top-𝑘 search and edge selection. In particular,

instead of directly computing 𝑝 (x, u) in line 8 of Algorithm 2, we

invoke Algorithm 4, using 𝑝 (x, v) as threshold 𝜃 , to efficiently
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Algorithm 6 Proposed Graph Construction

Input: vectors X, number of top-𝑘 nodes 𝑘 , and number of edges𝑚

Output: proximity graph G

1: compute approximated vector, subvectors, and angles for each vector

by Algorithm 5;

2: initialize G as ∅;
3: for each x ∈ X do
4: compute top-𝑘 nodes K in G by Algorithm 2 where Algorithm 4

is used in line 8 by setting 𝜃 ← 𝑝 (x, v) ;
5: add x to G as a node;

6: add𝑚 edges of x toG obtained by Algorithm 3 where Algorithm 4

is used in line 6 by setting 𝜃 ← 𝑝 (x, u) ;
7: return G;

identify the top-𝑘 nodes (line 4). Likewise, in the edge selection,

we compute 𝑝 (u, v) using Algorithm 4, with threshold 𝜃 set to

𝑝 (x, u) in line 6 of Algorithm 3 (line 6).

As shown in Algorithm 1, the proposed approach constructs

the graph by inserting vectors one by one into an initially empty

graph, in the same manner as ip-NSW. Therefore, the proposed

approach supports multi-threaded CPU acceleration by inserting

vectors in parallel, analogous to the original ip-NSW implementa-

tion (https://github.com/stanis-morozov/ip-nsw). Our algorithm

has the following properties:

Theorem 3.4. Algorithm 6 yields the same graph construction
results as the original ip-NSW algorithm.

Proof Algorithm 6 employs Algorithm 4 with threshold 𝜃 =

𝑝 (x, v) in the top-𝑘 search of Algorithm 2. Thus, exact inner

product 𝑝 (x, u) is skipped if 𝑝𝑖−1 (x, u) ≤ 𝑝 (x, v) holds during the

𝑖-th iteration of Algorithm 4. Given the upper bounding property,

this indicates 𝑝 (x, u) ≤ 𝑝𝑖−1 (x, u) ≤ 𝑝 (x, v); node u cannot be

a top-𝑘 node for x. Therefore, the pruning does not affect the

search result. Similarly, Algorithm 4 is used with 𝜃 = 𝑝 (x, u)
during the edge selection of Algorithm 3. If 𝑝𝑖−1 (u, v) ≤ 𝑝 (x, u),
the exact computation of 𝑝 (u, v) is skipped. Since the edge to

node u is selected when 𝑝 (u, v) > 𝑝 (x, u), this pruning does not

affect the edge selection. Therefore, Algorithm 6 constructs the

same graph as ip-NSW. □

Theorem 3.5. If 𝑠 denotes the average number of dimensions
included in the unfolded segments, then the time and space com-
plexities of Algorithm 6 are 𝑂 (𝑑 (𝑛 log𝑑 + 𝑑 log𝑛) + 𝑛𝑙 (𝑠 + log𝑘))
and 𝑂 (𝑛(𝑚 + 𝑑)), respectively.

Proof During preprocessing, 𝑂 (𝑑2 log𝑛) time is required for

PCA and 𝑂 (𝑛𝑑 log𝑑) time for approximated and error vectors.

Sorting the dimensions of error vectors takes𝑂 (𝑛𝑑 +𝑑 log𝑑), and

splitting the error vectors and computing angles needs 𝑂 (𝑛𝑑)
time. Thus, preprocessing costs 𝑂 (𝑑2 log𝑛 + 𝑛𝑑 log𝑑) time. In

the top-𝑘 search, identifying nodes with the lowest inner prod-

ucts takes 𝑂 (𝑛𝑙 log𝑘) time. Initializing upper bounds requires

𝑂 (𝑛𝑙 log𝑑) time, and updating them takes 𝑂 (𝑛𝑙𝑠). For edge se-

lection, sorting top-𝑘 nodes requires 𝑂 (𝑛𝑘 log𝑘) time. Initializ-

ing upper bounds takes 𝑂 (𝑛𝑚𝑘 log𝑑), and updating them takes

𝑂 (𝑛𝑚𝑘𝑠). As a result, the overall time complexity of Algorithm 6

is 𝑂 (𝑑 (𝑛 log𝑑 + 𝑑 log𝑛) + 𝑛𝑙 (𝑠 + log𝑘)).
Regarding memory usage, our approach additionally needs

𝑂 (𝑑2) space for the covariance matrix to compute PCA. Storing

the approximated and error vectors takes 𝑂 (𝑛 log𝑑) and 𝑂 (𝑛𝑑),
respectively. Additionally, it needs 𝑂 (𝑛 log𝑑) spaces to hold the

angle and norm of each subvector. Furthermore,𝑂 (𝑛𝑚) and𝑂 (𝑘)

space are needed to store edges and top-𝑘 nodes. Therefore, the

total memory cost of Algorithm 6 is 𝑂 (𝑛(𝑚 + 𝑑)). □
These theorems show that our approach constructs the graph

efficiently, guarantees equivalent construction results, and incurs

the same memory cost as the original approach.

3.7 Extensions of the Proposed Approach
Although we have focused on the graph construction of ip-NSW,

our approach can also be extended to its variants. As discussed

in Section 2, IPDG computes 𝑝 (u, v) during edge selection [40].

Since our approach can compute upper bounds for 𝑝 (u, v), it

can be used to improve the efficiency of IPDG. Similarly, it can

reduce the computational cost of NAPG, which computes 𝑝 (u, v)
during edge selection [39]. Furthermore, because Möbius-Graph

employs the same graph construction algorithm as ip-NSW, the

proposed approach can be directly applied without modification.

Moreover, our approach is also applicable to the search step,

although our primary focus has been on reducing the cost of

graph construction. This is because the search procedures in

ip-NSW and its variants rely on Algorithm 2, where Algorithm 4

can be employed to reduce processing time. Furthermore, our

approach can be extended to support non-metric similarity mea-

sures beyond the inner product, as discussed in the appendix.

Additionally, our approach efficiently constructs the graph

in a streaming setting where vectors arrive continuously, one

by one. As shown in Algorithm 6, the graph is incrementally

constructed by inserting each vector into an initially empty graph.

Consequently, it supports graph construction over a stream of 𝑛

vectors with a time complexity of𝑂 (𝑛𝑙 (log𝑘+log𝑑+𝑠)) assuming

that preprocessing of PCA is performed. For the preprocessing

cost of 𝑂 (𝑑2 log𝑛 + 𝑛𝑑 log𝑑), PCA is computed from a random

sample of log𝑛 vectors, as shown in Algorithm 5, Therefore, we

update the PCA for all arrived vectors only when the number

of vectors reaches 2
𝑖

(𝑖 = 1, . . . , log𝑛). At other arrival counts,

our approach computes the PCA only for the vector that has just

arrived at 𝑂 (𝑑) time. As a result, it can perform efficient graph

construction even if the number of vectors grows incrementally.

4 Related Work
Since ip-NSW and its variants achieve strong performance in both

efficiency and accuracy, they have become essential components

of information systems, supporting a wide range of applications.

For example, Möbius-Graph is used in sponsored search [52].

Sponsored search is a promotional model used by search engines

and e-commerce platforms to allocate limited advertisement slots

to advertisers in response to user queries [33, 34]. Since a key

technical challenge of sponsored search lies in efficiently and

accurately retrieving relevant advertisements from massive can-

didate pools, Möbius-Graph is an impactful solution that powers

large-scale sponsored search in digital advertising. Furthermore,

Möbius-Graph is used in plant disease detection [32]. Since it can

efficiently and effectively retrieve the most relevant leaf images,

it enables accurate disease classification. In addition to sponsored

search and plant disease detection, ip-NSW and its variants are

widely used in various applications, including item recommen-

dation [11], data summarization [43], and video search [48].

Nearest neighbor search based on 𝑙2-distance has long been a

popular topic in the database community. Traditional approaches

employ tree-based structures such as R-tree [17], K-D tree [5], and

SR-tree [22], achieving 𝑂 (log𝑛) query time. Although accurate,

these approaches become inefficient in high dimensions due to
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Figure 1: Graph construction time of each approach.

Table 2: Characteristics of the experimental data.

Dataset (Abbreviation) #Vectors #Dimensions

CIFAR-10 (CF) 60,000 3,072

MNIST (MN) 70,000 780

EMNIST (EM) 131,600 784

Msong (MS) 994,185 420

Microsoft (MC) 1,200,192 136

Tiny5M (TN) 5,000,000 384

Weather (WT) 16,951,828 103

the curse of dimensionality [18]. Furthermore, unlike 𝑙2-distance,

the inner product is a non-metric similarity measure lacking the

non-negativity, the identity of indiscernibles, and the triangle

inequality [11], as described in Section 2.

To perform exact MIPS, LEMP partitions vectors into buckets

of similar 𝑙2-norms to transform the MIPS problem into multiple

smaller cosine similarity search problems [41]. It leverages vector

norms to prune buckets that cannot exceed a given threshold and

employs adaptive per-bucket approaches to reduce computations.

FEXIPRO is an exact MIPS algorithm designed for recommender

systems [25]. This approach accelerates MIPS through an SVD-

based transformation that reorders dimensions so that leading

ones dominate, enabling early pruning. MAXIMUS achieves exact

MIPS by clustering vectors using k-means into representative

centroids [1]. It computes upper bounds on inner products for

vectors within each cluster to generate a sorted list of candidates.

Several approaches have been proposed to approximately

perform MIPS. Quantization-based approaches, such as norm-

explicit quantization, anisotropic quantization, and Query-aware

Quantization, transform each vector into a short sequence of

codewords using predefined codebooks [8, 16, 49]. They effi-

ciently compute inner products via lookup tables that store pre-

computed inner products between codewords. Clustering-based

approaches perform clustering to partition the search space

[7, 10]. Hashing-based approaches, such as ALSH, SIMPLE-LSH,

and RANGE-LSH, map vectors into buckets using hash func-

tions designed so that similar vectors fall into the same bucket

[31, 36, 45]. As noted in previous studies [10, 30, 39, 40, 54], graph-

based approaches outperform the alternatives in MIPS, achieving

superior performance in both accuracy and efficiency.

5 Experimental Evaluation
We conducted experiments to evaluate the effectiveness of our

approach when applied to ip-NSW and its variants. In the fol-

lowing, “Original” refers to the baseline approaches: ip-NSW,

IPDG, NAPG, and Möbius-Graph. “Proposed” denotes our ap-

proach integrated into each of these approaches. “MAXIMUS”

represents the results of applying MAXIMUS [1] to the original

Table 3: Preprocess and graph construction time [s].

Process CF MN EM MS MC TN WT

Preprocess 6.6 1.0 1.8 5.9 2.2 26.4 21.3

Graph construction 24.9 31.0 76.8 146.6 166.7 2499.2 1612.2

Preprocess ratio [%] 21.0 3.1 2.3 3.9 1.3 1.0 1.3

Table 4: Memory sizes [GB].

CF MN EM MS MC TN WT

w/o discard 1.19 0.37 0.74 3.30 1.46 15.41 16.48

Proposed 0.62 0.19 0.39 1.76 0.86 8.28 9.98

Original 0.58 0.18 0.37 1.68 0.77 7.83 8.84

algorithms. It improves MIPS by computing upper bounds af-

ter clustering vectors. It outperforms LEMP [41] and FEXIPRO

[25] in finding vectors of high inner products, as shown in [1].

We evaluated all approaches on datasets summarized in Table 2.

CIFAR-10 (CF), MNIST (MN), EMNIST (EM), and Microsoft (MC)

datasets were obtained from OpenML (https://api.openml.org/),

Msong (MS) and Tiny5M (TN) from IRISA (https://www.irisa.fr/),

and Weather (WT) from Kaggle (https://www.kaggle.com/). Fol-

lowing prior work [39, 40], we set the number of top-𝑘 nodes to

𝑘 = 100 and the number of edges per node to𝑚 = 16. For NAPG,

we computed 𝛼 using the three norm ranges described in [39].

In MAXIMUS, the numbers of clusters and clustering iterations

were set to eight and three, respectively, following [1]. All ap-

proaches were implemented in C++ and evaluated on a Linux

server with Intel Xeon Platinum 8280 CPUs (2.70 GHz) using a

single thread. It had 1.5 TB of RAM and a 1 TB hard drive. Each

approach was implemented by modifying the original ip-NSW

code, which employs a multi-layer graph for MIPS, although a

single-layer graph was assumed in earlier sections.

5.1 Graph Construction Time
Figure 1 shows the average graph construction time with the stan-

dard deviations of ip-NSW and its variants, based on ten trials.

Table 3 reports the average preprocessing and graph construction

times of our approach for ip-NSW. Table 4 shows the memory re-

quirements of the proposed and original approaches for ip-NSW.

In this table, “w/o discard” denotes a variant of our approach

that does not discard the original vectors during preprocessing.

Additionally, Figure 2 presents the graph construction time for

ip-NSW on the MNIST dataset as the number of threads increases,

evaluating the effectiveness of the parallelization approach.

Figure 1 shows that the proposed approach improves the effi-

ciency of the graph-based approaches. Specifically, our approach

reduced graph construction time by up to 52.9% compared to
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Figure 3: Ablation study
for each component.

MAXIMUS and 57.6% compared to the original approach. The

original approach performs a greedy search to identify the top-𝑘

nodes and computes inner products between the top-𝑘 nodes to

select edges, leading to a large number of expensive inner product

computations. In contrast, the proposed approach reduces this

cost by pruning unnecessary computations using upper bounds.

Specifically, our approach effectively computes the bounds by

segmenting error vectors and leveraging reference vectors. Fur-

thermore, the proposed approach incrementally computes the

bounds after sorting the error vector dimensions to enhance

estimation accuracy. As shown in Algorithm 6, the proposed

approach requires preprocessing vectors to enable bound compu-

tation prior to graph construction. However, as shown in Table 3,

this preprocessing overhead is relatively small compared to the

processing time to construct the graph. Although preprocessing

time increases with vector dimensionality, the ratio of prepro-

cessing time to total construction time decreases as the dataset

size grows. This is because PCA can be efficiently computed by

sampling log𝑛 vectors, as described in Algorithm 5. While MAX-

IMUS also employs upper bounds, it is slower than our approach

since it fails to compute the upper bounds effectively.

Additionally, Table 4 demonstrates that our approach can ef-

fectively reduce the memory usage by discarding the original

vectors during preprocessing. As discussed in Theorem 3.5, com-

pared to the original approach, our approach additionally stores

the covariance matrix, the angle and norm of each subvector,

and the approximated and error vectors. Among these, the error

vectors require the largest memory space of 𝑂 (𝑛𝑑), the same

as the original vectors. However, as shown in Algorithm 5, the

original vectors are discarded during preprocessing since the

exact inner product can be obtained from Equation (13). Conse-

quently, the proposed approach incurs a small memory overhead,

as confirmed in Table 4.

Furthermore, Figure 2 demonstrates that our approach effec-

tively reduces graph construction time as the number of threads

increases. This is because the proposed approach inserts vectors

in parallel into an initially empty graph using multi-threading,

as described in Section 3.6. Besides, since each insertion is per-

formed more efficiently than in MAXIMUS and the original ap-

proach, our approach achieves greater efficiency in the multi-

threaded setting, as shown in Figure 2.

As shown in prior work [11, 32, 43, 48, 52], proximity graphs

are typically constructed in the indexing phase to enable effi-

cient MIPS in real-world systems. Since our approach reduces

construction time by more than half, it effectively doubles the

number of indexed vectors that can be processed within the same

time budget. As a result, our approach improves the scalability

of the real-world systems. For example, a system that indexes

1 million vectors can index over 2 million vectors within the

Table 5: Recall of each approach [%].

Data Approach ip-NSW IPDG NAPG Möbius-Graph

Proposed 99.3±3.1 30.0±0.3 99.9±0.8 85.2±6.8
CF MAXIMUS 99.3±3.1 30.0±0.3 99.9±0.8 85.2±6.8

Original 99.3±3.1 30.0±0.3 99.9±0.8 85.2±6.8
Proposed 77.1±19.3 85.4±19.7 87.3±15.8 99.4±2.8

MN MAXIMUS 77.1±19.3 85.4±19.7 87.3±15.8 99.4±2.8
Original 77.1±19.3 85.4±19.7 87.3±15.8 99.4±2.8
Proposed 83.2±16.4 92.5±10.4 91.6±11.0 97.5±5.8

EM MAXIMUS 83.2±16.4 92.5±10.4 91.6±11.0 97.5±5.8
Original 83.2±16.4 92.5±10.4 91.6±11.0 97.5±5.8
Proposed 99.8±0.2 65.1±16.1 38.2±13.8 45.2±38.4

MS MAXIMUS 99.8±0.2 65.1±16.1 38.2±13.8 45.2±38.4
Original 99.8±0.2 65.1±16.1 38.2±13.8 45.2±38.4
Proposed 89.0±0.2 68.6±25.1 49.8±44.1 5.7±20.9

MC MAXIMUS 89.0±0.2 68.6±25.1 49.8±44.1 5.7±20.9
Original 89.0±0.2 68.6±25.1 49.8±44.1 5.7±20.9
Proposed 96.7±6.6 98.8±4.4 99.7±2.7 15.3±16.9

TN MAXIMUS 96.7±6.6 98.8±4.4 99.7±2.7 15.3±16.9
Original 96.7±6.6 98.8±4.4 99.7±2.7 15.3±16.9
Proposed 56.1±24.9 59.5±22.5 0.0±0.0 42.8±29.3

WT MAXIMUS 56.1±24.9 59.5±22.5 0.0±0.0 42.8±29.3
Original 56.1±24.9 59.5±22.5 0.0±0.0 42.8±29.3

same time budget, enabling deployment on substantially larger

datasets. Furthermore, our approach increases refresh rates with

lowered operational costs. In sponsored search and recommen-

dation, graph construction is often executed periodically (e.g.,

daily or weekly) to incorporate newly added vectors. Halving

the construction time directly enables more frequent index re-

freshes, providing fresher results with reduced cloud computing

expenditure during the indexing phase.

5.2 Effectiveness of Each Component
We conducted ablation studies to show the effectiveness of each

component in our approach. Figure 3 shows the graph construc-

tion time for ip-NSW under four settings: “w/o segment”, “w/o

angle”, “w/o incremental”, and “w/o sort”, which respectively

turn off error vector segmentation, reference vectors, incremen-

tal computation, and dimension-wise sorting. As shown in the

figure, “w/o segment” yields the slowest performance on the

CIFAR-10 (CF), MNIST (MN), EMNIST (EM), and Tiny5M (TN)

datasets. This indicates that segmenting error vectors is particu-

larly effective for high-dimensional data since they have higher

dimensionality. The upper bound is computed using the norms

and angles of subvectors, as shown in Equation (11). Since error

vectors have large norms, if a dataset has high dimensionality,

we can effectively reduce their norms by segmenting error vec-

tors, making the upper bound effective in high-dimensional set-

tings. Besides, “w/o angle” performs worst on the Msong (MS),

Microsoft (MC), and Weather (WT) datasets, highlighting the

importance of reference vectors for them. When subvectors are

relatively short, their angles influence the inner product more

than their norms. Thus, incorporating reference vectors allows

for more accurate upper-bound estimation on such datasets.

5.3 Graph Construction Result
As discussed in Section 3.6, a key advantage of our approach

is that it guarantees identical graphs to those produced by the

original approaches. To validate this advantage, we evaluated

the search accuracy by randomly selecting 10,000 query vectors,
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tion time vs. number of
edges.

following the prior study [24]. Table 5 presents the top-10 search

recall results with the standard deviations. This table shows that

the proposed approach, as well as MAXIMUS, achieves identical

recall to the original ip-NSW and its variants. This is because

they use upper bounds to safely prune redundant inner product

computations in the graph construction step without altering

the resulting graph. Furthermore, recall varies across datasets de-

pending on the graph construction strategy. Specifically, ip-NSW

achieves the highest recall on Msong (MS) and Microsoft (MC),

IPDG is the most accurate on Weather (WT), NAPG performs best

on CIFAR-10 (CF) and Tiny5M (TN), and Möbius-Graph leads

on MNIST (MN) and EMNIST (EM). These differences stem from

the distinct construction strategies employed by each method.

This suggests that the graph construction strategy should be

tailored to datasets to improve search accuracy. Although graph

construction is a computational bottleneck for ip-NSW and its

variants, our approach improves efficiency without sacrificing

search accuracy, as demonstrated in Figure 1 and Table 5. There-

fore, our approach enhances the practical usability of ip-NSW

and its variants across diverse datasets.

5.4 Number of Top-𝑘 Nodes and Edges
This experiment evaluates the graph construction time of ip-NSW

with varying numbers of top-𝑘 nodes 𝑘 and edges 𝑚. Figure 4

and 5 present the processing times for the MNIST dataset un-

der different 𝑘 and𝑚 settings, respectively; similar trends were

observed across other datasets. As shown in Figure 4, our ap-

proach consistently outperforms previous approaches, even as

𝑘 increases. This efficiency stems from using upper bounds to

prune unnecessary inner product computations during top-𝑘

node search. While MAXIMUS also employs upper bounds, its

less effective computation limits its efficiency. Moreover, the orig-

inal approach relies on a greedy search, increasing computation

time as 𝑘 grows. Figure 5 further shows that the proposed ap-

proach reduces processing time for edge selection, even with

larger values of𝑚, due to its pruning approach.

5.5 Eigenvectors, Segments, and Samples
In our approach, the default settings for the number of eigenvec-

tors used in PCA and the number of segments are set to log𝑑 .

Additionally, PCA is computed by sampling log𝑛 vectors. In this

experiment, we assessed the graph construction time of ip-NSW

by varying the number of eigenvectors, segments, and samples

to demonstrate the robustness of our approach concerning these

parameters. Figure 6, 7, and 8 illustrate the graph construction

times where we varied the number of eigenvectors, segments,

and samples, respectively.
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tion time vs. number of
eigenvectors.
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Figure 7: Graph construc-
tion time vs. number of seg-
ments.
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As shown in Figure 6, the graph construction time remained

unaffected by the number of eigenvectors, indicating that our

approach is not sensitive to this parameter in terms of efficiency.

We use eigenvectors to approximate vectors, and the efficiency of

upper bound computations improves as the number of eigenvec-

tors decreases. However, increasing the number of eigenvectors

reduces the number of exact inner product computations by en-

hancing the quality of the upper bound estimates. This trade-off

between the number of eigenvectors and exact inner product com-

putations results in our approach’s insensitivity to the number of

eigenvectors. Similarly, as shown in Figure 7, the graph construc-

tion time was unaffected by the number of segments, reflecting

the trade-off between estimation quality and computational cost.

Figure 8 further demonstrates that the graph construction time

remains stable when varying the number of sampling vectors.

Although increasing the number of samples increases the PCA

computation cost, it reduces the number of exact inner prod-

uct computations by improving the quality of the upper bound

estimates. Note that our approach maintains consistent search

accuracy for the different parameter settings since we can obtain

the upper bounds regardless of these parameter settings.

5.6 Upper Bound without PCA
We leverage PCA to improve the tightness of upper bounds. How-

ever, when PCA fails to approximate vectors effectively, the effi-

ciency of graph construction may degrade. To assess this impact,

we evaluated the performance of our approach without using

PCA to estimate the upper bounds, by examining the graph con-

struction time for ip-NSW. In Figure 9, “w/o PCA” is the results

of our approach when upper bounds are estimated without PCA.

The figure shows that our approach still constructs the graph

more efficiently than the original approach, even without PCA.

Specifically, it achieved up to a 43.3% reduction in graph con-

struction time compared to the original approach. When PCA is

not used, we have 𝑝 (x̃, ỹ) = 0 in Equation (9). Nevertheless, this
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equation still enables the computation of upper bounds using seg-

mented error vectors and their corresponding reference vectors.

Our approach sorts error vector dimensions in descending order

of average error, allowing early termination of the incremental

upper bound computation. This improves estimation quality and

reduces graph construction time, even without PCA.

5.7 Effectiveness of Upper Bound
We prune unnecessary inner product computations during graph

construction by estimating upper bounds. Specifically, we seg-

ment the error vectors and iteratively unfold each segment by

computing its inner product to improve the bound estimates

progressively. To evaluate the effectiveness of this approach, we

examined the number of computations of 𝑝𝑖 (x, y), the upper

bound obtained after unfolding the first 𝑖 segments. Figure 10

presents the results using ip-NSW for the MNIST dataset. As

we use log𝑑 segments, the number of segments is 10 for the

MNIST dataset. When no segments are unfolded, we have 𝑖 = 0

and 𝑝𝑖 (x, y) = 𝑝 (x, y). We needs to compute 𝑝 (x, y) for all the

inner product computations required in the original algorithm,

as shown in Algorithm 6. Therefore, segment “0” in Figure 10

reflects the number of exact inner product computations in the

original approach. Conversely, when all segments are unfolded,

we have 𝑖 = log𝑑 and 𝑝𝑖 (x, y) = 𝑝 (x, y). Therefore, the last seg-

ment in the figure corresponds to the number of exact inner

product computations in our approach.

Figure 10 shows that the number of upper bound computa-

tions decreases as more segments are unfolded. This is because,

by Equations (11) and (12), we have 𝑝𝑖 (x, y) ≤ 𝑝𝑖−1 (x, y), al-

lowing for progressively tighter estimates through incremental

computation. This approach enables adaptive control over the

number of unfolded segments: fewer segments are unfolded for

low inner products, while more segments are used for higher

inner products. As a result, our approach significantly reduces

the number of exact inner product computations compared to

the original approach. Specifically, it achieves a reduction of up

to 81.4%, as shown in Figure 10.

5.8 Upper Bound with Other Approximations
As described in Section 3.3, our approach employs PCA to com-

pute upper bounds by approximating vectors, leveraging its or-

thogonality property. Since SVD also has this property, it can be

used in place of PCA for upper bound computation without mod-

ification. In contrast, since random projection lacks this property,

projecting vectors must be orthogonalized to substitute it for

PCA. In this experiment, we evaluated the graph construction

time of the SVD-based and random projection-based approaches.

Figure 11 reports the construction time of ip-NSW, where “SVD”
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Figure 12: Search time of each approach.

Table 6: Recall of each MIPS approach [%].

Data Proposed Hashing Quantization Clustering

CF 99.9 ± 0.8 1.5 ± 4.3 22.2 ± 11.3 16.7 ± 24.4
MN 99.4 ± 2.8 11.2 ± 10.4 31.9 ± 19.5 76.1 ± 18.1
EM 97.5 ± 5.8 11.9 ± 10.3 17.9 ± 15.4 60.1 ± 20.1
MS 99.8 ± 0.2 0.1 ± 1.5 17.0 ± 14.8 99.7 ± 0.2
MC 89.0 ± 26.5 0.3 ± 2.1 14.3 ± 16.8 71.4 ± 41.1
TN 99.7 ± 2.7 0.5 ± 2.9 0.5 ± 2.3 10.7 ± 14.5
WT 59.5 ± 22.5 0.0 ± 0.0 0.0 ± 0.0 50.9 ± 19.6

and “RP” denote the SVD-based and random projection-based

approaches, respectively. For the random projection-based ap-

proach, orthogonalization is performed using the Gram-Schmidt

algorithm [9].

As shown in Figure 11, the random projection-based approach

takes more time for graph construction than the SVD- and PCA-

based approaches. Random projection relies on a randomly gen-

erated projection matrix, whereas PCA and SVD exploit the in-

trinsic structure of the data to obtain more effective vector ap-

proximations. Consequently, since random projection produces

larger approximation errors than PCA and SVD, it leads to slower

graph construction. Regarding the comparison between SVD and

PCA, the PCA-based approach achieves slightly higher efficiency.

Even though both methods extract low-dimensional structure

from the data, PCA centers each dimension before performing

the approximation. This centering step normalizes the contribu-

tion of different dimensions. On the other hand, SVD, applied

without centering, tends to emphasize dimensions with larger

magnitudes. As a result, PCA yields lower approximation error,

which in turn reduces graph construction time. Note that search

accuracy remains unchanged when SVD is used instead of PCA,

since the upper bounds are still computed.

5.9 Search Performance
While this paper primarily focuses on improving the efficiency

of the graph construction step, our approach also enhances the

search step as described in Section 3.7. This is because the search

process relies on Algorithm 2 for top-𝑘 search, and we can ac-

celerate this algorithm by leveraging Algorithm 4 by pruning

inner product computations. In this experiment, we evaluated the

search time of each approach and compared our approach against

three non-graph-based baselines: a hashing-based approach by

Yan et al. [45], a quantization-based approach by Guo et al. [16],

and a clustering-based approach by Bruch et al. [7]. The hashing-

based approach partitions vectors according to the norm distribu-

tion and computes hashes for each vector. This approach yields

higher search accuracy than other hashing-based approaches,

such as ALSH [36] and SIMPLE-LSH [31]. The quantization-based
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approach approximates inner products by penalizing errors par-

allel to query vectors more than orthogonal errors. It has been

adopted in recent applications, such as image recognition [20],

text retrieval [27], and item recommendation [19]. The clustering-

based approach uses spherical k-means to identify candidate vec-

tors. It is employed in Faiss [10], a widely used library for MIPS.

For each dataset, we selected the most accurate graph-based vari-

ant based on Table 5: ip-NSW for Msong (MS) and Microsoft

(MC), IPDG for Weather (WT), NAPG for CIFAR-10 (CF) and

Tiny5M (TN), and Möbius-Graph for MNIST (MN) and EMNIST

(EM). The same as the previous paper [45], the hashing-based

approach partitioned vectors into 32 sub-datasets and used 16

bits to perform MIPS. Following prior work [16, 49], we config-

ured the quantization-based approach with 16 codewords and 25

codebooks. The clustering-based approach used 4

√
𝑛 clusters and

0.01𝑛 candidates, as suggested by [7]. Figure 12 reports the search

time, and Table 6 shows the recall for the top-10 search. In this

table, we omit results for MAXIMUS and the original approach,

as they achieve the same search accuracy as our approach, as

shown in Figure 5. “Hashing”, “Quantization”, and “Clustering”

are the results of the hashing-based, quantization-based, and

clustering-based approaches, respectively.

As shown in Figure 12, our approach reduces search time

by up to 34.1% compared to MAXIMUS and 39.9% compared to

the original approach. Moreover, it is up to 163000, 94100, and

526000 times faster than the hashing-based, quantization-based,

and clustering-based approaches, respectively. This is because we

can improve the efficiency of the search step by effectively prun-

ing inner product computations during top-𝑘 search. Although

the hashing-based approach can efficiently obtain candidate vec-

tors, it needs to compute exact inner products of all candidate

vectors to find the top-𝑘 nodes. The quantization-based approach

incurs a high cost since it computes inner products for all vectors,

although it efficiently computes each inner product. Even though

the clustering-based approach reduces the candidate vectors, it

requires a large number of clusters to effectively perform MIPS,

leading to high query-to-cluster assignment overhead.

Table 6 shows that non-graph baselines have lower search ac-

curacy. This is because the hashing-based approach determines

the hash functions independently from data distributions. Besides,

the quantization-based approach approximates inner products

using lookup tables containing inner products between code-

words; it does not compute exact inner products. Furthermore,

the clustering-based approach could erroneously prune top-𝑘

vectors in performing MIPS if a query and its top-𝑘 vectors are in

different clusters. As shown in Table 6, our approach maintains

the same recall as the original approach. This is because we use

upper bounds to prune unnecessary inner product computations

for the vectors that cannot be a top-𝑘 vector. Since graph-based

approaches have high search performance in performing MIPS,

as shown in the previous papers [10, 30, 39, 40, 54], our approach

achieves high search efficiency and accuracy.

5.10 Data Stream
As discussed in Section 3.7, our approach is well-suited to stream-

ing scenarios in which vectors arrive continuously. This suit-

ability stems from the approach that PCA is updated for all vec-

tors only when the number of arrived vectors reaches 2
𝑖

for

𝑖 = 1, . . . , log𝑛. In this section, we evaluate the effectiveness of

this approach. Figure 13 shows the graph construction time of

ip-NSW on the MNIST dataset under the streaming setting.
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Figure 13: Graph construction time for data stream.

As shown in Figure 13, our approach constructs the graph more

efficiently than the original approach in the streaming setting.

In particular, it reduces the graph construction time by up to

45.4% compared to the original approach. When the number of

arrived vectors reaches 2
𝑖
, our approach updates the PCA for all

vectors. However, this computation can be performed efficiently

by randomly sampling log𝑛 vectors, as described in Section 3.6.

Moreover, since PCA updates are triggered only when the number

of arrived vectors reaches 2
𝑖
, they occur infrequently as the

stream grows. Consequently, the efficiency of our approach in

streaming scenarios improves as the number of vectors increases.

6 Conclusions
MIPS is a fundamental task in many applications. ip-NSW and

its variants are widely used for MIPS due to their high search

performance. However, they incur a high computational cost in

the graph construction step due to the large number of inner

product computations. To address this problem, we propose an

approach that leverages the upper bounds of inner products to

prune unnecessary computations. Experimental results demon-

strate that our approach improves construction efficiency while

maintaining search accuracy across ip-NSW and its variants.

Appendix
Our approach is applicable to other non-metric measures than

the inner product. For vectors x and y, cosine similarity is defined

as follows:

𝑝 (x, y)/(∥x∥∥y∥) . (16)

Let ¤x = [𝑥 [1] − 𝑥ave, . . . , 𝑥 [𝑑] − 𝑥ave] denote the mean-centered

vector of x. The Pearson correlation coefficient can be written as

follows: ∑𝑑
𝑖=1 (𝑥 [𝑖 ]−𝑥ave) (𝑦 [𝑖 ]−𝑦ave)√∑𝑑

𝑖=1 (𝑥 [𝑖 ]−𝑥ave)2
∑𝑑

𝑖=1 (𝑦 [𝑖 ]−𝑦ave)2
= 𝑝 ( ¤x, ¤y)/(∥ ¤x∥∥ ¤y∥) .

For binary vectors x, y ∈ {0, 1}𝑑 , the Jaccard coefficient is ex-

pressed as follows by using the inner product:

𝑝 (x, y)/(∥x∥1 + ∥y∥1 − 𝑝 (x, y)),

where |x|1 denotes the 𝑙1-norm of x. Similarly, the Dice coefficient,

another non-metric measure for binary vectors, is defined as

follows:

2𝑝 (x, y)/(∥x∥1 + ∥y∥1) .
Since these non-metric measures are expressed in terms of the

inner product and norms, we can compute an upper bound using

𝑝 (x, y). Thus, our approach naturally extends to them.

Artifacts
We used public datasets in the experiment. We are unable to

release the source code due to a pending patent application.
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