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ABSTRACT

In this paper, we study the complexity of robust transshipment
under consistent flow constraints. We consider demand uncertainty
represented by a finite set of scenarios and characterize a subset of
arcs as so-called fixed arcs. In each scenario, we require a flow that
satisfies the respective balance constraints. In addition, we require
on each fixed arc equal flow for all scenarios. The objective is to
minimize the maximum cost occurring among all scenarios.

We show that the problem is strongly AN'P-hard on acyclic di-
graphs by a reduction from the (3, B2)-SAT problem. Further, we
prove that the problem is weakly N'P-hard on series-parallel di-
graphs by a reduction from PARTITION. If in addition the number of
scenarios is constant, we suggest a pseudo-polynomial algorithm
based on dynamic programming. Finally, we present a special case
solvable in polynomial time for series-parallel digraphs.
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1 INTRODUCTION

In this paper, we consider the robust transshipment problem under
consistent flow constraints (RoBT=). The problem is motivated by
long-term decisions on transshipment that have to be made despite
uncertainties in demand. For instance, in logistic applications the
transshipment is often agreed in advance by long-term contracts
with subcontractors. A solution to the RoBT= problem facilitates
cost-efficient decision-making which is robust against demand un-
certainty.

The RoBT= problem is the uncapacitated version of the robust
minimum cost flow problem under consistent flow constraints
(RoBMCF=), introduced in our previous work [4]. The complexity
results for the RoBMCF= problem rely on the existence of (tight)
capacities. Hence, the question raises whether the problem is solv-
able in polynomial time if the capacity restrictions are neglected.
This is the case for instance for the integral multi-commodity flow
problem, which is N'#-hard but becomes polynomially solvable for
uncapacitated networks.
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As in the transshipment problem [8], we consider an uncapac-
itated network in the RoBT= problem. To represent demand un-
certainty, we consider vertex balances for a discrete number of
demand scenarios. Furthermore, we characterize a subset of arcs as
so-called fixed arcs. In each scenario, we require a flow that satisfies
the respective balance constraints. In addition, we require on each
fixed arc equal flow for all scenarios. The objective is to minimize
the maximum cost that may occur among all demand scenarios.

The main contribution of this paper can be summarized as fol-
lows. We prove that finding a feasible solution to the RoBT= prob-
lem is strongly N'P-complete on acyclic digraphs, even if only two
demand scenarios are considered. On series-parallel (SP) digraphs,
we show that the decision version of the RoBT= problem is weakly
NP-complete. We identify the pseudo-polynomial time solvability
in the special case of a constant number of scenarios. If all demand
scenarios have the same single source and sink in SP digraphs, we
propose a polynomial time algorithm.

The outline of this paper is as follows. In Section 2, we provide
an overview of related work. In Section 3, we define the problem
and introduce the notations of this paper. In Sections 4 and 5, we
analyze the complexity of the RoBT= problem on acyclic and SP
digraphs, respectively. In Section 6, we conclude our results.

2 RELATED WORK

In the literature, there are several extensions to the maximum flow
(MF) and minimum cost flow (MCF) problem that consider equal
flow requirements on specified arc sets. Sahni [11] introduces the
integral flow with homologous arcs problem (HOMIF). In addition
to the set-up of the MF problem, the flow value has to be equal on
specified arcs. Sahni proves the NP-hardness of the problem by
a reduction from the NoN-TAauTOLOGY problem. The MCF version
of the HOMIF problem is known as the (integer) equal flow prob-
lem (EF). Using standard techniques, the complexity results can be
transformed from the HOMIF to the EF problem [1].

Meyers and Schulz [10] discuss the transshipment version of
the EF problem. For instance, they prove the strong N‘P-hardness
of the problem by a reduction from the Exact COVER BY 3-SETS
problem, even in the case of a single source and sink. Furthermore,
they prove the strong N'P-hardness for the special case where
all sets have cardinality two, which was first investigated for the
capacitated version by Ali et al. [2].

Unlike the research referenced above, we do not consider only
one demand scenario in the RoBT= problem. Like in the RoBMCF=
problem, we consider several demand scenarios. We stress that the
equal flow requirements are only of importance across more than
two different demand scenarios. The flow value of a specified arc
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has to be equal among all scenarios. In turn, the flow value of two
specified arcs may differ in one scenario.

To the best of our knowledge, equal flow requirements and de-
mand uncertainty are combined in our previous study [4] for the
first time. Demand uncertainty is frequently studied in the context
of (uncapacitated) network design. Three examples are as follows.
Gutiérrez et al. [5] present a robustness approach to uncapacitated
network design problems. Lien et al. [9] provide an efficient and
robust design for transshipment networks by chain configurations.
Holmberg and Hellstrand [6] concentrate on finding an optimal
solution to the uncapacitated network design problem for com-
modities with a single source and sink by a Lagrangean heuristic
within a branch-and-bound framework.

3 DEFINITION & NOTATIONS
The RoBT= problem is the uncapacitated version of the RoBMCF=

problem. We define the problem on the basis of our previous work [4].

Let digraph G = (V, A) with vertex set V and arc set A be given.
The set of arcs A is divided into two disjoint sets AfiX and Afree,
termed fixed and free arcs, respectively. If not explicitly defined,
we specify the sets of vertices, arcs, fixed arcs, and free arcs of a
digraph G by V(G), A(G), AfX(G), and Afree(G), respectively. Let
arc cost ¢ : A — Zx( be given. The demand uncertainty is repre-
sented by the finite set of discrete scenarios A. For every scenario
A € A, vertex balances b* : V. — Z with Y,y b}(0) = 0 that
define the supply and demand realizations are given, denoted by
b= (bl,...,blAl). A vertex with a positive or negative balance is
termed source or sink, respectively. In general, the source (sink)
vertices do not necessarily have to be the same in every scenario.
If all scenarios have only one vertex with a positive (negative) bal-
ance and if it is the same vertex in all scenarios, we say that the
problem has a unique source (sink). In sum, we obtain the network
(G = (V, A = Afix  Afree) ¢ p).

For a single scenario A € A, a b’ -flow in digraph G is defined by
a function f’1 : A — Z> that satisfies the flow balance constraints

> - Y Ae=rto)

a=(v,w) €A a=(w,0) €A
at every vertex v € V. The cost of a b*-flow f’1 is defined by

c(ffy =) cla)- FH(a).

acA
For the entire set of scenarios A, a robust b-flow f = (f1,... ,f‘A|)
is defined by a |A|-tuple of b*-flows f* : A — Zs that satisfy the
consistent flow constraints fA(a) = f” (a) on all fixed arcs a € Afix
for all scenarios A, A’ € A. The cost of a robust b-flow f is defined
by

— A

¢(f) = maxc(f7).

Finally, the RoBT= problem is defined as follows.

Definition 3.1 (RoBT=). Given a network (G = (V,A = Afixy
Afree) ¢ b)), the robust transshipment problem under consistent flow
constraints aims at computing a robust b-flow f = (f1,... ,f|A|) of
minimum cost.

We note that in the case of a single scenario, i.e., |A| = 1, the
RoBT= problem corresponds to the transshipment problem [8].
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Analogously to the RoBMCF= problem, we stress that the integral
flow property of the transshipment problem (uncapacitated MCF
problem) does not hold for the RoBT= problem. In general, the
solution of the continuous relaxation of the RoBT= problem is not
integral.

4 COMPLEXITY FOR ACYCLIC DIGRAPHS

In this section, we investigate the complexity of the RoBT= problem
for networks based on acyclic digraphs. The reduction is performed
from the strongly N'P-complete (3, B2)-SAT problem, introduced
by Berman et al. [3]. The (3, B2)-SAT problem is a special case of
the 3-SAT problem where every literal occurs exactly twice. We use
the notation [n] := {1,...,n}.

THEOREM 4.1. Deciding whether or not a feasible solution exists to
the RoBT= problem for networks based on acyclic digraphs is strongly
NP -complete, even if a unique source and a unique sink are given
and only two scenarios are considered.

Proor. The RoBT= problem is contained in NP as we can check
in polynomial time whether the flow balance and consistent flow
constraints are satisfied for every scenario. Let {x1, ..., x,} be the
set of variables and Cy, ..., Cy, be the clauses of the (3, B2)-SAT
instance 7. For a set of two scenarios A = {1, 2}, we construct a
RoBT= instance 7 = (G, ¢, b). An example of a RoBT= instance
corresponding to a (3, B2)-SAT instance with four clauses and three
variables is visualized in Figure 1. In general, the instance is based on
adigraph G = (V, A) defined as follows. The vertex set V consists of
one vertex v; per variable x;, i € [n], one dummy vertex v,41, and
one vertex u; per clause Cj, j € [m]. For every literal x; (x;), i € [n],
four auxiliary vertices wf (Wf), ¢ € [4] are included. Furthermore,
set V consists of one auxiliary vertex t and vertices r, for £ €
[2(2n + 2)]. Arc set A contains arcs that connect two successive
variable vertices v;, v;41, i € [n] by two parallel paths p; and p;
defined along the auxiliary vertices, i.e., p; = viwi1 wl.zw?w?
D = viW%W?W?W?uiH for i € [n]. Path p; represents the positive
literal x; and path p; the negative literal X; of instance 7. As each
literal occurs exactly twice, we identify two arcs of paths p; and p;

vi+1 and

each with the literals. More precisely, let xlk (?f) denote literal x;
(x;) which occurs the k-th time, k € [2] in the formula. Literal arc
(w?k’l, wl.Zk) ((W?k_l,Wfk)) corresponds to literal xll.C (ff). Using
this correspondence, we add arc (w?k,uj) ((W?k, uj)) for every
literal xlk (Yf)z € [n], k € [2] included in clause Cj, j € [m].In the
next step, we create a path p from vertex v,41 =: ro along vertices
re, £ € [2(2n +2) — 1] to vertex z := ry(pp47)- Before introducing
the last arcs, we identify all literal arcs and every second arc of path
D as the only fixed arcs in the network, i.e.,

AR = L W), (W W) | £ e {1,3), i € [n]}
U{(re,resn) | £€{1,3,...,2(2n+2) — 1}}.

We add arcs that connect vertex v; with every literal arc and every
literal arc with auxiliary vertex t, i.e., (v1, wf), (01, Wf) for ¢ € {1,3}
and (wf, 1), (Wf, t) for £ € {2, 4}. The clause vertices are connected
with the first m fixed arcs of path p, i.e., (uj,r2j—1) for all j € [m].
The auxiliary vertex ¢ is connected with the successive 2n — m
fixed arcs of path p by (t,r7), £ € {2m+1,2m+3,...,4n— 1}. We
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Figure 1: Construction of RoBT= instance TI.

add arcs (v, wfl), (vl,Wfl), (wfl, T4n+1), and (Wfl, ran+3). Finally, we
connect all 2n+2 fixed arcs of path p with vertex z, i.e., (r¢, z) for all
t€{2,4,...,4n+ 2}. We set the cost ¢ = 0 and define the balances
b = (b1, b?) by

1 ifo =0y, 2n + 2 if o = vy,
blo)=4 -1 ifo=gz b2(v) =4 —(2n+2) ifo=z
0 otherwise, 0 otherwise.

Overall, we obtain a feasible RoBT= instance I= (G, ¢, b) that is
constructed in polynomial time. Hence, it remains to show that 7 is
a Yes-instance if and only if for instance T a feasible robust b-flow
exists.

Let x1,...,x, be a satisfying truth assignment for instance 7.

We define the first scenario flow f! of instance T as follows

for all a € A(p;) if x; = TRUE,
for all a € A(p;) if x; = FALSE,
for all a € A(p),

otherwise.

)=

O = =

Flow f! uses either path p; or p;, i € [n] to send one unit from
source 01 to vertex v,+1. The unit is forwarded from vertex v+ to
sink z along path p. As x1, ..., x, is a satisfying truth assignment,
there exists one designated verifying literal xlk or ?f , ke [2],
i € [n] for each clause Cj, j € [m]. Using this, we define the first
part of the second scenario flow f2 as follows

1 forallae A(qf) with qi.c = Ulw?k_lwl.zkujrgj_lrzjz
if xll.C € Cj is verifying,
2 . k11—
f“(a) =41 forallae A(qﬁ‘) with qé‘ = Ulwlgk lw?kujrzj,lrgjz
if Ef € Cj is verifying,
0 otherwise.

Flow f? sends m units from the source v; to the clause vertices
uy, ..., um along the literal arcs corresponding to the verifying
literals. The m units are forwarded via the subsequent fixed arc to
sink z. Further, we define the second part of the second scenario
flow f2 that sends 2n — m units along the remaining literal arcs to
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vertex t. The flow is forwarded to sink z, i.e., f2(a) = 1 for all

2k—

ac A(pf) withpf.‘ = 01w 1Wi2kt ifxlk = TRUE

and xlk is not chosen as a clause-verifying literal,

—2

wik_1W

aeA(pf) withpF =0 2Kt if xk = FaLse

and xlk is not chosen as a clause-verifying literal,

ac A(pe) with pp =trerps1z, € 2m+1,2m+3,...,4n— 1}.

Finally, one unit is sent along path Ulwflr4n+1r4n+zz and one along
path 01Wflr4n+3z. We have constructed a feasible robust b-flow
f=Unr.

Conversely, let f = (f', f2) be a feasible robust b-flow. Flows
f! and f? send one and 2n + 2 units from source 0; to sink z,
respectively. By construction of the network, the only option to
reach the sink requires the usage of at least two fixed arcs, namely
one literal arc and one fixed arc of path p (except for the two paths
01w3r4n+1 Fan+2z and UIWf, ran+3z which include only one fixed arc
of path p). Due to the integral flow f! sending one unit within the
acyclic digraph, it holds f'(a) = f?(a) € {0,1} for all fixed arcs
a € Afix, Consequently, flows ! and f? use at least 4n+ 2 fixed arcs
in order to meet the demand of flow f2. To use sufficient fixed arcs
in the first scenario, flow f! sends the unit along either path p; or p;
(but due to the integrality requirement and the acyclic construction
never both simultaneously) for all i € [n] and subsequently along
path p. If flow f! sends flow along path p;, i € [n], we set x; =
TRUE. If flow f! sends flow along path p;, i € [n], our choice is
x; = FALSE. To use sufficient fixed arcs in the second scenario,
flow f2 sends one unit via each clause vertex and 2n — m units
via vertex t. Accordingly, flow f? sends one unit along either path
vlwfwf"'lujrzj,lrgjz or 01W5Wf+1ujr2j,1r2jz, t € {1,3},i € [n]
for all j € [m] but never both simultaneously due to the consistent
flow constraints. In the former case, clause C; is verified due to
the previous assignment x; = TRUE induced by flow f! and the
fact that x; € C ' holds. In the latter case, clause C; is verified due
to the previous assignment x; = FALsE induced by flow f! and
the fact that x; € C;j holds. Two extra units are sent along paths
vlw2r4n+1r4n+zz and 01W2r4n+3z using the last two fixed arcs on
path p. The two extra units sent are needed as otherwise, there
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might exist a feasible robust flow whose second scenario flow sends
a unit along path Ulwglw;‘lvnﬂrlrgz or U]WiWiU,ﬁ.lrl roz which in
turn allows one unsatisfied clause. Overall, x1, . . ., x5, is a satisfying
truth assignment for instance 7. O

We note that the construction of our previous work’s reduc-
tion [4] exploits (tight) capacities. For this reason, the adjusted
construction containing path p is essential for the proof of Theo-
rem 4.1. Otherwise, without capacities, we cannot control that one
flow unit is sent via every clause vertex.

5 ROBT= PROBLEM ON SP DIGRAPHS

In this section, we consider the RoBT= problem on SP digraphs. In
Section 5.1, we show the weak N'P-completeness of the problem.
In Section 5.2, we provide two algorithms running in polynomial
time for the special case of networks with a unique source and a
unique sink.

We consider SP digraphs based on the edge SP multi-graphs
definition of Valdes et al. [12]. In short, SP digraphs are recursively
composed serially or in parallel by SP digraphs, where a single
arc itself is defined as an SP digraph. The corresponding SP tree
represents its individual arcs (L-vertices) and the order of its se-
ries (S-vertices) and parallel (P-vertices) compositions by a binary
decomposition computable in polynomial time [12].

5.1 Multiple Sources & Sinks Networks

Before discussing the case of networks based on SP digraphs with
multiple sources and multiple sinks, we concentrate on the complex-
ity of the ROBT= problem in case of a unique source. We perform
a reduction from the PARTITION problem, which is known to be

weakly NP-complete [7].

THEOREM 5.1. The decision version of the RoBT= problem on net-
works based on SP digraphs with a unique source and multiple sinks
is weakly N'P-complete, even if only two scenarios are considered.

ProoF. Let 7 be a PARTITION instance with positive integers s;,
i € [n] such that 37, s; = 2w holds. For a set of two scenarios A =
{1, 2}, we construct a RoBT= instance I= (G, ¢, b) as visualized
in Figure 2. The network is based on an SP digraph G = (V, A).
Vertex set V consists of two auxiliary vertices vy, ¢ and two vertices
ti, v; per integer s;, i € [n]. Arc set A consists of two parallel
arcs al!, a? that connect vertices vj_1, t;, i € [n]. Furthermore, arcs
a? = (¢;,0;) and a? = (vj—1,0;) for i € [n] and arc ap+1 = (vp, t) are
included. The fixed arcs of set A are defined by arcs a? = (vi-1, ti),
ie., Afix = {af | i € [n]}. All other arcs are included in set Affree,
The subgraph induced by vertices v;_1, t;, v; represents integer s;,
i € [n]. The cost c is given such that the use of arcs a} and a?
cost two and one times the integer value s;, i € [n] per flow unit,
respectively. The use of arc a,41 costs 2w per flow unit. The use of
all other arcs causes zero cost. We define balances b = (b!, b?) by

1 if v = vy, n if v = v,
bl(o) =4 -1 ifo=t, b?(0) =4 -1 ifo=t;i¢€[n],
0 otherwise, 0 otherwise.

Overall, we obtain a RoBT= instance I = (G, ¢, b) that is con-
structed in polynomial time. Hence, it remains to show that I is
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a Yes-instance if and only if for instance T arobust b-flow exists
with cost of at most 3w.

Let S; and Sy be a feasible partition for instance 7. We define
the first scenario flow f! for instance I by

1 forarcsa:a?EA, i€ [n]ifs; €Sy,
fl(a) _J 1 forarcsac {a?,a?} C A, i€ [n]ifs; €Sy,
"] 1 forarca=an €A,
0 otherwise.
The cost is
c(fy= D c@ff@+ D e@f (@) +clans)f (an1)
acAfix acAfree\ {1}

=w+0+2w = 3w.

According to flow f! and the partition, we define the second sce-
nario flow f2 by

1 forarcsa=al € A, i€ [n]ifs; €Sy,
f2 (a) = 1 forarcsa=a; € A, i € [n] ifs; € Sy,
| n-i forarcsa=aj €A ic|n]
0 otherwise.
The cost is
c(fz) = Z c(a)fz(a) + Z c(a)fz(a) =w+2w = 3w.
acAfix acAfree

Consequently, we have constructed a robust b-flow f = (f1, f2)
with cost ¢(f) = 3w.

Conversely, let f = (f1, f2) be a robust b-flow with cost c(f) =
max{c(f1),c(f%)} < 3w. The first scenario flow f! sends one unit
from source v to sink ¢. To reach sink ¢, arc an+1 = (vp, t) with cost
of 2w is used. If all arcs a;‘, i € [n] of cost zero were used to reach
vertex vy, no fixed arc could be used in the second scenario due
to the consistent flow constraints. This in turn means that flow f2
would have to use all arcs al!, i € [n] to send one unit from source
v to each of the sinks t1, ..., t;. However, the cost would be

n n
Z c(a}) = Z 2si = 4w > 3w > max{c(fl),c(fz)}.
i=1 i=1

2
O
w is saved. In return, flow f uses as many fixed arcs a

i € [n] as cost of
f, i € [n] as
cost of at most w is caused. Consequently, to reach sink ¢, flow f!
uses either arc a? or the two successive arcs af, a?, i € [n] of each
subgraph but due to the integrality requirement and the acyclic

construction never simultaneously. As a result, the sets
S1:={si | f1(af) = 1for i € [n]},
Sp={si | f'(a}) =1and f(a}) = 1 fori € [n]}

form a feasible partition for instance 7. O

Thus, flow f2 uses at least as many fixed arcs a

COROLLARY 5.2. The decision version of the RoBT= problem on net-
works based on SP digraphs with multiple sources and multiple sinks
is weakly NP -complete, even if only two scenarios are considered.

In the special case of a constant number of scenarios, we can
solve the RoBT= problem on networks based on SP digraphs with
multiple sources and multiple sinks by the pseudo-polynomial algo-
rithm presented in our previous work [4]. As the algorithm is based
on dynamic programming, it needs arc capacities as input to limit
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2s1

Figure 2: Construction of RoBT= instance 1.

the number of occurring labels. We can simply set the capacity for
every arc to the maximum total demand among all scenarios.

5.2 Unique Source & Unique Sink Networks

For the special case of networks based on SP digraphs with a unique
source and a unique sink, we can solve the RoBT= problem by the
polynomial time algorithm presented in our previous work [4]. We
set the capacities required for the input to the maximum source’s
balance among all scenarios. The algorithm reduces to the compu-
tation of two shortest paths - one in digraph G and one in digraph
G - Afix,
In the following, we discuss an alternative polynomial algorithm
which provides further insight into the RoBT= problem on SP di-
graphs. Exploiting the SP structure of the digraph, we introduce
two shrinking procedures, the parallel- and the series-shrinking
procedure. Applying these procedures, we only need to solve the
RoBT= problem on a resulting digraph consisting of one multi-arc.
Without loss of generality, we assume a digraph G with multi-
arcs of the form a = (al, ,ar(“), ar(“)H, el ak(“)) with r(a) €
Zsg fixed and k(a) — r(a) € Zx free arcs, ie., a',.. La(@ e
AfX(G) and " (@1 gk(@) ¢ Aftee(G) ordered by their costs
c(a') <... <c(a @) and c(a"@*1) < .. < c(aF(@). We define
the parallel-shrinking procedure as visualized in Case 1 of Figure 3.
The procedure shrinks a multi-arc to a multi-arc consisting of at
most one fixed and one free arc.
1: Require: SP digraph G = (V, A), cost ¢, multi-arc a
2: Ensure: Reduced SP digraph G=(V,A\ {a}u{a})
3: procedure PARALLEL-SHRINKING(G, ¢, a)

if k(a) = r(a) then

ko

5: Set d := (al)

6: else if r(a) = 0 or c(a"@*1) < ¢(a!) then
7: Set @ := (a"(@+1)

8: else

9: Set d == (a!, a”"(@+1)

10: return G := (V,A\ {a} U {a})

Applying the parallel-shrinking procedure, we obtain the following
result.

LEMMA 5.3 (PARALLEL-SHRINKING). Let I = (G, c,b) be a RoBT=
instance where G is an SP digraph. Further, letT = (5 ¢,b) be the
ROBT= instance where digraph G results from applying the parallel-
shrinking procedure on arc a € A(G). The problem of finding an
optimal robust b-flow for instance I can be reduced to the problem of
finding an optimal robust b-flow for instance 7

ProoF. Let f be an optimal robust b-flow for instance 7. Assume
flow f is not an optimal robust b-flow for instance 7. There exists
a b-flow f with less cost, i.e., c(f) < c(f). Flow f uses at least
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Figure 3: Parallel- and series-shrinking.

one arc of set A := A(G) \A(G) Iff’l(a) > 0 holds for a fixed or
freearca € A= {a?,...,a"@ a"(@+2 K@} in one scenario
A € A, we shift the ﬂow to arc a! or arc a'(“)Jrl (provided they
exist), respectively. This results in a feasible robust b-flow f for
instance 7 with cost c(f) <c(f) < c(f) which contradicts the
assumption. a

In the next step, we define the series-shrinking procedure. Let
ayy € A(G) denote a multi-arc directed from vertex u to vertex v
with u,v € V(G). Further, let a5, and a4, be multi-arcs that consist
of at most one fixed and one free arc, indicated by the labels ‘fix’
and ‘free’. By the parallel-shrinking procedure, we assume without
loss of generahty that multi-arcs are of the form a,, = (afi¥, a'T¢®)
with ¢(afX) < ¢(aff¢). The series-shrinking procedure reduces a
series composition of multi-arcs ay, and ay., associated with an
S-vertex in the corresponding SP tree to a single multi-arc dy;qy.
Depending on whether multi-arc a,,, consists of a fixed and/or a
free arc, the series-shrinking procedure is visualized in Cases 2 — 4
of Figure 3.

1: Require: SP digraph G = (V, A), cost ¢, SP tree T, S-vertex
s € V(T) with associated subgraph Gs = ({u, v, w}, {auo, dow})

2: Ensure: Reduced SP digraph G=(V\ {0}, A\ {ayv, apw} U
{auw})

3: procedure SERIES-SHRINKING(G, ¢, ayp, Gpw)

4 if agy = (X, af€®) then
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5 Seta auw = (afix, ~free)

6 Set c(a ) = c(a )+ c(a

7: and c(afree) = ¢(afree) + c(afree)
8 else if ay,, = (aﬁee) then

9 Set d auw = (ax, ~free)

10: Set c(a ) = c(a )+ c(afree)

11: and c(afree) — C(afree) + c(afree)
12: else

13: Set duw = (affx,

14: Set c(a ) = c(a o)+ c(a

15: return G == (V \ {0}, A\ {auo, Gow} U {Guw})

LEMMA 5.4 (SERIES-SHRINKING). Let I = (G,c,b) be a RoBT=
instance where G is an SP digraph. Let ayq, dyw € A(G) be multi-
arcs consisting of at most one fixed and one free arc. Further, let
Ao, Ayw € A(G) be arcs whose series composztlon is associated with
an S-vertex in the SP tree of digraph G. LetT = (G, c,b) be a RoBT=
instance where digraph G results from applying the series-shrinking
procedure on arcs ayy, dyw € A(G). The problem of finding an optimal
robust b-flow for instance I can be reduced to the problem of finding
an optimal robust b-flow for instance 7.

PROOF. Let dy,, € A(G) denote the shrunk arc. Let f be an
optimal robust b-flow for instance 7. We define a corresponding
robust b-flow f for instance 7 as follows. For all arcs a € A(G) \
{ayw, apw}, we set f(a) = f(a). For multi-arcs ayqy, ayw € A(G),
we distinguish between the following three cases, assuming ay, =

(af%, afree) without loss of generality.
Case 1: apyy = (aflX, affee)
Fla) = f(@x,)  forarcs a € {af¥, afiX )},
f(afreey  for arcs a € {alTee, affee}.
Case 2: ayy = (afree)
fafx, for arc a = aff¥,
f(a) = f(dgsf) for arc a = afree,

free

f(&g)év) +f(&£r$f) for arc a = all

Case 3: agyy = (afX)

fa,
0

fix

for arcs a € {aX, afiX },

(a) =
f for arc a = afee.

As the flow balance and consistent flow constraints are still satisfied,
flow f is a feasible robust b-flow for instance 7. Furthermore, flow
f causes in every scenario A € A the same cost as flow f Assume
flow f is not an optimal b-flow for instance 7. There exists a robust
b- ﬂowf with less cost, i.e., c(f) <c(f) = c(f) We can transform
flow f to a feasible flow f’ for instance 7. By definition of the
shrinking procedure, flow f” causes the same cost as flow f, ie.,
c(f) = c(f) <c(f) = c(f), which contradicts to the assumption
that f is an optimal flow for instance 7. O

Using the shrinking procedures, we obtain the following result.

THEOREM 5.5. The RoBT= problem can be solved in polynomial
time on networks based on SP digraphs with a unique source and a
unique sink.
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Proor. We construct SP digraph G with its unique source o €
V(G) by instructions from the SP tree. If we apply the series- and
the parallel-shrinking procedure after each parallel and each series
composition of two subgraphs, we obtain a reduced digraph G =
({#1,0}, {a}). We consider the RoBT= problem on digraph G. For
determining a robust b-flow f, we distinguish between three cases.

If @ = (af®), there exists no feasible solution to the RopT=
problem as the consistent flow constraints cannot be satisfied (un-
less the demand of all scenarios is equal). If @ = (dT¢€), we set

Ja(d) = b*(0) for all scenarios A € A. If G = (1%, Gfree), we set
: A ~ﬁx
~ minycp b (0) forarca=a
fl(a) = © free

bt (0) - minjep b*(0) forarca=a

for scenario A € A. The retransformation of the reduced digraph G
to digraph G and the analog transformation of flow f (cf. proof of
Lemmas 5.3 and 5.4) result in a robust minimum cost b-flow f for
digraph G. Considering the runtime, we can construct an SP tree in
O(]A(G)|) time. The series- and parallel-shrinking procedures as
well as the (re-)transformation are done in O(1) time for all vertices
of the SP tree. In total, the algorithm runs in O(JA(G)|) time. O

6 CONCLUSION

In this paper, we considered the RoBT= problem. On acyclic net-
works, we proved that finding a feasible solution is strongly NP-
complete, even if a unique source and sink are given and only two
scenarios are considered. On networks based on SP digraphs, we
proved the weak N'P-completeness, even if a unique source is given
and only two scenarios are considered. For the special case of a
constant number of scenarios, we showed how to solve the problem
in pseudo-polynomial time. For the special case of a unique source
and sink, we presented two algorithms running in polynomial time.

For the future work, we will study the complexity of the RosT=
problem on networks based on SP digraphs with a unique source
and one sink per scenario (but not a unique sink). Furthermore, we
will consider the case if the number of scenarios is part of the input.
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